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Abstract. We present an adaptive algorithm for the computation of quantities of interest involving the solution
of a stochastic elliptic PDE where the diffusion coefficient is parametrized by means of a Karhunen-
Loève expansion. The approximation of the equivalent parametric problem requires a restriction
of the countably infinite-dimensional parameter space to a finite-dimensional parameter set, a spa-
tial discretization and an approximation in the parametric variables. We consider a sparse grid
approach between these approximation directions in order to reduce the computational effort and
propose a dimension-adaptive combination technique. In addition, a sparse grid quadrature for the
high-dimensional parametric approximation is employed and simultaneously balanced with the spa-
tial and stochastic approximation. Our adaptive algorithm constructs a sparse grid approximation
based on the benefit-cost ratio such that the regularity and thus the decay of the Karhunen-Loève
coefficients is not required beforehand. The decay is detected and exploited as the algorithm adjusts
to the anisotropy in the parametric variables. We include numerical examples for the Darcy problem
with a lognormal permeability field, which illustrate a good performance of the algorithm: For suf-
ficiently smooth random fields, we essentially recover the spatial order of convergence as asymptotic
convergence rate with respect to the computational cost.

Key words. parametric PDEs, high-dimensional methods, uncertainty quantification, lognormal diffusion co-
efficient, truncated Karhunen-Loève expansion, anisotropic sparse approximation, adaptive sparse
grids, combination technique

1. Introduction. In this article we present an adaptive algorithm for the computation of
quantities of interest for problems in uncertainty quantification which is based on the sparse
grid combination technique. To this end, as a model problem, we focus on the elliptic PDE

−div(a(x, ω)∇u(x, ω)) = f(x) in D ⊂ Rn,(1.1)

where uncertainty is introduced by the diffusion coefficient a(x, ω), which is modeled by a
random field and where equation (1.1) holds for any realization ω in the sample space Ω. The
spatial domain is denoted by D ⊂ Rn, n = 1, 2, 3, and the derivatives are with respect to the
spatial variable x. Given information about the distribution of a(x, ω), our goal is to obtain
statistical information of the solution to the PDE (1.1). In particular, we are interested in
E[F(u)] where F either denotes a continuous linear functional F : H1

0 (D)→ R or F(u) = up

with p = 1, 2 for the computation of the first and second moment. Although this elliptic PDE
is a rather simple model, it is relevant in practice as it is at the core of many application
problems ranging from thermal analysis in engineering over diffusion processes in biology and
chemistry to subsurface and groundwater flow problems in hydrology. Moreover, for water
management and in environmental and energy problems (see, e.g. [6]), where the permeability
of the medium under consideration is usually unknown, it is important to understand the
propagation of uncertainty through the flow model.

∗Institute for Numerical Simulation, University of Bonn, Friedrich-Hirzebruch-Allee 7, 53115 Bonn, Germany
griebel@ins.uni-bonn.de, seidler@ins.uni-bonn.de
†Fraunhofer Institute for Algorithms and Scientific Computing SCAI, Schloss Birlinghoven, 53754 SanktAugustin,

Germany

1

mailto:griebel@ins.uni-bonn.de
mailto:seidler@ins.uni-bonn.de


Equation (1.1) is often studied either with an affine (e.g. [26, 34, 44]) or a lognormal
diffusion coefficient (e.g. [19, 33]). In this paper, we concentrate on the case of a lognormal
random field, where its logarithm is a Gaussian field characterized by a mean and a covariance
function and which captures a large range of values. Moreover, we consider a parametrized
version of (1.1) such that the problem depends on a countable set of stochastic parameters
y = (y1, y2, y3, . . .) with yk ∈ R, for k ∈ N. More precisely, we consider the logarithm of the
diffusion coefficient represented in the Karhunen-Loève expansion (KL). Although this might
not be always optimal as shown in [4], it provides a straightforward parametrization with
independent random variables. When moments are known, the KL expansion is obtained by
solving an eigenvalue problem. Otherwise, the field needs to be obtained from discretized
samples. Either way, the exact knowledge of the eigenvalues of the KL expansion might not
always be available.

In order to compute the quantities of interest numerically, several approximation steps
need to be applied. First, the random diffusion coefficient a has to be replaced by a finite-
dimensional approximation. For this, the KL expansion is truncated after m terms. The
truncated coefficient then depends on parameters ym = (y1, . . . , ym) where m can be large.
Furthermore, the expectation E[F(u)] is replaced by an m-dimensional integral with a proper
m-dimensional measure. This high-dimensional integration problem needs then to be ap-
proximated by a quadrature rule which relies on the evaluation of the integrand on a set

of deterministic points or random samples y
(i)
m , i = 1, . . . , N . For each of these parameter

values y
(i)
m , a deterministic PDE problem needs to be solved which requires a third discretiza-

tion in the spatial variable. For the spatial approximation, we consider here a finite element
method with piecewise linear elements since the solution to (1.1) for fixed ym is in H2(D) for
sufficiently smooth diffusion coefficients and a right hand side in L2(D) (see [13, 24]).

For the computation of the m-dimensional expectation, Monte Carlo or Quasi Monte Carlo
methods are often applied [13, 24, 30, 45] as their convergence rates with respect to the sample
size are independent or nearly independent of the dimension of the stochastic parameter space.
The convergence rates, however, are limited by a rate of 1/2 and, depending on m, by a rate
of a bit less than 1, respectively, even if the solution is smooth with respect to ym. In fact, it
has been shown in [4, 30, 31] that in the lognormal case the dependence of the solution u(x,y)
on the parametric variables given by the KL expansion is analytic. Furthermore, the influence
of each stochastic parameter decreases due to the decay of the KL eigenvalues. Since these
favorable regularity properties of the integrand cannot be exploited by conventional Monte
Carlo or Quasi Monte Carlo quadratures, we instead choose for the parametric discretization
a sparse grid type quadrature method based on univariate Gauss-Hermite quadrature rules
such that exponential convergence can indeed be obtained here. Other univariate quadrature
rules could also be considered, such as Genz-Keister or weighted Leja quadrature rules (see,
e.g. [14, 36]). However, as we do not require nestedness of the univariate quadrature rules,
we restrict our discussion for simplicity to the Gauss-Hermite quadrature which achieves
the best convergence rate with respect to the number of quadrature points. Moreover, we
exploit the prevailing anisotropy in the stochastic parameters and apply a decay-obeying,
dimension-adaptive sparse grid quadrature which has already been studied in several articles
[3, 28, 39, 44]. This allows to harvest the favorable regularity properties of the integrand
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present in our specific problem.
Altogether, in this paper, we propose an adaptive algorithm that combines these different

approximation steps, i.e., truncation, dimension-adaptive sparse grid quadrature, and finite
element discretization in a multilevel manner. We formulate a sparse grid approach with
respect to these three discretization directions and, in this way, we balance the KL truncation,
the parametric and the spatial discretization with respect to the involved overall cost. Different
aspects of the combination of these discretization steps have been considered separately before,
but, at least to our knowledge, this is the first algorithm which adaptively steers all three
discretization steps at once, i.e. the truncation, the quadrature, and the finite element method.
A detailed discussion on the differences to other methods will be given in Section 5.2. Similar
to multilevel Monte Carlo methods and multilevel stochastic collocation methods [5, 26, 29, 33,
41, 44, 32], which involve different discretization levels for the spatial approximation and the
quadrature, we can benefit from possible mixed regularity between the spatial and parametric
variables. Note however that, in contrast to Monte Carlo and Quasi Monte Carlo methods, we
have more than just one index to describe the parametric approximation as we use a sparse
grid quadrature. Moreover, the number of discretization parameters for the quadrature is not
fixed when we include the finite noise truncation as additional approximation direction in the
multilevel approximation. In fact, the dimension of the underlying quadrature problem varies
since it depends on the truncation level. To deal with this issue, we embed the parameters
into an infinite-dimensional space and view the truncation as fixing higher parameters to the
constant value ym+j = 0 for j ≥ 1, which allows to easily modify the number of univariate
quadrature rules.

