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Abstract

This paper analyses the numerical solution of a class of non-linear Schrédinger equa-
tions by Galerkin finite elements in space and a mass- and energy conserving variant of the
Crank-Nicolson method due to Sanz-Serna in time. The novel aspects of the analysis are the
incorporation of weak and strong disorder potentials, the consideration of some general class
of non-linearities, and the proof of convergence with rates in L°(L?) under moderate regu-
larity assumptions that are compatible with discontinuous potentials. For sufficiently smooth
potentials, the rates are optimal without any coupling condition between the time step size
and the spatial mesh width.

1 Introduction
This paper is devoted to nonlinear Schrodinger equations (NLS) of the form
i0u = —Au+ Vu+y(|ul*)u

Here, u(z,t) is a complex valued function, V(x) is a possibly rough/discontinuous potential
and 7 : [0,00) — [0,00) is a smooth function (in terms of the density |u|?) that describes the
nonlinearity. A common example is the cubic nonlinearity given by v(|u|*)u = Blu|*u, for 8 € R,
for which the equation is known as the Gross-Pitaevskii equation modeling for instance the
dynamics of Bose-Einstein condensates in a potential trap [14, 21, 24]. In this paper we study
Galerkin approximations of the NLS using a finite element space discretization to account for
missing regularity due to a possibly discontinuous potential and we use a Crank-Nicolson time
discretization to conserve two important invariants of the NLS, namely the mass and the energy.
We aim at deriving rate-explicit a priori error estimates and the influence of rough potentials on
these rates.

The list of references to numerical approaches for solving the NLS (both time-dependent and
stationary) is long and includes [2, 3, 4, 5, 6, 7, 10, 11, 12, 16, 17, 22, 27, 26] and the references
therein. A priori error estimates for P1 finite element approximations for the NLS have been
studied in [1, 18, 19, 25, 28, 29, 32, 15], where an implicit Euler discretization is considered in
[1, 15], a mass conservative one-stage Gauss-Legendre implicit Runge-Kutta scheme is analyzed
in [28, 15], mass conservative linearly implicit two-step finite element methods are treated in
[32, 29] and higher order (DG and CG) time-discretizations are considered in [18, 19] (however
these higher order schemes lack conservation properties). The only scheme that is both mass
and energy conservative at the same time is the modified Crank-Nicolson scheme analyzed by
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Sanz-Serna [25] and Akrivis et al. [1], which is also the approach that we shall follow in this
contribution.

The analysis of this modified Crank-Nicolson scheme is devoted to optimal L?-error estimates
for sufficiently smooth solutions in both papers [25] and [1]. Sanz-Serna treats the one-dimensional
case d = 1 and periodic boundary conditions and Akrivis et al. consider d = 1,2,3 and homoge-
neous Dirichlet boundary conditions. Although the modified Crank-Nicolson scheme is implicit,
in both works, optimal error estimates require a constraint on the coupling between the time step
7 and the mesh size h. In [25] the constraint reads 7 < h whereas a relaxed constraint of the
form 7 < h%* is required in [1]. The results are related to the case of the earlier mentioned cubic
nonlinearity of the form ~(|u|?)u = BJul?u and a potential is not taken into account.

The present paper generalizes the results of Akrivis et al. [1] to the case of a broader class
of nonlinearities and, more importantly, accounts for potential terms in the NLS. If the potential
is sufficiently smooth, even the previous constraints on the time step can be removed without
affecting the optimal convergence rates. To the best of our knowledge, the only other paper that
includes potential terms in a finite element based NLS discretization is [15] which uses a one-stage
Gauss-Legendre implicit Runge-Kutta scheme that is not energy-conserving.

While these results essentially require continuous potentials, many physically relevant poten-
tials are discontinuous and very rough. Typical examples are disorder potentials [23] or potentials
representing quantum arrays in the context Josephson oscillations [30, 31]. As the main result
of the paper, we will also prove convergence in the presence of such potentials with convergence
rates. The rates are smaller than the optimal ones for smooth solutions and a coupling condition
between the discretization parameters shows up again. While the sharpness of these results re-
mains open, we shall stress that we are not aware of a proof of convergence of any discretization
(finite elements, finite differences, spectral methods, etc.) of the NLS in the presence of purely
L*>-potentials and that we close this gap with our paper.

The structure of this article is as follows. Section 2 introduces the model problem and its
discretization. The main results and the underlying assumptions are stated in Section 3. Sec-
tions 4-5 are devoted to the proof of these results. We present numerical results in Section 6. Some
supplementary material regarding the feasibility of our assumptions is provided as Appendix A.

2 Problem formulation and discretization

Let D C R? (for d = 2,3) be a convex bounded polyhedron that defines the computational
domain. We consider a real-valued nonnegative disorder potential V' € L*°(D;R). Besides being
bounded, V' can be arbitrarily rough. Given such V, some finite time 7" > 0 and some initial
data u® € H}(D) := H}(D,C), we seek a wave function u € L*>([0,T], H}(D)) with du €
L>([0,T), H-}(D)) such that u(-,0) = u° and

(Ol 1), w) 2y = (Vu(-,1), Vo) 2(p) + (V ul, ), w) 2oy + {(y(Jul, O)P)ul 1), w2y - (1)

for all w € H}(D) and almost every ¢ € (0,7]. Note that any such solution automatically
fulfills uw € C°([0, T], L*(D)) so that u(-,0) = u® makes sense. The nonlinearity in the problem is
described by a smooth (real-valued) function ~ : [0,00) — [0,00) with 7(0) = 0 and the growth
condition

v(|[v*)v = y(JwP)w| < LIK)jv — w| for all v,w € C with |v|, |lw| < K
and

q€[0,00) ford=2,

0<L(s) <Cs? for s >0 and
qe€[0,2) ford=3.



Observe that this implies by Sobolev embeddings that ((v(|v|?)v,w) r2(p) 18 finite for any v, w €
H} (D). We define

L(p) := /Op’y(t) dt > 0.

Then, for any v € H}(D), the (non-negative) energy is given by

mwaéww+éywﬁfémm%

Remark 2.1 (Existence). There exists at least one solution to problem (1). For a corresponding
result we refer to [8, Proposition 3.2.5, Remark 3.2.7, Theorem 3.3.5 and Corollary 3.4.2]. How-
ever, uniqueness is only known in exceptional cases. If d < 2 and ¢ < 2 the solution is unique
locally in time, i.e., on a subinterval [0,7p) C [0,7) (cf. [8, Theorem 3.6.1]). For further settings
that guarantee uniqueness, see [8, Corollary 3.6.2, Remark 3.6.3 and Remark 3.6.4].

