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1. A representation for the derivative of det(DT})
Let D C R? be a smooth domain. We define a smooth velocity

V: R, xR — R W
(t,x) = V(L)

with a compact support in R?. We can describe the displacement of a point z € R? by
V' through T}, for which holds:

AT(X) = V(t,Ti(X)),
{ T(X) = X. .

By this, we can define perturbed domains of D via D, = T;(D). Furthermore we defi-

ne the transformation determinant ~y(¢) := det(D7T};), such that for a smooth function
Y : D, — R we have

[ Y@z = [ ym@no . @)

Prove for d = 2 that v/(0) = div V (0).



2. On the Poisson Equation with Neumann Boundary on a perturbed domain
We look at the problem

—Au = f inD,
{ g—z = g onl'=0D, @)

where f and g are functions defined on R?. There exists a unique solutionin H'(D)/R.
Let V and T} be defined as in the first exercise. In the lecture we have defined the shape
derivative of a function y(D;) as

where the material derivative was defined by

y(Di) o Ty —y(D)

§(D,V) =lim t ®)
The shape derivative of a function z(I';) on a surface is defined equivalently
Z(T,V):=2(,V) —Vrz(T) - V(0), (7
where the material derivative was defined by
S0, V) = %1_{% z(Ty) o Zt“t — z(F) 8)
Prove that v’ = «/(D,V) € H'(D)/R fullfills
—Av = 0 in D,
{ 9 iy (0, (0) Vi) + fun(0) + (2 + gi)va(0)) onT=oD, O

where x = divp(n) is the mean curvature of I' and v,, = V' - n is the velocity in the
normal direction. By this equation v’ is uniquely defined in H'(D)/R.
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