In order to balance simultaneously the error and cost of the finite noise truncation with
each univariate quadrature and with the spatial approximation, we use an adaptive variant
of the well-known sparse grid combination technique [27]. This has the advantage that we
can employ straightforwardly standard finite element methods and quadratures. To this end,
we modify the conventional dimension-adaptive combination technique [22] to match our ap-
proximation steps. This adaptive process is then steered by suitable indicators. We use here
a reliable indicator based on the benefit-cost ratio for the adaptive construction of the sparse
grid, see [10]. Therefore, in contrast to an a-priori construction, knowledge of the regular-
ity of the solution u and of explicit decay rates of the KL eigenfunctions and eigenvalues is
not necessary. In fact, it suffices to be able to approximatively evaluate the KL truncation
and to assume that the terms of the KL are sorted in decreasing order. This is similar to
the well-known saturation assumption of adaptive finite element methods. Consequently, our
algorithm can be applied to different types of diffusion coefficients without any changes. It
properly balances the associated truncation error, the quadrature error and the finite element
discretization error in a cost-versus-accuracy effective multilevel manner and adjusts itself to
the anisotropy in the parametric variables.

The remaining part of this paper is structured as follows: We start by stating the con-
sidered problem and its parametrized version in Section 2 and continue with a separate de-
scription of each approximation step in Section 3. Subsequently, in Section 4, we focus on
the general construction of sparse grids based on hierarchical surpluses and the combination
technique, as well as the difference operators for our approximation. The dimension-adaptive
sparse grid combination algorithm is then described in Section 4.2. In Section 6, we present
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numerical examples which show the good convergence properties of our algorithm.

2. Problem setting. Let (Ω,Σ,P) be a probability space. As mentioned in the introduc-
tion, we want to compute the quantities of interest

E[F(u)] =

∫
Ω
F(u(x, ω))dP(ω)

of the solution u(x, ω) to the random PDE

−div(a(x, ω)∇u(x, ω)) = f(x) for x ∈ D for a.e. ω ∈ Ω

with f ∈ L2(D) and zero Dirichlet boundary conditions for simplicity of notation. We assume
that a(x, ω) is a lognormal random field, i.e.,

a(x, ω) = exp(b(x, ω))(2.1)

where b(x, ω) is a Gaussian field expressed in form of a Karhunen-Loève expansion

b(x, ω) = E[log(a(x))] +

∞∑
k=1

√
λkψk(x)yk(ω)(2.2)

with λ1 ≥ λ2 ≥ . . .. The functions {ψk} are pairwise orthonormal functions in L2(D) and yk
are independent standard normally distributed random variables, yk ∼ N (0, 1), for which we
denote with ρk the standard Gaussian density function. In general, this expansion of b can be
obtained by computing the eigenpairs of the operator

(Cv)(x) =

∫
D

covb(x,x
′)v(x′)dx′,

whereby covb(x,x
′) is the continuous covariance function of the Gaussian field. Alternatively,

it must be appropriately approximated from measurements. In this paper we do not require
explicit knowledge of the KL eigenpairs and their decay rates, but we just need to be able to
evaluate truncated and approximated versions of (2.2).

Instead of the PDE (1.1), we consider a parametrized version in terms of the variables yk
and set

y := (y1, y2, . . .) ∈ RN,

whose distribution is determined by the joint probability density function ρ(y) =
∏∞
k=1 ρk(yk).

The dependence of a(x, ω) on ω is substituted by a dependence on the parameters
y = (y1, y2, . . .) and we write for the parametrized diffusion coefficient

a(x,y) = a0(x) exp

( ∞∑
k=1

√
λkψk(x)yk

)
.(2.3)

The parametrized version of the PDE is then for a fixed parameter y ∈ RN given by

−div(a(x,y)∇u(x,y)) = f(x) x ∈ D.(2.4)
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For well-posedness of the problem, we need to ensure that the series in (2.3) converges in
L∞(D) almost surely and that the moments are well-defined, i.e., u ∈ L2

ρ(Γ, H
1
0 (D)). To this

end, we assume that there exists a measurable set Γ ⊂ N∞ such that µρ(Γ) = 1 and a(x,y)
converges in L∞(D) for all y ∈ Γ. Furthermore, we define amin(y) = ess infx∈D a(x,y)
and ess supx∈D a(x,y) = amax(y) and assume that amax ∈ Lpρ(Γ) and 1/amin ∈ Lpρ(Γ) for
any p ∈ (0,∞). By the Lax-Milgram lemma, (2.4) admits for y ∈ Γ a unique solution
u(y) ∈ H1

0 (D) and satisfies

‖u(y)‖H1
0 (D) ≤

C

amin(y)
‖f‖L2(D).

The expectation for the computation of the quantities of interest corresponds in the
parametrized formulation then to the evaluation of the integral

E [F(u(y(ω)))] =

∫
Ω
F(u(y(ω)))dP(ω) = Ey [F(u(y))] =

∫
Γ
F(u(y))ρ(y)dy(2.5)

which is well-defined for F(u) = up, p = 1, 2 or for continuous linear functionals
F : H1

0 (D) → R. In the case where the KL eigenfunctions and -values are known explic-
itly, these assumptions can be ensured if the sequence

γk =
√
λk‖ψk‖L∞(D)(2.6)

is summable, i.e., {γk}k ∈ `1(N). In this case the set Γ is given by

Γ = {y ∈ RN :
∞∑
k=1

γk|yk| <∞},

which is µρ-measurable with µρ(Γ) = 1 and 1/amin, amax ∈ Lpρ(Γ) for all p ∈ (0,∞) as shown
in [43]. However, note that also weaker assumptions are possible to ensure the well-posedness
of the parametric problem (see, e.g. [4, 11]) and we do not necessarily require summability of
(2.6) in the following.

3. Numerical approximations. This section focuses on the methods needed to numerically
compute an approximation of (2.5). In the following each approximation step is addressed
separately. We give a basic idea of the convergence behavior that can be expected if sufficient
regularity is provided, but refer to the literature for precise convergence rates and the regu-
larity assumptions needed for a precise convergence order. The combination of the different
methods will be discussed in the later sections.

3.1. Approximation by a finite-dimensional parameter set. First, since in practice one
cannot work with the infinite representation (2.2) of the random diffusion field a, we approx-
imate a by its finite noise truncation, i.e., we cut off the series after m terms. This way, we
obtain

am(x,ym) = a0(x) exp

(
m∑
k=1

√
λkψk(x)yk

)
,
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which depends on a finite but possibly high-dimensional parameter set. Furthermore, we
denote with um the solution of the PDE where the diffusion coefficient a is replaced by am,
i.e., for any ym ∈ Rm, the function um(ym) solves

−div(am(ym)∇um(ym)) = f.

For later purpose, we remark that them-term truncation of the random diffusion coefficient
a is equivalent to replacing the dependence of yi for i > m by the constant 0. Thus,

am(x,ym) = a(x, y1, . . . , ym, 0, 0, . . .) and um(x,ym) = u(x, y1, . . . , ym, 0, 0, . . .).(3.1)

Note here that for (y1, . . . , ym, 0, 0, . . .) the series in (2.3) converges as it consists only of
finitely many terms and the solution of the associated PDE is well-defined.

Clearly, the error introduced by this truncation decreases with increasing m. The rate
depends on the smoothness of the random field a which is reflected in the decay rates of the
eigenvalues and eigenfunctions of its Karhunen-Loève expansion. As shown in [11, 12, 13, 24]
also the solution um converges to u and error estimates for both the strong and weak error are
provided. These bounds depend on the decay properties of the coefficients in the KL expansion
and require decay rates of λk and ψk in norms different to the L2(D)-norm which are however
in general difficult to obtain. But note here that, for our adaptive algorithm in Section 4.2,
we do not require these bounds to be available beforehand. Instead we will observe that our
algorithm adjusts to different decay rates of the KL coefficients and determines the required
truncation level automatically. Hence, if the regularity of the random field a is not known
a-priori, we can still apply our algorithm in an a-posteriori fashion for a single specific a in a
similar way as adaptive finite element methods do.

3.2. Finite element method. Next, we address the spatial discretization. For any fixed

parameter y
(i)
m , i = 1, . . . , N , the solution um(·,y(i)

m ) ∈ H1
0 (D) to the PDE (2.4) needs to be

approximated. For this, we apply a linear finite element method and subdivide the domain
D by a uniform and regular triangulation Th with diameter h. Note here that we deliberately
stick to uniform triangulations and do not consider spatial adaptivity since we are in this
article merely interested in the interplay of truncation, plain discretization and quadrature.
For each y ∈ Γ, we denote with the index h the finite element solution uh(·,y) ∈ Vh which
satisfies ∫

D
a(x,y)∇uh(x,y)∇vh(x)dx =

∫
D
f(x)vh(x)dx

for all vh ∈ Vh = {v ∈ C(D) : v|∂D = 0 and v|K ∈ P1 ∀K ∈ Th}, where P1 is the space of
linear functions. Moreover, we denote as uh,m(·,ym) ∈ Vh the finite element solution of the
truncated problem, i.e.,∫

D
am(x,ym)∇uh,m(x,ym)∇vh(x)dx =

∫
D
f(x)vh(x)dx.