Temporal discretization. We consider a time interval [0, 7] and a corresponding family of admis-
sible partitions. A partition {I,|n € N, 1 < n < N} is admissible if the n’th time interval is
given by I, := (tp—1,ty] and if 0 = tg < t; < --- < ty = T. Furthermore, we assume that the
family of partitions is quasi-uniform, i.e. if 7, :=t,, — t,,_1 denotes the n’th time step size and if
the maximum is denoted by 7 := max;<p<n Ty, then there exists a (discretization independent)
constant ¢, > 0 such that 7 < ¢, minj<,<n 7, for all partitions from the family.

Spatial discretization. For the space discretization we consider a finite dimensional subspace S},
of H& (D) that is parametrized by a mesh size parameter h. We make two basic assumptions on
Sy, which are fulfilled for P1 Lagrange finite elements on quasi-uniform meshes. Let us for this
purpose introduce the Ritz-projection P, : H}(D) — Sj. For v € H}(D) the Ritz-projection
Py (v) € Sy, is the unique solution to the problem

(Vv — VP(v)), th>L2(D) =0 for all wy, € Sp,. (2)

In the following, we make an assumption on the approximation quality of P, that is that there
exists a generic h-independent constant Cp, such that

v = Po(v)llr2(py < Cp,h*vl2py  for all v € Hg(D) N H*(D). (3)

The second assumption is the availability of an inverse estimate, i.e. we assume that there exists
a generic h-independent constant Ci,, such that

[onll oo (D) < Cinch™2|[0pl|p2py  for all vy, € Sh. (4)
In addition, we assume the existence of h-independent Cre > 0 with
1Po(v)]| oo (p) < Cres||v]lgzpy  for all v € Hg(D) N H*(D). (5)

The above assumptions are standard in the context of finite elements if quasi-uniformity is
available. For instance, for simplicial P1 Lagrange finite elements on a quasi-uniform mesh,
the estimates (3) and (4) are fulfilled. The last property can be verified by splitting Py (v) =
In(v) 4+ (Py(v) — I (v)) for some L*-stable Clément-type quasi-interpolation operator. The esti-
mate (5) then follows from inverse inequalities and H '-estimates for P,.

With these definitions, we introduce the fully discrete Crank-Nicolson method as follows.



Definition 2.2 (Fully discrete Crank-Nicolson Method for NLS). We consider the space and time
discretizations as detailed above. Let u = u(-,0) be the initial value from problem (1) and let
ug = P, (u®) € Sj,. Then for n > 1, the fully discrete Crank-Nicolson approximation up € Sh
is ;given by 7

1

n_l ) nol
(Up V) p2() + T 1V, 2, Vo) 2p) + 70 i (V wy, 2, 0) 12(p)

(fup ) = T(jup ') et
1|2 Up » ,U>L2(D)

<n1

+ Tnif Up V) 12(D) (6)

Jupy 7 * = lup 7

1
for all v € Sj, and where uZ,T = (up , + up, 2.

The scheme is mass conserving and energy conserving, i.e. we have

vy and  B(uf,) = E(Py(u?))

||UZ,T L2(D) — ||u2,7'

_1
for all 0 < n < N. The mass conservation is verified by testing with v = uZ ,> in (6) and taking

the real part. The energy conservation is verified by testing in (6) with v = up _— uZ Tl and

taking the imaginary part.

The conservation properties do not immediately guarantee robustness with respect to numer-
ical perturbations (for instance arising from round-off errors), however, it still can be proved that
even the perturbed approximations remain uniformly bounded.

Lemma 2.3 (Stability under numerical perturbation). Let N > 1 and let F* € L*(D) (for
1 <n < N) be an L%-perturbation of the discrete problem. We can think of F™ as representing
numerical errors. Let up . € Sy, forn > 1 be any solution to the (fully-discrete) perturbed problem

1 1
(uh7T—uZ;, V) 2(py + Tn (Vu,” , Vo) p2(py + Tn i (VuhT s V) L2(D)

C(jup 12 = T(lup ') et
+ Tpi ho nflL’T uZTQ,v :Tni<Fn,U>L2(D)
2_ 2 K
e L2(D)

[,

for allv € Sy. Then the solutions remain uniformly bounded in L? with

N
lu ey < e <||Ph( Niepy +T Y mullE 720 )

n=1

Proof. We test in the problem formulation with v = wuj _+ uZ_Tl and take the real part. This
yields

HuZ,TH%Q(D) - Huz;l”%ﬂ(’]_) = —Tn %<FnauZT + UZ 7—1>L2('D)
T
< §Tn||Fn”%2(D HuhTHL2 (D) + = ||U 22 ep

Hence

2T, 1 7
n |2 < (1 n n—12 - n T2 Fr 2
0 By < (14 7o) 10 oy + 5 gy T2 B

Applying this iteratively gives us

N
N 1 =
eZn LT £ <||uh'r”L2 —|—Z§ TQHFnHL2 )
n=1

N
< (HUMHB +TZTn||FnHL2 )

n=1

IN

N
N2 (p)



3 Main results

While this basic stability of the method does not require any additional smoothness assumptions,
our quantified convergence and error analysis of the method relies on the regularity of u. We will
use three types of regularity assumptions.

(R1) Assume that u € C°([0,T], H*(D)), dyu € L*(D x (0,T)) and dyu € L*(D x (0,7)).
(R2) Assume that u® € H?(D) and dyu € L?(0,T; H*>(D)).
(R3) Assume that dyu € L?(0,T; H*(D)).

The first assumption allows the proof of convergence rates for the time-discretization and the
second one is related to the optimal convergence rates for the space-discretization. Note that the
high spatial regularity u € C°([0, T], H*(D)) in (R1) implies that u € L>°(D x (0,T)) for d < 3
which is crucial for our proofs as they rely on uniform L°°-bounds for the discrete solutions and
there is no hope for such thing if the continuous solution is unbounded in L*>(Dx(0,7")). The third
assumption (R3) will be used to obtain optimal convergence rates for the time-discretization in
the case of smooth potentials. We cannot expect it to hold in the case of rough disorder potentials
V € L*™(D). Still, it is possible to show that the assumptions (R1) and (R2) do not conflict with
disorder potentials. We discuss this aspect in more detail in Appendix A.

Note that even though we cannot guarantee uniqueness in general, we have that every smooth
solution that satisfies (R1) must be unique.

