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We are looking a the stationary diffusion problem with random coefficients. Let D be
some domain in Rd and I = [−1, 1]M , % =

(
1
2

)M . Let u be the solution of{
− div a(x, y)∇u(x, y) = f(x) x ∈ D, y ∈ I,

u(x, y) = 0 x ∈ ∂D, y ∈ I, (1)

in L2
%(I)⊗ V , where V = H1

0 (D) and f is independent of y.

1. On the Legendre coefficients decay of the solution
Let a(x, y) = 1 +

∑M
n=1 bnyn be independent of x, where bn > 0 and

0 < amin ≤ a(y) ≤ amax <∞. (2)

We denote with g ∈ V the solution of the following auxiliary problem{
−∆g(x) = f(x) x ∈ D,

g(x) = 0 x ∈ ∂D. (3)

Prove that
‖up‖L∞(I,V ) ≤

‖g‖V
amin

|p|!
p!
e−

∑M
n=1 gnpn (4)

with
gn = − log(

bn
2amin

). (5)



2. Semi-discretizing the problem with Lagrange polynomials
Let

a(x, y) = ā(x) +
M∑
n=1

ϕn(x)yn. (6)

We denote with (ypν)
p
ν=1 the zeros of the p-th Legendrepolynomial. Let

`pν(y) =
∏
µ6=ν

y − ypµ
ypν − ypµ

(7)

be the Lagrange polynomials associated with (ypν). We denote the tensorized Lagrange
polynomials by

Lpν(y) =
M∏
n=1

`pnνn(yn) (8)

and the span of all Lagrange polynomials for a fixed p with Λ(p):

Λ(p) = span {Lpν | 1 ≤ νn ≤ pn} . (9)

Prove that the solution of (1) in Λ(p)⊗ V can be written as

u(x, y) =
∑
ν

up(x)Lpν(y) (10)

where up is the solution of{
− div a(x, ypν)∇up(x) = f(x) x ∈ D,

up(x, y
p
ν) = 0 x ∈ ∂D. (11)

Hint: Show that ∫
I

a(x, y)Lpν(y)Lpµ(y)%(y) dy = δνµλ
p
νa(x, ypν), (12)

where λpν =
∏M

n=1 λ
pn
νn and λpnνn are the weights of the Gauss-Legendre quadrature rule∫ 1

−1
ϕ(y)

1

2
dy ≈

p∑
ν=1

ϕ(ypν)λ
p
ν (13)

which is exact up to degree 2p− 1.
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