For diffusion coefficients with sufficiently smooth realizations, the PDE solution satisfies
u(·,y) ∈ H2(D) a.s. and the finite element approximation uh exhibits an error rate of the
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form

‖u(x,y)− uh(x,y)‖H1(D) ≤ Ch

√
amax(y)

amin(y)
‖u(x,y)‖H2(D).

For any q <∞, this implies ‖u− uh‖Lqρ(Γ, H1
0 (D)) ≤ Ch and ‖u− uh‖Lqρ(Γ, L2(D)) ≤ Ch2 for the

error in the spatial variable measured in the L2-norm. These bounds also hold for the error
um− uh,m with constants independent of m. For the computation of the second moment, the
spatial norms are replaced by the W 1,1(D)-norm and the L1(D)-norm, respectively. Hence,
depending on the quantity of interest and the error norm, the error bound is of the order O(h)
or O(h2). For less regular diffusion coefficient without continuously differentiable realizations,
the rate reduces to O(hs) and O(h2s), respectively, where 0 < s ≤ 1 depends on the regularity
of the random field. We refer to [13, 24, 45] for more details on the spatial discretization error.

3.3. Quadrature method. As a third approximation step, we need to approximate the
solution in the parametric variables and evaluate the integeral

Iv =

∫
Rm

v(ym)ρ(ym)dym(3.2)

where v(ym) = F(uh,m(x,ym)). Note that, with the truncation of the Karhunen-Loève ex-
pansion after m terms, the integral is over the m-dimensional space Rm. For this purpose, we
consider quadrature rules of the type

Iv ≈ QNv =
N∑
i=1

wiv(y(i)
m )

which are based on the evaluation of the integrand at N quadrature points y
(i)
m ∈ Rm that

are taken into account with weight wi, i = 1, . . . , N . As uh,m is also a function in x, this
requires a FEM-discretization on the mesh Th and a solution of the resulting linear systems
of equations for each of these N parameter values.

We apply a Gaussian quadrature rule that can exploit the regularity of the integrand
with respect to the parameters y1, y2, . . .. For that, we combine m one-dimensional Gauss-
Hermite quadrature rules as the underlying density function for each parameter yk is the
one-dimensional Gaussian. For each parameter yk a univariate quadrature rule is considered

which is based on the interpolation of the integrand among a set of deterministic points {y(i)
k }

such that the highest degree of polynomial exactness is achieved. The quadrature points are
chosen as the N (k) roots of the Hermite polynomials of degree N (k), which are orthogonal
with respect to the inner product

(q, r)L2
ρ(R) =

∫
R
q(yk)r(yk)ρk(yk)dyk,

and the quadrature weights are obtained by integration of the interpolating polynomial, i.e.,
wi = (Li, 1)L2

ρk
(R) where Li denotes the i-th Lagrange polynomial with respect to the quad-

rature point set.

7



For the approximation of (3.2), we combine these m univariate Gauss-Hermite quadrature
rules in a tensor product

Q(N(1),N(2),...,N(m))v = Q
(1)

N(1) ⊗Q
(2)

N(2) ⊗ . . .⊗Q
(m)

N(m)v

which requires the evaluation of v at the quadrature points (y
(i1)
1 , y

(i2)
2 , . . . , y

(im)
m ) for ik =

1, . . . N (k) and k = 1, . . . ,m. Here, N =
∏m
k=1N

(k).
If the integrand can be extended into a region in the complex plane, each univariate rule

can achieve an exponential convergence rate. Hence, this choice of quadrature rule exploits
the smooth dependence of the solution on the parameters yk for k = 1, . . . ,m, which is
shown in [24, 30, 31]. However, the combination of the m quadrature rules in a full isotropic
tensor product, i.e., with N (1) = N (2) = . . . = N (m), suffers from the curse of dimensionality
as the number of quadrature points grows exponentially in the dimension m. Instead, an
anisotropic version, as discussed in [3], can be used which combines the m rules with different
approximation power and which can exploit the decreasing influence of the parameters yk on
the PDE solution u by choosing the numbers N (k) according to the anisotropy. If the decrease
of influence of the stochastic parameters yk is sufficiently fast, for example such that the
errors of the univariate rules are balanced when N (k) = 2αk with

∑∞
k=1 αk <∞, the curse of

dimensionality can be broken. Furthermore, we combine such an anisotropic approach with a
sparse grid quadrature which leads to an anisotropic sparse grid quadrature similar to [28, 39].
The bounds in [3, 30, 31] on the derivatives of u with respect to the parameters ym justify
that a sufficiently anisotropic sparse grid in the parametric variables is a sound approach. The
construction of this anisotropic sparse grid quadrature is coupled with the KL-truncation and
the spatial approximation which will become clearer in a moment.

4. Sparse grids. The adaptive algorithm that we propose is based on a sparse grid ap-
proach which balances the three different approximation methods. In the following, we give a
short overview of the general construction of sparse grids in d dimensions with abstract oper-
ators before we address the adaptive combination technique for the computation of quantities
of interest. For more details on sparse grids we refer to [21] and [10]. The additional regularity
between the spatial and parametric variables shown in [30, 33] for sufficiently smooth random
fields justifies this approach.

For each discretization direction we consider a sequence of numerical approximation oper-
ators {Pl}l with increasing approximation power such that the limit leads to the true solution.

We define the difference operators between two approximations as

∆l :=

{
Pl − Pl−1 if l ≥ 1,

P0 if l = 0,

such that PL can be reconstructed from the difference operators up to L, i.e.,

PL =

L∑
l=0

∆l,
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which is just a telescoping sum. For an approximation that involves d different approximation
directions, we combine the d operators in a straightforward way and define the anisotropic
full grid approximation as

PLu =
d⊗
i=1

P
(i)
Li
u = P

(1)
L1

(P
(2)
L2

(. . . P
(d)
Ld
u)) =

∑
l≤L

∆lu

where L = (L1, . . . , Ld) indicates the approximation levels in each direction. The d-dimen-
sional difference operator is given by

∆l =
d⊗
i=1

∆
(i)
li

for l = (l1, . . . , ld)

whereby the condition l ≤ L requires li ≤ Li for all i = 1, . . . , d. Note at this point that the

operators P
(i)
li

could in principle be of different type for different directions i, i.e., it could be
a spatial energy projection in one direction and quadrature rules in the other directions, as it
will be done later on in subsection 5.1.

A sparse grid approximation only includes differences for a subset I ⊂ Nd. For example,
the regular sparse grid sums up the differences for |l|1 ≤ L + d − 1, which yields a good
approximation if the solution has some additional smoothness in form of bounded mixed
derivatives. In the following, we apply a sparse grid with respect to a general index set I and
define the sparse grid approximation by

P SG
I u =

∑
l∈I

∆lu.(4.1)

The choice of the index set I plays here a crucial role. The optimal choice clearly depends
on the contribution of each increment ∆lu and its associated cost. In [10], it has been shown
that, for a prescribed cost, the selection of the index set can be formulated as a binary
knapsack problem to which a solution is obtained by including the indices with the highest
benefit-cost ratio, i.e., ‖∆lu‖ in some norm divided by the associated computational cost. As
a-priori estimates on the regularity of the solution and therefore on the size of ∆lu are not
always available, we use the benefit-cost ratio to construct the index set in a greedy way in
our adaptive algorithm later on (see Section 4.2).

It is known that the sparse grid approach allows to overcome the curse of dimensionality to
some extent when the solution satisfies certain mixed smoothness properties. A regular sparse
grid, for example, reduces the cost compared to the full combination while nearly preserving
the accuracy such that the dependence of the error with respect to the computational cost
on the dimension is only in the logarithmic term. In the case where the approximation power
and the cost of the underlying methods are not equal, the approximation rate of the sparse
grid using an anisotropic simplex for I is dominated by the slowest converging direction (see
[25]). Furthermore, in [29], an optimal index set has been identified for the particular case of
exponential decay in the parametric approximation and of algebraic decrease in the spatial
discretization error. In this case, the spatial discretization dominates the convergence. Note
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moreover that this aspect was also discussed in a more general context of approximation in
UQ of the infinite dimensional problem in [17, 18]. Altogether, we can thus expect that our
a sparse grid approach leads to a method where the direction with the weakest convergence
rate dominates the overall convergence of the approximation.

4.1. Combination technique. For our algorithm we consider a somewhat different repre-
sentation of the formula (4.1), the so-called combination technique, which was introduced in
[27]. While efficient methods for the computation of the increments are necessary for (4.1),
the combination technique relies on the combination of several anisotropic, full but low-order
approximations.