Lemma 3.1 (Uniqueness of smooth solutions). Any two solutions of the NLS (1) that fulfill (R1)
must be identical.

Proof. Let g(v) := Vo + ~y(Jv|?)v for v € H}(Q) and let u; and us denote two smooth solutions
in the sense that u(M, u® e C°([0,T], H*(D)). By Sobolev embedding we can define K :=
maxy—j 2 ||U(k)HLoo([O7T]XD) < oo. With e := u) — 4 we obtain for t > 0

5 16Ol =3 [ (0(uV(0) = g ()70 < (L) + Vi) 1) oy

Time integration and e(0) = 0 then yield

t
le(t)2p) < (LK) + IV 1) /0 le(s)|12:p) ds.

Hence, Grénwall’s inequality can be applied and shows |le(t) (|2, iy =0 for all ¢. O

The first main result of this paper states that, under the assumption of sufficient regularity,
the Crank-Nicolson scheme (6) admits a solution that remains uniformly bounded in L*° and we
obtain optimal convergence rates for the L>°(L?)-error, independent of the coupling between the
mesh size h and the time-step size 7.

Theorem 3.2 (Estimates for smooth potentials). Under the regularity assumption (R1), (R2)
and (R3), there positive constants h >0 and # > 0 such that for all partitions with parameters
7 < % and h < h there exists a unique solution uy _ € Sy, to the fully discrete Crank-Nicolson
scheme (6) with 7

sup HUZ,THLOQ('D) < M,
0<n<N



where M := 1+ 2|u|| oo (px (0,1)) +5UWPo<pn<n [U"|| m2(p) and u™ := u(-,t,). Moreover, the a priori
error estimate
sup |lujy , — u"||2p) < C (B +77)
0<n<N
holds with some constant C' > 0 that may depend on u, v, V, D and the constants appearing in
(3)-(5) but not on the mesh parameters T and h.

The uniqueness of fully discrete approximations in Theorem 3.2 is to be understood in the
sense that any other family of approximations must necessarily diverge in L* as 7,h — 0. The
second main result applies to the case of rough potentials.

Theorem 3.3 (Estimates for disorder potentials). Assume only (R1) and (R2). Then there
exists ¥ > 0 such that for all partitions with paramters T < 7 and h*=%* < 72 for some a > 0
there exists a unique solution uy _ € Sy to the fully-discrete Crank-Nicolson scheme (6) such that

sup HUZ,THLOO(D) < M,
0<n<N

with M as defined in Theorem 3.2, and the a priori error estimate

sup uf — " 2y < C (A2 4 7)
N

0<n<
holds for some constant C' = C(u,~,V, D, Py, «) independent of h and .
Sections 4-5 below are devoted to the proof of Theorems 3.2 and 3.3.

Remark 3.4 (Coupling constraint). The results of Theorem 3.3 are valid under the constraint
hi=4=2 < 72 for some a > 0. This means that the mesh size needs to be small enough compared
the time step size. Observe that this is a rather natural assumption if the potential V is indeed a
rough potential (as addressed in the theorem). In such a case we wish use a fine spatial mesh to
resolve the variations of V', whereas the time step size is comparably large. Hence, the constraint
is not critical. Conversely, the constraints appearing in works by Sanz-Serna [25] and Akrivis et
al. [1] are of a completely different nature, as they require the time step size to be small compared
to the mesh size. Therefore, using a fine spatial mesh to resolve the structure of V' would impose
small time steps as well.

4 FError analysis for the semi-discrete method

In this section we shall consider a semi-discrete Crank-Nicolson approximation given as follows.

Definition 4.1 (Semi-discrete Crank-Nicolson Method for NLS). Let u® = u(-,0) be the initial
value from problem (1) and let u? := u®. Then for n > 1, we define the semi-discrete Crank-

Nicolson approximation u” € H}(D) as the solution to

n—1i n—1
<U:_L,’U>L2(D) +Tnl<vu7 2,VU>L2(D) +Tn1<vu7— 2,’U>L2(D)

T(lu??) = T(Ju™12) 1
+Tn.< () = D) z,v> = (W™, v) 2oy @)
[ f? = lur™| L2(D)

_1
for all v € H} (D) and where uy 2 := (u? + u?~1)/2.

We want to prove that the above problem is well-posed and we want to estimate the L?- and
H'-error between u, and the exact solution u. This requires some auxiliary results that allow us
to control the error arising from the nonlinearity.



4.1 A truncated auxiliary problem

We start with introducing a truncated version of the (possibly) nonlinear function . With this
truncated function, we introduce an auxiliary problem that is central for our analysis.

Lemma 4.2. Let M € R be a constant with M > ||ul|pec(px(0,1))- Then there erists a smooth
function var : [0,00) — [0,00) and generic constants C > 0 such that for all z € C and all
ke {0,1,2}

e (|2?) = ([2%) if |2 < M; (8)
IV Nz 000y < CYM™F,  where M = /8| oo 0 12 9)

Furthermore, for the antiderivative Tps(s) =[5 v (t) dt it holds for all vy, va, w1, wa € C with
vi], [wr| < M:

(Rutn)~Dacnf) Dol Taonth

1] — w1 |2 [v2]? — |w2|?

(10)

2 2
< C (Z MQk—lryM’k> |Ul o wl|2 +C (Z M2k’)/M’k> (|Ul o 'U2‘ + ’wl - w2|)

k=1 k=0

Before we can prove Lemma 4.2 we need to introduce an inequality that we will frequently
use in the rest of the paper.

Lemma 4.3. Let F : [0,00) — [0,00) be a three times continuously differentiable function with
locally bounded derivatives. Then, for every zy, z1 € C with (w.l.g.) |z0|* < |z1|? it holds

F(lz0?) — F(|z1]?)
|z0]? — |21/

2
20+ 21

— F’
( 2

)

1 1 )
< lio= 2 (T e + g ol + P L e ) -

Proof. Let us define z 1= % First, we observe that
(1202 =123 12)” = (Izaf? =123 2)
|20 = |21
(1201 = 2Az0fl21 1 + 12314) = (Il = 211 P21 2 + |21 1)
B |20 — |21
(2ol = 2*) + 2021 ]? (|21 ]* = I20/*)
|20 — |21

= |ZO‘2+|21|2*2‘Z%‘2
1
= |zl + |zl - 3 (20 + |21]* + 2071 + 21%0)
1 1

Hence

2 2
202 = |2112) " = (J21]2 = |21 ]
2 2 :1|z — (11)
|20]% — |21 ]2 270 '




With that and using Taylor expansion for suitable &y, & € C with |z0]? < |€0]?, [€1]? < |21]? we
observe

F(l20]?) = F(l1]*)

202 = [1]2
oot (U202 = 220 = (|21]2 = 24 2)F) FO(120 2)
B 202 = [1]?
1 (120l = |22 (60 ]%) = (121 = 2P F™ (1]?)
6 |20[? — |21]?
(202 = 121 2) = (1] = 123 ) -
= Z1
|20/ — |21]? 2
10l = P2 - (P - PP,
9 2 2 z1[%)
2 |20]* — |21 2
1 (120l = |21 P (6o %) = (121 = 2P F™ (1 ]2)
6 202 = 12

11 1
TP (2P + 7l — 2P F (2 ?)