The terms in (4.1) are rearranged such that full grid combinations are recovered and the
combination technique approximation for (4.1) is defined as

P ct
I u =

∑
l∈I

αlPlu(4.2)

with coefficients

αl =
1∑

z=0

(−1)|z|1 χI (l + z) ,

where 1 = (1, . . . , 1) and the characteristic function χ is given by

χI(l) =

{
1 if l ∈ I,
0 otherwise.

In order to have an equivalence of the combination technique (4.2) and the sparse grid
formulation based on the increments (4.1), we need to impose an admissibility condition on
the index set I as in [22]. We require that the index set I is downward closed, meaning it
satisfies the following property:
For any l ∈ I it must hold that

l− ej ∈ I for 1 ≤ j ≤ d with lj ≥ 1

with ej being the j-th unit vector.
We will use the combination technique representation as it has the advantage that it relies on
anisotropic, full grid approximations and does not require the computation of the increments
∆l. Hence, no hierarchical structure needs to be assumed. Instead, the standard numeri-
cal methods discussed in Section 3 can be directly applied, such as standard finite element
solvers and standard quadratures, and no nestedness of the quadrature methods is needed.
Additionally, the structure of (4.2) is intrinsically parallel as the approximations {Pl}l can be
computed independently. Note however that we will rely on the hierarchical operators ∆l for
the adaptive construction of the sparse grid index set as explained later on.
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4.2. Dimension-adaptive combination technique. Next, we describe the adaptive con-
struction of the index set I. In the following, we state the dimension-adaptive combination
technique which was introduced for integration problems in [22] and which will be modified
to fit our problem setting later on in Section 5.2. The basic algorithm with abstract operators
Pl is stated in Algorithm 4.1. The dimension-adaptive algorithm heuristically constructs a
sequence of admissible index sets I(1) ⊂ I(2) ⊂ . . . ⊂ I(t) which indicate the increments that
are included in the sparse grid formulation. Once such an index set has been found, the
approximation is obtained using the generalized combination technique formula (4.2).

The algorithm starts off with one index in I(1) and adds successively indices which do not
destroy the admissibility of the index set. To ensure this, two index sets are introduced A
and O with I = A ∪ O and A ∩ O = ∅. The set A denotes the set of admissible neighbor
indices and the set O is referred to as the set of old indices. While the indices in O have
already been chosen to be considered for the sparse grid, the index set A contains the indices
in the neighborhood of O, i.e., which result from a refinement along the axis, and which do
not destroy the admissibility when added to O.

In each iteration of the dimension-adaptive combination technique, the index with the
highest contribution is selected among the indices in A, removed from A and added to the set
O. This selection process is based on the benefit-cost ratio [10] as mentioned before. Besides
∆l, also the corresponding cost cl is taken into account in the associated profit indicator ηl
which will be explained in detail later on. As a result of this process, the neighborhood for
the index set O has changed such that the set A needs to be updated by adding the indices
to A which still satisfy the admissibility condition. In a final step, the full grid solutions
are combined according to (4.2). Since during the algorithm the solutions for l ∈ A were
computed for the profit indicator, these indices are also included into the computation of the
combination technique solution.

5. Sparse Grids for Uncertainty Quantification. In the previous section, we had a fixed
dimension d and described the basic so-called dimension-adaptive sparse grid approach for
abstract approximation operators. Now, we generalize this approach to our uncertainty quan-
tification problem and the computation of the quantities of interests (2.5). Here, the operators

P
(i)
li

are of different type corresponding to the different approximation steps. The adaptation
to uncertainty quantification involves two main aspects: First, we employ a sparse grid for the
quadrature of the parametric coordinates, but we also want to account for a possibly chang-
ing dimension due to the dynamically adapted truncation length. This will be done via the
embedding of the parametric coordinates and corresponding indices into infinite-dimensional
spaces, as already indicated in (3.1). Second, we include the spatial discretization in the
sparse grid formulation by adding a spatial index to also incorporate the treatment of the
associated deterministic PDEs. In the following, we first define the difference operators for
the UQ setting. We then present the generalization of the dimension-adaptive combination
technique to this problem setting and in the last subsection we discuss the UQ-specific profit
indicators with which we steer the overall adaptive construction.

5.1. Difference operators for UQ. For our setting, we have three numerical approxima-
tions that need to be properly taken into account. We now define the difference operators for
these three approximation directions.
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Algorithm 4.1 Dimension-adaptive combination technique [22]

Input: Tolerance ε > 0
Output: Index set I and approximation P ct

I u

1: l = (0, . . . , 0) ∈ Nd
2: A = {l}, O = ∅
3: compute local profit indicator ηl
4: η = ηl
5: while η > ε do
6: Select the index j ∈ A with the largest profit ηj
7: A = A \ {j}, O = O ∪ {j}
8: η = η − ηj
9: for k = 1, . . . , d do

10: l = j + ek
11: if l− ei ∈ O ∀1 ≤ i ≤ d with li > 0 then
12: A = A ∪ {l}
13: Compute full grid approximation Plu
14: Compute local profit indicator ηl
15: η = η + ηl
16: end if
17: end for
18: end while
19: Combine approximations Plu for l ∈ I = A ∪O according to (4.2) to obtain P ct

I u
20: return I = A ∪O and P ct

I u

First, we consider a sequence of truncation operators {Tm}m which map the PDE solution
to the solution of the truncated problem, i.e., Tm : u 7→ um, and we define the difference
between two levels by

∆(T )
m u =

{
um − um−1 if m ≥ 1,

u0 if m = 0.

Second, for the spatial discretization, we employ a sequence of uniform grids on D with
width hlx = O(2−lx) and consider the operator that maps the function um to the evaluation
of F of its finite element approximation F(uhlx ,m). Due to the continuity of F we have
lim lx→∞F(uhlx ,m) = F(um). Here, in the spatial direction, we have not just a projection
onto the finite element subspace (which itself involves the FEM-discretization and the solution
of the arising linear system of equations), but also the corresponding evaluation required for
the specific quantity of interest. Only in the case of computing the first moment, i.e., F = Id,
the operator corresponds to the projector onto the finite element space. Consequently, the
difference between two spatial discretizations is defined as

∆
(x)
lx
um =

{
F(uhlx ,m)−F(uhlx−1,m) if lx ≥ 1,

F(uh0,m) if lx = 0.
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And finally, we approximate the expectation by a quadrature method for which we apply a
sequence of quadrature rules that are themselves sparse grids. Here, given a truncation level
m, we have m parametric variables. For each parameter yk for k = 1, . . . ,m, we consider a

sequence of univariate Gauss-Hermite rules {Q(k)
lk
}lk≥0 with increasing number of quadrature

points {N (yk)
lk
}lk≥0 and associated differences operators

∆
(Qk)
lk

=

{
Q

(k)
lk
−Q(k)

lk−1 if lk ≥ 1,

Q
(k)
0 if lk = 0.

(5.1)

We combine the m one-dimensional difference operators and define the difference operator for
the quadrature

∆
(Q)
l =

m⊗
k=1

∆
(Qk)
lk

(5.2)

with l being a m-dimensional array determining the level for each parametric variable. The
summation of such differences over a set IQ of indices l = (l1, . . . , lm) ∈ Nm then yields the
sparse grid quadrature

QSG
IQv =

∑
l∈IQ

∆
(Q)
l v.

In combination with the approximation of the random field a(x,y) and the spatial dis-
cretization, the integration is however not with respect to a fixed high-dimensional parameter
space, but should rather adapt itself properly, which gives rise to a varying number of para-
metric dimensions. To this end, we exploit the fact that the m-term truncation of the KL
expansion is equivalent to the constant evaluation at yk = 0 for k > m (c.f. (3.1)) and em-
bed the parameters and quadrature rules into an infinite dimensional setting. A one-point
Gauss-Hermite quadrature in yk for k > m performs the same approximation and thus re-

places the integrand by just a constant function in yk. We therefore assume N
(yk)
0 = 1, by

choosing N
(yk)
lk

= 2lk , and call the parameter dimension k inactive if lk = 0. This lowest level
of the univariate quadrature then corresponds to a constant approximation and disregards the
dependence of the random field on this yk. Conversely, the parameter dimension k is active
when lk ≥ 1.

This allows us to represent the index indicating the quadrature levels by

l = (l1, l2, . . . , lm, 0, 0, . . .) ∈ N∞,(5.3)

which is in principle independent of the parameter dimension, possesses only finitely many non-
zero entries, and altogether allows for straightforward adaptivity in the parametric dimensions,
i.e., in the truncation length. The difference operator (5.2) is then equivalent to

∆
(Q)
l v = ∆

(Q)
(l1,...,lm,0,0,...)

v =

∞⊗
k=1

∆
(Qk)
lk

v =

m⊗
k=1

∆
(Qk)
lk

v
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with the univariate differences as in (5.1). The equality holds because Q
(k)
0 v = v for

k > m. Note also that the effective truncation level can be obtained from (5.3) and is
given by max{k ∈ N : lk ≥ 1}.

In order to also include the spatial discretization and to combine it with the parametric
discretization, we extend the index (5.3) by one entry which refers to the spatial discretization
and write

l̃ = (lx, ly1 , . . . , lym , 0, 0, . . .) ∈ N∞.(5.4)

Corresponding to this index, we set

Pl̃u = Q
(1)
ly1
· · ·Q(m)

lym

(
F(uhlx ,m)

)
,

where uhlx ,m is the projection of um onto the FEM-space with triangulation Thlx (and involves
thus discretization and solution of the resulting linear system of equations). Note here that
the order of application of the quadrature, the application of F , the FEM-projection (i.e.,
discretization and solution), and the truncation is not commutative and cannot be changed.

The generalized difference operator, which incorporates the parametric and spatial refine-
ment as well as the truncation level, is then given by the combination of the three associated
difference operators as

∆l̃u = ∆
(Q)
l ∆

(x)
lx

∆(T )
m u,(5.5)

where we use the notation ∆
(x)
lx

∆
(T )
m u for ∆

(x)
lx

∆
(T )
m u = F(uhlx ,m)−F(uhlx−1,m)−F(uhlx ,m−1)+

F(uhlx−1,m−1). This difference operator (5.5) can further be simplified as follows: As the
quadrature and truncation levels are not completely independent, we only need to con-
sider indices where the effective truncation level coincides with the truncation level, i.e.,
m = max{k ∈ N : lyk ≥ 1}. In this case the differences can be written as

∆l̃u = ∆
(Q)
(ly1 ,...,lym ,0,0,...)

∆
(x)
lx

∆(T )
m u =

∞⊗
k=1

∆
(Qk)
lyk

(
∆

(x)
lx

∆(T )
m u

)
=

m⊗
k=1

∆
(Qk)
lyk

(
∆

(x)
lx

∆(T )
m u

)
=

m−1⊗
k=1

∆
(Qk)
lyk
⊗∆

(Qm)
lym

(
F(uhlx ,m)−F(uhlx−1,m)−F(uhlx ,m−1) + F(uhlx−1,m−1)

)
.

Note that the terms uhlx ,m−1 and uhlx−1,m−1 are independent of the variable ym. Because
constant functions are integrated exactly by our quadrature rule, we obtain

∆
(Qm)
lym

(
F(uhlx ,m−1) + F(uhlx−1,m−1)

)
= Q

(m)
lym

(
F(uhlx ,m−1)−F(uhlx−1,m−1)

)
−Q(m)

lym−1

(
F(uhlx ,m−1)−F(uhlx−1,m−1)

)
= 0

since lym ≥ 1. Hence, we have for (5.5) the natural simplified representation

∆l̃u =

(
m−1⊗
k=1

∆
(Qk)
lyk
⊗∆

(Qm)
lym

)(
F(uhlx ,m)−F(uhlx−1,m)

)
=

(
m⊗
k=1

∆
(Qk)
lyk

)
∆

(x)
lx
um,(5.6)

which only requires the quadrature differences of the m active parametric variables yk (and
the difference in the spatial variable x of course).
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5.2. Dimension-adaptive algorithm for UQ. We are finally in the position to modify the
procedure described in Subsection 4.2 in order to match our approximation steps. To this
end, we adapt the basic Algorithm 4.1 to now construct a sequence of index sets Ĩ(1) ⊂ Ĩ(2) ⊂
. . . ⊂ Ĩ(t) ⊂ N∞ which contain indices of the form (5.4). An index set Ĩ can then be used to
obtain the sparse grid approximation

P SG
Ĩ u =

∑
l̃∈Ĩ

∆l̃u and P ct
Ĩ u =

∑
l̃∈Ĩ

αl̃Pl̃u(5.7)

analogously to (4.1) and (4.2).
The construction of Ĩ is also based on two sets Ã and Õ, but we cannot store the infinite

index arrays. However, since only a finite number of parametric dimensions are active at
once, it suffices to store these active dimensions. To facilitate the implementation, we store
all parameter dimensions which have been activated in course of the algorithm even if some
of them are inactive at the current iteration. The number of parameter dimensions that
have been activated is denoted by M , which will get larger in the course of the algorithm.
In addition to the indices corresponding to these M activated quadratures dimensions, we
store the spatial discretization level and a fixed number M̂ of parameter dimensions that have
not been activated yet to be able to increase the truncation level in future iterations of the
algorithm. We therefore store indices of the form

l̃ = (lx, ly1 , . . . , lym , 0, 0 . . . , 0) ∈ N1+M+M̂

with m ≤ M + M̂ and use a Boolean vector act to indicate whether a variable has been
activated.

Our new adaptive method for UQ problems, which is presented in Algorithm 5.1, then
proceeds similar to Algorithm 4.1. It starts with one index in Ã and adds successively indices
with the highest profit indicator. Here, the set Ã includes indices which either refine the finite
element discretization, refine the quadrature or raise the truncation level. The search for new
admissible indices is separated into two parts: Lines 9-17 account for a refinement of the finite
element discretization or the quadratures which have been activated before, whereby including
l̃ + ẽ1 in Ã increases the level index lx and l̃ + ẽk for 2 ≤ k ≤ 1 +M + M̂ raises the level of
the k − 1-th direction, i.e., the k-th quadrature.

The lines 18-27 become effective whenever l̃ selected in line 6 activates a new variable
which corresponds to a higher truncation level. In this case, the Boolean vector needs to be
adjusted and the number of stored parametric level is raised by one. This ensures that always
M̂ non-activated entries are included and the truncation level can be increased in subsequent
iterations. Moreover, the index arrays which were added in previous steps of the algorithm
need to be extended by one entry which is set to zero.

Note here that it would be sufficient to consider M̂ = 1. By setting M̂ > 1, the algorithm
does not only consider raising the truncation level by one, but can consider the M̂ forward
neighbors as well. This avoids taking into account a too small number of stochastic variables
as a parametric variable can be activated even if not all parameters up to this parameter
have been activated before. In our experiments it turned out that this approach with value
M̂ = 5 was more robust than with the choice M̂ = 1. This lack of downward closedness in
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Algorithm 5.1 Adapted dimension-adaptive combination technique for UQ

Input: Tolerance ε > 0
Output: Index set Ĩ and approximation P ct

Ĩ u

1: l̃ = (0, . . . , 0) ∈ R1+M̂ , M = 0, act = (0, . . . , 0) ∈ {0, 1}M̂
2: Ã = {l̃}, Õ = ∅
3: Compute local profit indicator ηl̃
4: η = ηl̃
5: while η > ε do
6: Select index l̃ ∈ Ã with largest profit ηl̃
7: Ã = Ã \ {l̃}, Õ = Õ ∪ {l̃}
8: η = η − ηl̃
9: for k = 1, . . . , 1 +M + M̂ do

10: j̃ = l̃ + ẽk
11: if j̃ − ẽi ∈ Õ ∀1 ≤ i ≤ 1 +M + M̂ with j̃i > 0 then
12: Ã = Ã ∪ {j̃}
13: Compute the approximation Pj̃u
14: Compute local profit indicator ηj̃
15: η = η + ηj̃
16: end if
17: end for
18: if it exists n ∈ {1 . . . ,M + M̂} s.t. lyn > 0 and actn = 0 then
19: actn = 1, extend act
20: M = M + 1
21: j̃ = ẽ

1+M+M̂

22: Ã = Ã ∪ {j̃}
23: Extend indices in Ã, Õ by 0
24: Compute the approximation Pj̃u
25: Compute local profit indicator ηj̃
26: η = η + ηj̃
27: end if
28: end while
29: Combine approximations Pl̃u for l̃ ∈ Ã ∪ Õ according to (5.7) to obtain P ct

Ĩ u

30: return Ĩ = Ã ∪ Õ and approximation P ct
Ĩ u

the truncation direction does not pose any problems for the combination technique due to the
structure of the differences, see also (5.1).