1l = L3 PYPE"(160]) — (1] — |23 (&)
_'_7

|20/ — |21/

Since for k =1, 2
126 = 123 2| < |10 = 1212

we obtain
F(lz0]*) = F(|21]?)
|20/% — |21/?

~ F/(|z )

1 1
< glo- 2P F" | poo (o2, 2) + §\|ZO\2 PRI E" | e o2 2)-
O

Proof of Lemma 4.2. In the following, we let C denote a generic constant. Let us define 6 :=

v(M?) and let yp; : R — R be a curve that fulfills yy/(s) = v(s) for s < 6 and ~y/(s) = 26 for

s > 26. By polynomial interpolation we can chose s in such a way that it is a polynomial on the

interval [#, 20] and such that globally va; € C°(0,00). This proves (8). Since we have for s > 26

that yas(s) = 20 and 'y](\?(s) =0 for 1 <k <5, we conclude that there exists a constant C' that

only depends on the polynomial degree chosen for the interpolation such that (9) is fulfilled.
Next, we want to prove (10) and recall that |vi],|wi| < M. Let for simplicity

Lo (|vel®) = T (Jewe?)

O :=
|vg? — |wel?

(12)

We write the left-hand side of (10) as
(Ul + w1)91 — (UQ -+ w2)®2 = (1)1 + wl)(el — @2) + (1)1 — v+ w1 — wg)eg.
Since |T"y,| = [vm| < Cllv L (0,02) is bounded we immediately have that

(01 = v2 + w1 — w2)O2| < Ol Lo (0,02 ([01 — v2| + w1 — wa).



Hence, it remains to estimate the term (vq 4+ w1)©1 which we split into three parts.

(v1 +w1)(©1 — O2) (13)
(i 2 e
=1
() e ()
=II

—i—(F/M < vz 2) - FM(|UQ,2) _FM(WQP)) (v1 +wy).

[v2]? — |wa?

=111

We start with estimating term I. We use Lemma 4.3 with the boundedness of |v1| and |w;| to

obtain
2
)) (v1 +w1)

<FM<|U1\2> “Tu(w) ( vi + wy
—lwm
For the second term we distinguish two cases. Case II.1: if |”2+Tw2‘2 > 4M? we get

2

< C(M’YM’I + M3’7M’2)|’L)1 — W1 2.

[v1]? — Jw |2

1
v1 + wq <OM—M< v2 + wa B v1 +wq < oy — va| + = w1 — w| (14)
2 2 2 2
and hence with the bound for I'),
/ v1 + wq 2 , V2 + Wy 2
I = N, —Ty 5 (v1 4+ w1)

< CMO (Jog — wo| + |wy — wl).

Case I1.2: if }W'Tw?‘g

< 4M? we get with the Lipschitz-continuity of I, that

((p520) oo

< Oy (foy + i = oz + wol)

V1 + Wi Vg + W2

2

II =

< C"yM’lM2 (Jor — va| + w1 — wal) .

For term III, we distinguish again two cases. Case III.1: if |”2+Tw2|2 > 4M? we see analogously
to term Case II.1 that

Il = (r;w (

(14)
< C’yM’Olvl +w] < CAM0 (Jvg — vo| + w1 — wal) .

V2 + wa
2

2\ | Ta(lval®) — Tar(Jwal?)
V2] — |wa?

) (v1 + w1)
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Case IIL2: if |%25%2|> < 4M? we can use Lemma 4.3 to obtain

11T = (r’M (
"

1 1
o = 0 (Il + o + 02l I 0y ) o+

V2 + W2
2

|va|* — |wa?

) _ Tu(feal) - PMUsz)) (0 0)

IN

IN

Clvg — ws|? (M'YM’1 + M37M’2) .
With the bounds for |vi], |val, |wi], jwa| we get
lvg — wa|? < |vg — w12 + o1 — w1 |? + w1 — wal? < |vg —wi |2 + CM|vy — va| + CM|wy — wol.
This shows for Case III1.2 that
I < C (MfyM’1 + Mg'yM’Q) vy — w2+ C (szyM’l + M4'7M’2) (Jlvg — va] + |w1 — wal).
Combining the estimates proves (10). O

With the function ;s introduced in Lemma 4.2 the truncated semi-discrete Crank-Nicolson
approximation given as follows.

Definition 4.4 (Semi-discrete Crank-Nicolson Method with truncation). Let I'j; be given as in
Lemma 4.2 and let u.]r\/[ 0 .= 40 Then for n > 1, we define the truncated semi-discrete Crank-
Nicolson approximation ui‘“ € H}(D) as the solution to

n—= n—=
(W 0) oy + T (Ve 2, V) papy + T (Vs 2, 0) g2y

A UV (i R VYL (i O Y
" a2 — 2

ﬂ
o=
S~
V]
5
Il
—
S
RS
b
L
<
S~
h
[V
)
~—~
[u—
ot
~—

_1
for all v € H}(D) and where w72 o (ur"™ 4+ urt" 1) /2.

Remark 4.5. Since M was chosen such that vy (|ul?) = v(|u|?) we have the identity

(s tn), 0) L3y + /I (Vat, Vo) 2y + i / (Vi 7ar([0f2)1t,0) 20y = (s t1), 0) 1200,

for all v € H} (D).

4.2 Existence of truncated approximations

In order to investigate the properties of solutions to (15), we first need to show that there exists
at least one solution. In order to show this, we recall the following conclusion from Brouwers
fixed point theorem.

Lemma 4.6. Let N € N and let B1(0) := {a € CV| || < 1} denote the closed unit disk in CV.
Then every continuous function g : CN — CN with R(g(a)-a) > 0 for all a« € dB1(0) has a zero
in B1(0), i.e. a point ag € B1(0) with g(ag) = 0.

Second, we will also make use of following lemma that is a special case of the Vitali convergence
theorem (cf. [20, Theorem B.101])
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Lemma 4.7. Recall that D C R? is bounded. A sequence (gi)ren C L?(D) converges strongly to
g € L*(D) if and only if

1. (gr)ken converges to g locally in measure and

2. (gr)ken is 2-equi-integrable, i.e. for everye > 0 there exists a 0. > 0 such that ||gk|]%2(s) <e
for all measurable subsets S C D with measure p(S) < Oe.

This allows us to conclude that there exists at least one solution to problem (15).

Lemma 4.8. For every n > 1 there exists at least one solution u e H(D) to the truncated
problem (15).

Proof. The proof is established in two steps. First, we show existence in finite dimensional
subspaces, then we pass to the limit to establish existence for the infinite dimensional problem.
For this purpose, let {¢, | m € N} denote a countable basis of H}(D). We define the finite-
dimensional subspaces

XN :={odm|1 <m < N}.

Step 1 - existence in X . Let - denote the Euclidean inner product on CV and let uy" denote
a solution to (15). For n > 1 we look for 23 € X with

Mn—1
Car(l28 %) = Tar(fur " \Q)Zn—% v>
L2(D

_1
(2R, 0) 12(p) + T 1 (Vzy 2, V) 12(p) + Tu < T N
T

2hl* = |

(ud "1 ) papy (17)

1
for all v € X and where 2y 2 := (2% +ut"" ") /2. We assume that usr”" "' € H}(D) exists and
want to show existence of 2§, € Xy. In order to apply Lemma 4.6 we define g : CN — CN for

a € CN by

N N N
1. 1 1
ge(@) == =7, 1> am{dm, d)r2p) + 5 > am (Vém, Vo) 2y + 3 > am (Vom, ¢0) 12y
m=1 m=1

m=1
2
Par(| S0 | ) = Tas(jur™ ' ?) X
1 1M m=1 ¥mPm MM _
+§< 5 uy’" 1y Zam¢m ,¢€>L2(D)+F€a
N _ 1., Mmn—19 =
Zmzl am¢m ’uT ‘ m=1

where F' € CV is defined by
1 - 1 o L M
Fo = §<vuy7n L Vo0 2y + §<VU]TW’ L o0 ra(py + i W X p2 ).

To verify existence of ay with g(ag) = 0, we need to show that there exists K € R~ such that
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R(g(a) - a) >0 for all @« € CV with |a| = K. We define z, := 2%21 O, and see that

1 1
R(g(a) a) = §||VZaH%2 p) t *<Vzaaza>L2(D) +R(F - )

1y Tar(|2al?) = Dar(Jur™ %)

+§§R< Mn—1,9 (uMn 1+Za) Za) L2(D)
ol — ]
1 . 1 .
S PR e e DS EN PR PR L e
1 FM(’Zoc\ ) — (\UMn 1|2) Mn—1 Mn—1
_§%< 2 Mn—13 (ur +za) s ur )12(D)
T
1 . n— n—
> 319zl (1920l = V2 (@) (G1V) + 7 ) B i) = (964 1z

1 _
=57 g+ zall gy el (o)

1
> §||VZaHL2(D) (IVzallL2(p) — C1) — Co,

for some a-independent positive constants C; and Cs. Exploiting the equivalence of norms
in finite dimensional Hilbert spaces we conclude the existence of (new) a-independent positive
constants such that R(g(a) - o) > Cs|a| (|| — C1) — Ca. Hence, for all sufficiently large || we
have R(g(ax) - &) > 0 and therefore with Lemma 4.6 the existence of solutions to (17), provided
that uM" ! exists.

Step 2 - existence in H}(D). We proceed inductively to show the existence of uMn (the case
n = 0 with «2"" = 40 is trivially fulfilled). Assume hence that ui’" ™' € H} (D) exists. Then
we can apply Step 1 to conclude that there exists 2z € Xy which is a solution to the finite

dimensional problem (17). It is easy to verify that problem (17) is energy conserving and hence
VRl < [ (VR + VIRE + TP = BGR) = B ) = B) < Crlllfp o

Hence, for fixed n, the corresponding sequence of discrete solutions (2%)ney C H3(D) is a
bounded sequence in H{ (D) with HVz]"{,HQLQ(D) < Crllu®|3 (p)- Consequently there exists a

subsequence of (z7%)nyen (for simplicity again denoted by (2% )nen) and a function 27 € H} (D)
such that

2% — 2" weakly in Hp (D) and 2% — 27 strongly in L*(D) for N — oo.
Here we used the Rellich embedding theorem. For arbitrary v € H} (D) we see that

N—oo n—2 N—ooo 1

(28, v)p2p) — (250, V)r2(p) and  (Vzy 2, Vo)remp) — §<Vzgo+uy’n717VU>L2('D)

by the weak convergence in H{ (D). It remains to investigate the term

Mn—1
FM(‘U " ’2) M,nfl_}_zn

Tar(]2R
A(zn) = M(’ N| ) ’uMn 1‘2 (uT N)‘

|2 [* —
We want to apply Vitali’s theorem (Lemma 4.7) to conclude that A(2},) — A(zl,) strongly in
L?(D). For that purpose, we need to verify convergence in measure and 2-equi-integrability. To
verify the first property, we exploit that 2%, — 27 strongly in L?(D). Using the Tschebyscheff
inequality we see that z}; also converges to zJ, in measure. This implies in particular that from
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every subsequence of (2}})ven We can extract another subsequence such that 2}, converges to

% almost everywhere. On the other hand, by the continuity of A, the convergence almost
everywhere is preserved when A is applied to the sequence. Consequently, for every subsequence
of (A(2}))Nen one can extract another subsequence that converges a.e. to A(zl). This is
equivalent to the property that (A(z};)) nen converges locally in measure to (A(zZ))ven (since D
is bounded). Hence, we have the first requirement for Lemma 4.7. For the second requirement we
first observe that |A(2%)| < C1]2%| + Cs (with C = M0 and Cy(z) = M0 " (2)]). Hence,
|A(2})] is 2-equi-integrable if |2}| is 2-equi-integrable, which however follows immediately again
from the strong convergence 2% — 2% in L?(D) and Lemma 4.7 (which works in both directions).
In conclusion, Vitali’s convergence theorem applies and yields A(z) — A(2%) strongly in L?(D)
for N — oo. In conclusion we have that there exists a subsequence of (23 ) yen (still denoted by
2%) and 27 € Hj(D) such that

2% — 2" weakly in H (D) and A(2%) — A(2) stronlgy in L?(D) for N — oo.