Let us comment here on the effect of choosing a different sequence of KL truncation levels:
Instead of increasing the truncation level by one at a time, a doubling of the number of terms
in the KL would rather resemble the geometric refinement of the spatial discretization. This
would be straightforward for Monte Carlo quadratures. However, the truncation level and
a sparse grid quadrature are not completely independent: Unlike Monte Carlo methods the
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sparse grid quadrature relies on univariate quadrature rules and therefore the dimension in-
trinsically divides into steps of one. Thus, we here propose an increment by one. Nevertheless,
doubling the truncation could be realized together with a sparse grid quadrature as follows:
Let m indicate the truncation level with 2m terms in the KL expansion. Then raising the
level from m− 1 to m includes 2m−1 new parameter variables yk which need to be considered
separately by a univariate rule. One way to do this is to employ a quadrature with quadrature
level lyk = 1 for all new variables yk, k = 2m−1 + 1, . . . , 2m, which activates all new variables
at once. But the cost of evaluating the quadrature grows with O(2m) which inhibits including
high dimensions. Instead we allow some, but not all of the yk, k = 2m−1 + 1, . . . , 2m to be
inactive. Raising the truncation level would then imply to include the new forward neighbors,
ẽk for k = 2m−1 + 2, . . . , 2m + 1, in the set Ã in the algorithm and the length of index sets to
be extended by 2m−1 instead of one. Note that any quadrature with lyk = 0 for all k > M
for some M ∈ {2m−1 + 1, . . . , 2m} has the effective truncation level M . Hence in practice,
any truncation level is implicitly assumed by this choice, and doubling the included KL terms
corresponds to increasing the buffer variables M̂ depending on m. Because of the anisotropy
in the parametric variables, the outcome is nearly the same for both strategies of truncation
refinement and there is no benefit by doubling the truncation level.

Next, let us remark on the differences to other adaptive algorithm for random elliptic
PDEs based on [22] which consider certain aspects of the approximation separately. An adap-
tive sparse grid quadrature method for parametric PDEs with fixed truncation level has been
for example studied in [7, 37]. In [38, 14, 19, 15], adaptive quadrature and interpolation
algorithms based on sparse polynomial approximation have been considered in an infinite di-
mensional parameter space for the lognormal as well as for the affine case. In these approaches,
like in our algorithm, the number of active variables is increased throughout the process and
also the concept of buffer variables was introduced. However, we additionally include the
spatial discretization in our approximation. This allows us to improve the overall computa-
tional complexity and to benefit from mixed smoothness between the spatial and parametric
variables. Furthermore, in our algorithm, the extension of the index set by M̂ terms is inter-
preted as possible refinement of the KL truncation which better balances the cost and error of
the truncation with the other discretizations. This perspective is also included in the choice
of our profit indicator. In the context of multilevel methods, adaptive algorithms based on
the benefit-cost ratio have been proposed as well [29, 32, 41]. But these methods only focus
on the interplay of the spatial/deterministic discretization and parametric approximation and
require a fixed number of discretization parameters. We instead additionally include the trun-
cation level which leads to a dependence of two discretization parameters as the truncation
also influences the parametric discretization. Note that an adaptive algorithm which adjusts
the truncation level in a multilevel Monte Carlo method has been proposed in [42], but does
not encounter this problem as it uses the plain Monte Carlo quadrature. We use a different
approach based on Gaussian quadrature which leads to a more complicated algorithm but
allows to obtain convergence rates much better than 1/2. Although certain aspects of our
algorithm may not be particularly novel, the combination of the spatial discretization, KL
truncation and sparse grid quadrature with varying number of dimensions in a sparse grid
approximation surely is. This perspective is also reflected in the choice of our specific indicator
which will be discussed in the next section.
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5.3. Profit indicator. The crucial part of the adaptive algorithm is the refinement strategy
which selects the index to be added to Õ. This selection process is controlled by a local profit
indicator ηl̃ which should estimate the contribution of including the increment ∆l̃u in the
sparse grid combination formula (5.7).

Since the global error can be bounded by

‖E [F(u)]− P ct
Ĩ u‖X ≤

∑
l̃/∈Ĩ

‖∆l̃u‖X ,

we use

El̃ =
∥∥∆l̃u

∥∥
X

as a local error estimator for adding l̃ to Ĩ. The increments are as discussed in Section 5.1
and the norm ‖ · ‖X depends on the space in which the error is measured. Note at this
point that, due to the upper bound by the triangle inequality, the local error indicator El̃
is reliable. It is however not necessarily efficient in the terminology of error estimators for
adaptive finite element methods (see, e.g. [1]) as we have no lower bound c

∑
l̃/∈Ĩ ‖∆l̃u‖X ≤

‖E [F(u)]− P ct
Ĩ u‖X , 0 < c ≤ 1.

Note here that the evaluation of El̃ requires several anisotropic grid solutions. However,
we only need to compute Pl̃u and can reuse the other solutions that have been previously
computed as the index set needs to be downward closed in the quadrature and finite element
levels. Moreover, taking into account the computational cost, the local error estimator El̃
might not be a well-suited refinement indicator, as including other indices might lead to a
similar error reduction while having much lower computational cost. Therefore, we follow
[10, 22] and use instead the benefit-cost ratio

ηl̃ =
El̃

cl̃

as refinement indicator where cl̃ denotes the cost of the evaluation of Pl̃u. As cost model
we use the product of the cost of each approximation step. To this end, for all quadrature
points, we multiply the cost of solving the PDE with the cost of the truncated problem. As
the truncation level of the random field is not fixed, we have to account for this change in the
dimension. It is clearly more expensive to evaluate a diffusion coefficient which is truncated
after a large number of terms than a diffusion coefficient involving only a few parameters.
We therefore measure the cost of the truncated problem in terms of the active parameters,
but neglect the possible cost of computing the KL. Similar to the cost models introduced
in [16, 35] for infinite dimensional integration, two choices seem reasonable: Either the cost
computing the truncated diffusion coefficient depends on the highest index of active variables,
i.e.

costTrunc = max{k ∈ N : lyk ≥ 1}(5.8)

or is measured by the number of active variables, i.e.

costTrunc = #{k ∈ N : lyk ≥ 1}.(5.9)
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The cost of the finite element method is measured by the number of finite element nodes.
Here we assume for reasons of simplicity an optimal solver like multigrid or a multilevel

preconditioner, such that only a cost of O
(

(N
(x)
lx

)n
)

is involved. And lastly, the number of

quadrature points is used to capture the cost of the quadrature method, such that the total
cost of computing Pl̃u is given by

cl̃ = (N
(x)
lx

)n ·
m∏
i=1

N
(yi)
lyi
· costTrunc(ly).(5.10)

This way, we balance the error with the required work and our algorithm selects the index
from Ã with the best benefit-cost ratio and minimizes

∑
l̃/∈Ĩ ‖∆l̃u‖X for a given cost. Here,

the index with the highest contribution is only searched along the direct neighborhood of Õ.
Hence, we have to assume that the contributions of ∆l̃u decrease with the size of l̃ to be
able to ensure convergence. This is comparable to the saturation assumption for adaptive
finite element methods. Having the coefficients in the Karhunen-Loève expansion sorted in
decreasing order with respect to the L∞(D)-norm implies already a decay for the truncation
direction. Note that this saturation assumption is not met, for example, when the diffusion
field is rough and contains discontinuities or spikes on a very fine scale. But in such a case
other methods such as multilevel Monte Carlo or Quasi Monte Carlo would also run into
similar problems.

In practice, this saturation assumption cannot be verified without additional knowledge.
If exact knowledge on the contributions of the ∆l̃u would be available, an a-priori construc-

tion of an optimal index Ĩ could be used which would reduce the computation excess. But
this information is often not available, e.g. for different random fields, and decay rates and
corresponding optimal index sets have to be verified for each problem anew. Our a-posteriori
algorithm however can be directly applied without any a-priori knowledge. Note to this end
that the initial spatial discretization has the be carefully chosen: An insufficiently-resolved
mesh might not capture all essential features of the PDE problem and the algorithm may stop
too early. On the other hand a too fine initial discretization would increase the overall cost.
For our experiments we used an heuristic to determine a good initial discretization. It is based
on an estimate/knowledge of the correlation length of the random field. More strategies can
be found in [23].