1

With this we can pass to the limit in (17) to obtain that 27 € H}(D) with za, 2 = (27 +

Mmn—1 o)
ur """ ) /2 solves
(2005 V) L2(D) + Tn <Vzoo , Vo) p2(py + T 1 ( (25 o ‘|3 |uM(J1 ¥ | Zoo %, 0)12(D)

= (w1 v) o for all v € H} (D).
Consequently, we showed iteratively the existence of a solution WM e H (D) to (15). O

4.3 Uniform L*°-bounds for the truncated approximations

Goal of this section is to show that if M = [|ul| o (px(0,)) + C’Hu0||L2(D), then there exists 7> 0

such that supg<,<x Hu%”nm(p) < M whenever supy<, <y Tn < 7.

The key to deriving such an L°°-bound is to first establish a uniform bound for the error
between the Laplacian of the exact solution u and the Laplacian of a truncated approximation
uM e for |AuMT — Aun r2(p)- We start with deriving corresponding error identities. For
that purpose we define the continuous function G, for ¢1,t2 € R>o by

Par(t)=Camrt2)  gor 40 £ ¢
GM(tl,tQ) = t1—t2 or 11 ;é 2 (18)
’YM(tl) for t1 = to.
Lemma 4.9 (Error identities). Let ul'™ € HE(D) denote a solution to (15) and let MO =
uf-\/lo —u=0. ForneN, n>1 we define the error ei”’” = ui”’" —u". With Ly =N\ -V it
holds
ey = X gy + 59 ([ v 1) ebim g i )
1
#59 ( [ ] (Gl Py a71) 26l ) (e i)
1 —
S [ (Guludt P, ) e bt (19)
D

_GM(|un|2’ |un—1|2)(un +un—1) ( _|_€Mn 1))
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and
vt ey = evettn gy 40 [ [ vt -2 (vt - ett)
+7_1§R/In /D (GM(\U”P7 ™ 2) (" 4 0" — 2G (Jul?, MQ)U) (ﬁv(ey’” B ey’”*l))
#R [ (G ) 4t
—Ghr ([u™?, [ ?) (u™ + unq)) (Ev(e%” B ey’"*l)) '

Proof. For simplicity let ('U,’U))H‘l/ = (Vv, Vw) 2(py + (V v, w) r2(p) for v,w € H (D). From (15)
we have

Mn Mmn—1 Tn . Mmn Mmn—1
(uz"" —uz 7U>L2(D) + 9 1 (U’T +ur 7U)H‘1/

2, ) 4 ) ) .

1
= —Tn1§<GM(]uy’"

Subtracting the term

on both sides gives us

Mn Mn—1 ™ ./ Mn Mn—1
<€T — ¢ 7U>L2('D) + 9 1 (eT ter 7U)H‘1/

n— n Tn .
- <U, 17U>L2('D) - <u 7U>L2(D) — 5!

2
1
5 (Gar ([ 2, b 2) o), )

- i/z <(u("t)’”)H%/ _;(un+u"_1,v)H%/> dt
“/In (GarlluC )2, [ul )1)ul 1), v) r2(p)

(un + un_lv U)H‘l/

Mmn M,n—1
ur 4+ ur

<GM("U,M’n’2, ‘UM,n—l|2) 72 ;'U>L2(D)) dt
: t 1 n n—1 dt
= 1 . (u(, ),'U)H‘l/ — 72 (u +u 77})H‘1/

. B un_f_unfl
sl (GM<u|2,ru\2>u—GM<ru"|2,\u” 1P>2)v
I, JD

. B un+un_1 B uM,n_‘_uM,nfl
i [ (GMUu”F,ru" ) Gy (2 e,

Testing with v = M 4 M=l and only using the real part of the equation proves the L?-norm
identity (19). Testing with v = Ly (2™ — 2™~ 1) (note that v € L%(D) is admissible here) and

taking the imaginary part proves the error identity for Ly i.e. equation (20). O

Lemma 4.10. Let ul'™" € H}(D) denote a solution to (15) and recall the definition of Y™* from
-1
Lemma 4.2. For Cppy = (Zizo M%VM’]“) there exists a generic constant C, (independent
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of the problem and the discretization) such that if 7 < CyChurpy, if Opu € LY(D x (0,T)), Oyu €
L*(D x (0,7T)) and 0ju € L*(0,T; H*(D)) for s =1 or s = 2, then it holds

T Lver ™| 2oy + lled |2y < Clu,, V., D, M)r°.
for some constant depending on u, v, V, D and M. Furthermore, for s =1 it still holds

M

lim [| Ly er™ || L2(p) = 0.

Proof. Let either s =1 or s = 2. We estimate
Hﬁvey’"H%g(D) = Hﬁvey’"_lH%z(D) + Tln%/[ /Dﬁv(u” +u - 2u) Ev(ei\/[’” — ey’”_l)
=1
o [ (G e ) ) - 26l ) £ (e — el
=II
AR [ (G2 [t )t )
i Mn _ M1y

—Gy(Ju" %, [ ) (" +u"T) Ly (en

=I11

For the first term we obtain with the trapezoidal rule for fixed x that

/ Ly (u" () +u" () - 2u(x, ->>\ < Or2 P9 Lyule, )12,
In

Hence for C' = C (V)

< Or 2 V205l 21, 12 (my) (1£ver"" 2oy + 1£ver™ | p2(p))
1

< 073(571)Haisu"%?(In,H%D)) T3 (Hﬁvey’n\\%2(p) + Hﬁvey’nfl\liz(po :

In order to estimate the second term we split the error into several contributions.

% '/[ GM(‘U"‘27 |u”—1|2)(un + un—l) o QGM(‘UP, ’U|2)u)
/In (FM(|u”\2) —Tar(Jun=1?) (W 4 u" 1) — 2’YM(!U\2)u>

|un|2 _ |un—1|2
/ <FM(‘U”’2>—FM(”U”1|2) un_i_unfl (
- T™
In,

(
1
2

u™ + unfl
2

IN

|un|2 _ |un—1|2 2

=II
+/ un_i_unfl 2 un_i_unfl B ,YM(‘un‘Q)un_‘_,YM(‘unflP)unfl
L\ 2 2 2
=II,
M u™ 2 u™ +'7M unfl 2 unfl

=113
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For II; we can apply Lemma 4.3 to obtain

1 4
I < 7plu” — w12 <4M7M’1 + 3M37M’2> :
For 1Ty we denote f(z2) := va(|z|%)z and we let ¢, : [0,1] — [u"~1,u"] denote the complex valued
(linear) curve given by (,(s) := (1 — s)u™ ! + su” for s € [0,1]. We have (,(z) = u" — u"" L.
With that, we get with the trapezoidal-rule and the midpoint rule that

g [JOLELY (0
oy, oy 1 ! 1
< o |Y C)(O);(f C)(l)_/{J (f 0 ¢a)(s) ds| + 7 /0 (foCa)(s)ds — (foCn) <2>‘
< 20 0 G liony + g1 0 6) o) = (S © 6 laony

S CTn (’}/M’IM + ’YMQMS) |un _ ’LLTL_1|2.
For term I3 we can directly apply the trapezoidal rule again to obtain
I3 < O 200 (y(lulz, )1*)ul@, ) l2(r,)-
Combining the estimates for II;, Il and II3 and applying the Young-inequality yields
1 2 _
< C? (’YM’IM + WM’QM?)) Ju™ —u" 1”%4(@) + C||Tatt(7(|u|2)u)H%2(D><In)
n

1 1 .
+3 nHLVGy’nH%%D) + ngHﬁver [P

2
< O (MM 42 | F Ol s, + 1O ()0 B,

1 1 _
+§TnH£V€y’nH%Z(D) + ngHE\/ey’n 1||%2(D)

4
where we used ||u" — u”*1H4L4(D) =I5 (fln Btu) < TnH\ﬁ'ﬁtu\|‘i4(DX[n). It remains to estimate

term III for which we can use |Gy (-, -)| < ¥ to see
HE< M0 [ |edtin g i) [oyedtn - gyt
D

b [ (G2 ) = G )+ ) |yt — gyedtot
D

(10) - -
< MOl 4 e oy | Ly el — Ly el papy

2
+C (Z Mgk_l’}/M’k) / ’un _ un—1|2 ‘Evei\mn _ ﬁvey,n—l‘
k=1 D

2
P R [ e
k=0 D

IN

9 2
oyt (“YM’O + ZMQ’“’YMO (N 1220 + €2 22 )
k=0

9 2
— 1 -
e <§ pIE WM”“) IV Butlsssy + g7 (Iever™ e +1ver™ Iz )
k=1
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Combining the estimates for I, II and III yields

(1- Tn)”EV@MnHLz <1+ Tn)Hﬁvey’n_lH%Z(D) + CHTS_laqu%%ImH%D))
) 2
—1 (ZMQk,yM,k> (Heyn 2
k=0

2 2
+C (Z MQk_lvM’k) VT Ovull 4o r,y + ClIT B (v(Ju*)u) 172 1, -
k=1

oy + €M7 2,)) (20)

Next, we need to show that Tn_1||€3],-\/[’n||%2(D) is an O(7)-term. For that reason, we start from the

identity (19) this time, where we observe that we have just the desired O(7,) more in our terms.
Proceeding analogously as before yields

(1- CTnCM,7)||eMn||L2(D (1+ C1Chry) X 1”L ) T C'”TSOS“HLQ(I H?(D))
2
+C <Z M2k—17M,k> ||Tatu||%4(D><In) + C||7-2 att('y(|u’2)u)||%,2(i)><ln)- (21)
k=1

Assuming that 7, is small enough so that C'7,Cps, < % we can divide by (1 — C7,Chs) on both
sides of (21). Applying the arising inequality iteratively and exploiting that M0 — g yields

2
Ctn_1C k— k
ez [izp) < Ce'nt M”(HTS@?M@Z‘(O,MH%D))+ (Z MM ) I7 Ouls o 0.
k=1,2

+ |72 O (W(IUI2)U)||%2(Dx<07tn>>)‘

Now we can plug this estimate into (20) to get

(1 —|—Tn)
- )

2
M%”Mk> OOl

|Lver"

ey e Y2, o)+ Cllr* Yl oy

2 9 2
QkVM’k> einmi O <ZM2'“7M”“> V7 Ol 0,00

k=1

2
M%M’k> (110 ([0 B 1)

+
Q
S
o oS
l\7H
S

2
+C (Z MQk_l”YM’k> H\ﬁ—atuHi%DxIn) + C|l7 O (’Y(’U‘z)u)|’%2(bx1n)-
k=1

Observe that this step exploits the quasi-uniformity of the time-discretization. Applying this
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inequality iteratively gives us

Hﬁvey’”llm(p) S

2
etn||TS_18tsuHLZ(O,tn;HQ(D)) + <Z M%WM’k) eCt"(HcM’”)HTs_lanHL?(o,tn;H?(D))
k=0

2 2
n (1 n ZMQk,yM,k> Ctn(14Cr ) (Z M2k1,yM,k> ||\/7>'atu||%4(p><(07tn))

k=0 k=1

2
+ (1 + ZMZk’YM’k> Ot O 70, (v([ul®) ) | 2 (Dx 0.6y (22)
=0

This proves the estimates in the lemma. It remains to verify lim_,q || Lyedn| r2(py = 0 for s = 1.

Checking the previous estimates carefully, we see that the problematic terms ||Oul|z2(0.4,,;m2(D))
(which prevent the right hand side of (22) to converge to zero) can be replaced by 71T, (Lyu)],
where T (Lyu) is the error introduced by the trapezoidal rule applied to the individual integrals
f;:il Lyu (and summed up). It can be shown that the error 77!|T(Lyu)| converges to zero
without additional regularity assumption, cf. [9, Theorem 1.13]. This finishes the proof of the
lemma. O

Remark 4.11. It holds
10 (7(ul?)w) | < y(Jul?)0wul + 29/ ([ul*)|ul (|0wul [u] + 310wl®) + 49" (|ul?) |ul?|dpul?,

Hence, (|0 (v(|ul*)w) [|2(px(0,r)) can be bounded if dyu € LY(D x (0,7T)) and dyu € L*(D x
(0,7)). Note that the latter one implies u € L>(0,T; L%(D)).

Lemma 4.12. Consider the setting of Lemma 4.10. There exist constants Cp that only depends
on D and 7 > 0 such that any solution uM™ to (15) fulfills the bound

sup |Ju}!