At last, let us mention different stopping criteria. The criterion that is used in Algorithm
5.1 is based on a global profit indicator in the neighborhood set Ã. This approach estimates
how much profit is not covered yet. As the error contribution for indices in the complement
of Ĩ is not known, the only available information are the contributions of the indices in Ã.
Therefore, an estimate of the global profit is

η =
∑
l̃∈Ã

ηl̃

and the algorithm stops when the global profit indicator is below a tolerance ε. It is also
possible to replace in the stopping criterion the profit by the error contribution providing
a global error indicator. Alternatively, the iteration could be stopped when a given upper
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bound on the total work C =
∑

l̃∈Ĩ cl̃ is exhausted. Another stopping criterion would look
at the difference between the solutions of two iterations in order to estimate the error, i.e.,
‖P ct
Ĩ(t+1)u−P ct

Ĩ(t)u‖X ≤
∑

l̃∈Ĩ(t+1)\Ĩ(t) ‖∆l̃u‖X . The algorithm stops if this difference is ζ-times
in a row smaller than ε. Here, the parameter ζ is introduced to avoid stopping too early, when
the solution differs only slightly from one iteration to another while the next solution would
result in a larger difference.

6. Numerical examples. As indicated in the introduction, we focus on the model problem

−div(a(x, ω)∇u(x, ω)) = f(x) in D,

where a(x, ω) = exp(b(x, ω)), compare (2.1). Moreover, we set n = 2, D = [0, 1]2, and apply
homogeneous Dirichlet boundary conditions. For our numerical examples, we assume that the
covariance function of the random field b(x, ω) is in the class of Matérn covariance functions
(see, e.g. [40]). Then, the regularity and hence the eigenvalue decay for the Karhunen-Loève
expansion is explicitly known.

The Matérn covariance kernels are defined by a stationary covariance function. Let
r = |x − x′| denote the distance between two points and let ξ, σ2 > 0 be the correlation
length and variance, respectively. Then the Matérn covariance function of order ν > 0 is
defined as

cov(r; ν, ξ) = σ2 21−ν

Γ(ν)

(
√

2ν
r

ξ

)ν
Kν

(
√

2ν
r

ξ

)
,(6.1)

where Γ is the Gamma function and Kν is the modified Bessel function of the second kind of
order ν. The formula (6.1) simplifies for ν = s+ 1

2 with s ∈ N to

cov

(
r; s+

1

2
, ξ

)
= σ2 exp

(
−
√

2s+ 1r

ξ

)
s!

(2s)!

s∑
i=0

(s+ i)!

i!(s− i)!

(
2
√

2s+ 1r

ξ

)s−i
.

Furthermore, in the limit ν →∞, we obtain a Gaussian covariance function

cov(r; ξ) = σ2 exp

(
−1

2

r2

ξ2

)
.

The parameter ν can be regarded as a smoothness parameter as it controls the regularity of
the covariance function at the point r = 0 as well as the regularity in the spatial variable
of realizations of the random field. Both parameters ξ and ν influence the decay of the
Karhunen-Loève coefficients and therefore the stochastic regularity. In the case ν < ∞ the
asymptotic decay rates of the KL coefficients are known to be algebraic, while for ν =∞ the
coefficients decrease exponentially. Moreover, their pre-asymptotic behavior is determined by
the correlation length ξ. The decay of the eigenvalues for various parameters are shown in
Figure 6.1 together with a realization of the random field log(a(x, ω)) for ν = 2.5 and ξ = 0.2.
Here, we obtained the KL expansion by solving a discretized eigenvalue problem where the
discretization is much finer than the arising spatial discretizations for the PDE.

20



Figure 6.1. Left: Decay of Karhunen-Loève coefficients λk for different parameters ν and ξ. Right:
Realization of random field b(x, ω) for ξ = 0.2 and ν = 2.5.

In the following we consider different modeling parameters ν and ξ leading to different
decay rates in the Karhunen-Loève expansion. Even though the decay rates differ, we can
apply the adaptive combination technique without any adjustments, which would be necessary
for any a-priori construction of a sparse grid approximation.

We illustrate the performance of our new dimension-adaptive combination technique by
computing the first moment E[u] for different permeability fields. For other quantities of
interest such as the second moment and linear functionals of u, we observed similar results
in further experiments. Here, we only present the results for the first moment in detail.
We assume homogeneous Dirichlet boundary condition and set f = 1. The algorithm is
applied with M̂ = 5 variables and the error is measured in the L2(D)-norm with respect to
a reference solution which was obtained by using the combination technique with much finer
discretizations levels. Consequently, we use as a measure for the local contribution ‖∆l̃u‖L2(D)

throughout the algorithm. The cost model is chosen as described in Section 5.3 with (5.8) as
this choice for the cost of the truncation better captures the actual computational time. For
solving the PDE for fixed parameter values on a uniform triangulation of D with mesh width
hlx = O(2−lx) and piecewise finite elements, the finite element software FEniCS [2] is used.
The experiments were done on a 3GHz Xeon 6136 CPU with 384GB of RAM.

The behavior of the dimension-adaptive algorithm for the Matérn covariance function
with parameter ν = 2.5 and correlation length ξ = 0.4 is illustrated in Figure 6.2. We observe
that the error decreases with increasing number of iterations. We observe also that the error
decreases fast in the first iterations as the profits are high for these indices and that the global
error estimators follow this behavior of the error.

Figure 6.2 (right) expresses the interplay of the three different numerical approximations
and the evolution of the index set during the adaptive algorithm. It shows how the maximal
level for each refinement direction increases throughout the process, whereby, for the quad-
rature, the maximal level of all dimensions is considered. As expected, a finer discretization
for the spatial domain than for the stochastic parameters is needed. For example, after 1000
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Figure 6.2. Left: convergence in terms of number of iterations. Right: maximal level in the index set for
spatial refinement, quadrature and truncation level.

iterations, the highest included spatial level is lx = 6 which corresponds to 257 degrees of
freedom in one direction for the finite element function. In contrast, at most 16 quadrature
points are used for the univariate quadrature rules, since the Gaussian quadrature exhibits
exponential convergence and therefore not many levels are required for a small quadrature
error. Moreover, the number of activated parameter dimensions increases successively such
that, after 3000 iterations, our algorithm has activated 95 parameter dimensions which cover
the variability of the random field to a large extent. Moreover, it balances the corresponding
finite noise truncation error with the quadrature error and the spatial discretization error
while also taking the associated costs into account.

The interplay of the truncation, the quadrature and the finite element method is also
illustrated in Figure 6.3, where the index set Õ at iteration 2000 is depicted. Again, we give
just the maximal level over all quadrature rules for the stochastic approximation direction.
We observe the typical shape of a generalized sparse grid discretization in three dimensions:
A high resolution in one direction relates to a corresponding low resolution in the other two
directions.

The convergence rate of the solution with respect to the computational cost and com-
putational time is shown in Figure 6.4 for the example of random fields with the parameter
values ν = 2.5 and ν = ∞ and the correlation lengths ξ = 0.2 and ξ = 0.4 which possess an
algebraic and an exponential decay of the coefficients, respectively. In all four cases, the decay
of the coefficients is sufficiently fast such that the mixed regularity condition as in [30] for a
sparse grid approximation between the spatial and the parametric variables is met. We can
thus expect that the convergence rate of our sparse grid approach is limited by the slowest
approximation direction as mentioned in Section 4. As the realizations of the random fields
are continuously differentiable, the PDE solution satisfies u ∈ Lq(Ω, H2(D)) for q < ∞ (see
[13, 45]). Hence, for fixed y, the finite element method achieves at most a convergence rate
of order one with respect to the number of degrees of freedom (cf. Section 3.2), as we have

O((N
(x)
lx

)2) degrees of freedom for a mesh with width hlx = (N
(x)
lx

)−1. The truncation error in
terms of m decreases with a rate faster than one and the smooth dependence on the stochastic
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Figure 6.3. Index set Õ at iteration 2000.

Figure 6.4. Convergence of dimensions-adaptive algorithm with respect to the computational cost (left) and
computational time (right).

parameters yields also a faster convergence of the quadrature. Hence the convergence rate for
smooth fields is limited by that of the finite element method. Indeed, we observe an asymp-
totic convergence rate that approaches O(N−1) with respect to the overall computational cost
measured by N =

∑
l̃∈Ĩ cl̃ (c.f. (5.10)), as well as with respect to the computational time.

This is consistent with the behavior expected from a-priori analysis and other adaptive
algorithms. For example, the results in [29] also show that the spatial discretization dominates
the convergence for smooth truncated random field. Note that, compared to the algorithm
[42] which controls the spatial and truncation level in a multi-index Monte Carlo method, our
method achieves a higher convergence rate by a factor of about two. Since our approach with
the Gaussian quadrature can exploit the regularity of the parametric variables, the convergence
rate is not limited to 1/2 as for Monte Carlo methods and now the spatial regularity becomes
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Figure 6.5. Convergence of our dimensions-adaptive algorithm (solid line) and of the algorithm with fixed
spatial discretization (dashed line ) with respect to the computational cost.

the limiting factor.
To illustrate the benefit of the combination of all three discretization steps, we compare

our results to those in [38, 14, 19] where the spatial discretization is fixed to a very fine
level. To this end, we solve the PDE problems on a mesh with 257 × 257 nodes which is
sufficiently refined. This indeed is the approach which was followed in [38], albeit with a
different resolution and for a different quantity of interest. Figure 6.5 shows the convergence
rate for two random fields with respect to the computational cost which also includes the cost of
the spatial discretization. As it can be expected, using a very fine spatial discretization involves
much higher cost for the same error tolerance as our algorithm because the discretization is
not balanced with the parametric approximation.

In Figure 6.6 we plot the levels used for the parametric discretization to illustrate the
adjustment of our algorithm to the specific problem under consideration. Here, the largest level
for each one-dimensional quadrature level is shown. We observe that a higher refinement is
applied for the first few parameter dimensions as their influence on the solution is larger, while
for the later parameter dimensions only the lowest level quadrature is required. Our algorithm
therefore detects the anisotropy in the parameters and adjusts the necessary quadrature levels
accordingly. We also observe that fewer variables are activated for the smoother fields with
ν = ∞ than for the fields with ν = 2.5. Due to the faster decay of the KL coefficients, it
suffices to only consider a smaller number of parametric variables. The correlation length
merely affects the size of the pre-asympototic regime of the decay. For smaller correlation
lengths the regime is larger, which is reflected in the quadrature levels by a larger number of
parametric dimensions that are refined to a higher extent. Furthermore, more variables are
activated in the computation. However, the asymptotic convergence rate is not affected.

As a final example, we consider a problem with ν = 0.5 and thus with an exponential
covariance function. For r = |x−x′|1 the Karhunen-Loève eigenvalues and eigenfunctions are
explicitly known. In this case the almost sure convergence of a(x, ω) in L∞(D) is guaranteed
[11], but the condition {γk}k ∈ `1(N) (c.f. (2.6)) is not satisfied as the realizations of the
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Figure 6.6. Maximal quadrature level (black after iteration 100, dark gray after iteration 500 and light gray
after iteration 2500) for different random fields. From top to bottom: ν = ∞ and ξ = 0.4; ν = 2.5 and ξ = 0.4;
ν = ∞ and ξ = 0.2; ν = 2.5 and ξ = 0.2.

diffusion coefficient are only Hölder continuous with exponent 1/2. For this example, the
assumptions typically made to obtain a-priori estimates on the size of the surpluses ∆l̃u
cannot be verified. Nevertheless, the set that includes the indices with the highest local
benefit-cost ratio can be constructed with our adaptive algorithm in a straightforward way.

The rougher diffusion coefficient results in less regular solutions of the PDE which only sat-
isfies
u(y) ∈ H3/2(D), see [13, 45]. Hence, we can only expect from the finite element method
to achieve a convergence order of 1/2. Indeed, we observe this slower decay of the L2(D)-
error with our dimension-adaptive combination technique in Figure 6.7.

The associated slow decrease of the coefficients in the KL expansion results in a large
number of parametric variables that need to be taken into account. Our algorithm adjusts
to this slower decay and activates 192 parametric variables for ξ = 0.4 at iteration 2500 (and
189 parametric variables for ξ = 0.2 at iteration 2500) which cover most of the variability
of the random field. As the parametric dimension grows and more parameters have a strong
influence on the solution, the sparse grid for the parametric discretization gets naturally more
costly than for problems with only a few important parametric dimensions.

7. Concluding remarks. In this paper we presented a dimension-adaptive algorithm that
computes quantities of interests for a given stochastic random diffusion coefficient and relies
on a sparse grid approximation. The algorithm balances the spatial, stochastic and parametric
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Figure 6.7. Convergence plot for ν = 0.5

approximation in a cost-efficient way and detects the necessary discrectization levels to obtain
a prescribed overall error. This method is especially useful when information about the
decrease of the increments ∆l̃u is not available, as it does not require any a-priori knowledge
on the regularity of the solution and on the decay of the KL coefficients.

Our adaptive algorithm is based on the benefit-cost ratio as reliable refinement indicator
such that it minimizes the error for a prescribed computational cost. Further work may focus
on the optimality of this refinement strategy and on the choice of efficient and reliable global
error estimators.

Numerical examples showed that our obtained convergence order is comparable with the
known a-priori convergence results for smooth random diffusion coefficients. Compared to
other methods such as multilevel Monte Carlo and Quasi Monte Carlo, our algorithm can
exploit the parametric regularity such that the convergence order in terms of the computa-
tional cost is limited by the finite element method for smooth fields. For problems with less
smoothness, the algorithm also yields good results, but converges slower due to the lower
regularity of the PDE solution.

As the algorithm is based on combinations of quadratures and finite element discretiza-
tions, the algorithm could be generalized using other spatial discretization techniques, such as
h-adaptive and h-p-adaptive finite element methods. By this, we expect to be able to benefit
from the regularity in the case of smooth PDE solutions and to obtain a higher order of con-
vergence than by a Quasi Monte Carlo method. Furthermore, our algorithm is not limited to
computing first and second moment or linear functionals. In fact, it can easily be generalized
to other quantities of interest involving a different function F . This might however require an
additional approximation step for the evaluation of F which also needs to be balanced.

In this work, we concentrated on adaptivity with respect to the stochastic parameters
and kept the spatial discretization uniform. Besides, there is also the possibility/necessity to
apply local adaptive refinement in space, compare e.g. [9, 8, 20]. The study of adaptivity in
the stochastic and the spatial domain is future work.
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[3] I. Babuška, F. Nobile, and R. Tempone, A stochastic collocation method for elliptic partial differential
equations with random input data, SIAM Rev., 52 (2010), pp. 317–355.

[4] M. Bachmayr, A. Cohen, R. DeVore, and G. Migliorati, Sparse polynomial approximation of
parametric elliptic PDEs. Part II: Lognormal coefficients, ESAIM Math. Model. Numer. Anal., 51
(2017), pp. 341–363.

[5] A. Barth, C. Schwab, and N. Zollinger, Multi-level Monte Carlo finite element method for elliptic
PDEs with stochastic coefficients, Numer. Math., 119 (2011), pp. 123–161.

[6] J. Bear and A. Cheng, Modeling Groundwater Flow and Contaminant Transport, Springer Netherlands,
2010.

[7] J. Beck, R. Tempone, F. Nobile, and L. Tamellini, On the optimal polynomial approximation of
stochastic PDEs by Galerkin and collocation methods, Mathematical Models and Methods in Applied
Sciences, 22 (2012), https://doi.org/10.1142/S0218202512500236.

[8] A. Bespalov and D. Silvester, Error estimation and adaptivity for stochastic collocation finite
elements, Part II: Multilevel approximation, SIAM Journal on Scientific Computing, 45 (2023),
pp. A781–A797, https://doi.org/10.1137/22M1479361.

[9] A. Bespalov, D. J. Silvester, and F. Xu, Error estimation and adaptivity for stochastic collocation
finite elements, Part I: Single-level approximation, SIAM Journal on Scientific Computing, 44 (2022),
pp. A3393–A3412, https://doi.org/10.1137/21M1446745.

[10] H.-J. Bungartz and M. Griebel, Sparse grids, Acta Numer., 13 (2004), pp. 147–269.
[11] J. Charrier, Strong and weak error estimates for elliptic partial differential equations with random

coefficients, SIAM J. Numer. Anal., 50 (2012), pp. 216–246.
[12] J. Charrier and A. Debussche, Weak truncation error estimates for elliptic PDEs with lognormal

coefficients, Stoch. Partial Differ. Equ. Anal. Comput., 1 (2013), pp. 63–93.
[13] J. Charrier, R. Scheichl, and A. Teckentrup, Finite element error analysis of elliptic PDEs with

random coefficients and its application to multilevel Monte Carlo methods, SIAM J. Numer. Anal., 51
(2013), pp. 322–352.

[14] P. Chen, Sparse quadrature for high-dimensional integration with Gaussian measure, ESAIM Math.
Model. Numer. Anal., 52 (2018), pp. 631–657.

[15] A. Chkifa, A. Cohen, and C. Schwab, High-dimensional adaptive sparse polynomial interpolation and
applications to parametric PDEs, Found. Comput. Math., 14 (2014), pp. 601–633.

[16] J. Dick, F. Y. Kuo, and I. H. Sloan, High-dimensional integration: The quasi-Monte Carlo way, Acta
Numerica, 22 (2013), pp. 133–288, https://doi.org/10.1017/S0962492913000044.
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