Mooy < 2lull ooy (o)) = M
0<n<N
for all partitions with supy<,<n Tn < 7-

Proof. Since D is convex, d < 3 and since the potential V' € L°°(D) is non-negative, we have from
elliptic regularity theory that for any w € H} (D) N H?(D) with —Aw + Vw = f(w) € L*(D) the
solution w is continuous on D and it holds (cf. [13])

[w|[Loo(py < C(D, V)| (w)lr2p) = C(D, V)| Lvwl 12(p), (23)

where C'(D, V) only depends on D, V and d. Since LyeMm e L?(D) we can apply (23) together
with Lemma 4.10 to conclude that for every € > 0 there exists a 7(¢) such that for all 7 < 7(¢) it
holds

sup [|eX"||Lo(py < C(D,V) sup [[Lyer" || 2p) <e. (24)
0<n<N 0<n<N

This implies

sup [l pooipy < sup [ u||peoipy + sup e | peep) < sup |u"||peo(p) + €.
0<n<N 0<n<N 0<n<N 0<n<N

The choice € = supg<,, <y [|u" || (p) proves the lemma. O



19

4.4 Existence of uniformly L>*°-bounded solutions to the semi-discrete scheme
and corresponding L2-error estimates

We are now prepared to proceed with the analysis of the original (non-truncated) semi-discrete
scheme.

Theorem 4.13. Let dyu € L*(D x (0,T)), Oyu € L*(D x (0,T)) and Oiu € L?(0,T; H*(D)) for
s =1 ors=2. There is a real number T > 0 such that for all partitions with supg<,<n T < 7T
there exists a unique solution u?* € H}(D) to the semi-discrete Crank-Nicolson scheme (7) with

sup [uf || poe(py < M
0<n<

where M := 2||ul| oo (px (0,1))- Moreover, the uniform H? bound

sup lu |20y < M + N " | 2D
0<n<

and the error estimate

sup |luy —u"||p2¢py + 7 sup (||u? —u"|| oo (py + Uy — u"||H2(D)) < C(u,v,V,D)r*
0<n<N 0<

hold true. Any other family of semz—dzscrete solutions must necessarily blow up in the sense that

SUPg<p<N HuﬁHLoo(D) — 00 as T — 0.

Proof. From Lemmas 4.8 and 4.12 we immediately have the existence of u? = uM™ and the
uniform L*°-bound. The uniform H?-bound follows from supg<,, < |u2]| g2(py < supg<n<n lluf —
u"| gr2(py + SuPg<p < [|W"* || 2Dy, Where supg<, <y [[uy — u"||g2¢py — 0 for 7 — 0 with Lemma
4.10. The error estimates also follow directly from Lemma 4.10 via (23). It remains to show

the uniqueness of u?. Let therefore ug ) (72)’ € H}(D) denote two solutions to the scheme

(7) for n > 1 with Huﬁ”’"um(p), ||uT2 ||Loo(D) < M and the same starting value, i.e. with
(D),n (2).m

N u b and [[u 7| peo(py < M. By exploiting (7) for uy " and u;”"" and by
testing with v = uﬁl)’" — u@’" we obtain
0 o,
= TSVED" + ) = VP up ), VulD" = Vu®")
A2 (@D 4 ) @O )Yl = P
(1)n)2 n—1)2
i %<F(|u7 | ) - F(‘ur ’ )(Ug.l)’n B ug_Q),n)’ ug_l),n _ u5_2)7n>
s |2 — Jup 2 12(p)
(1),m n—1)2 (2)n2 n—12
s %< L(lus ") = T(uf ') F(|uT2 %) = L(lu?™ %) US_Q)’"_;,US_I),nuS_Q),n>
\uT ’”\ = fur 2 A 12()
n— 2),n n—
_ . < P(ls"P) = D(up ) (") =P ")) @nd apn u@),n>
[uf "2 — g e T e
< C(M)|ul™™ — uf?) nHL2(D)a

which is a contradiction for 7, < C(M)~!. Hence, we have uniqueness under the condition
SuPo<p<n [urllpeo(py < M. Observe that if there exists a another solution u} with M <
SuPg<p<n |07 || oo (p) < M < oo, then the arguments remain the same and we conclude again
uniqueness, which however then contradicts supy<,,<y [|u} || Lo (D) < supg<p<y |4} Lo (p). From
this we see that the only other solutions to (7) are the ones with a diverging L*°-norm and which
hence cannot approximate the smooth exact solution wu. O
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5 Error analysis for the fully-discrete method

In this section we shall analyze the final fully discrete Crank-Nicolson discretization stated in
Definition 2.2. As for the semi-discrete method we need to take a detour over an auxiliary
problem. For that reason we consider the following scheme with truncated nonlinearity.

Definition 5.1 (Fully-discrete Crank-Nicolson Method with truncation). Let M := 2||ul| o (px (0,7))
and let 7 be small enough so that the results of Theorem 4.13 are valid. For I'j; given as in Lemma

4.2, for uhM;O := Py(u®) € S}, and for n > 1, we define the truncated fully-discrete Crank-Nicolson

approximation u}]l/[;" € Sy, as the solution to

Mn . Mmn—1i . Mmn—1
(Wt svn) 2y + T i(Vuy, o 2, Vop) 2oy + 7 iV, - 2

M, Mmn—1
FM(\U;W”P) = Tar(fuy " %) Mpn—3 . Mmp—1
Mn9 Mmn—1)9 Up, r ’Uh>L2(D) - <uh77 ’Uh)LQ(D) (25)
‘uh,T ’ - ‘uhﬂ' ’

s Uh) 12(D)

+ Tif

Mmn

1 M1
= (uy, ) —|—uh77n )/2.

M7
for all vy, € Sp and where w,, Tn

Again, we have existence of solutions.

Lemma 5.2. For every n > 1 there exists at least one solution uhM;n € Sy to the truncated

problem (25).

The proof is covered by the proof of Lemma 4.8. Before deriving a L2-error estimate, we need
one last auxiliary lemma.

Lemma 5.3. For all zy,v1,ve € C with |vg| # |z0| for £ = 1,2, it holds

Car(for?) = Tar(lz0?) FMUWP>FMU%PW M ,
- < max{4M~""" Ty (M*) Hvy — vs].
l01]2 — |20]2 022 — | 202 = {4M~ M (M) Hor = vg

Proof. We assume without loss of generality that M > 1. For fixed |2g|? and ¢ > 0 we investigate
the function

t—|zo0[?

Cu®-Tu(20)  for p £ |5002
gum(t) = 2 for ¢ = |zo|?
Y (|20]%) or = z0/"

We easily observe that gjs is Lipschitz continuous because we have for some 6 € [0, 1]

I () = Dy (20P) 21 (e 1.y D) = Tur(of?)
0= BuD) o o) (o) - 2Ol )

2 2
20l% — (Blzo|* + (1 — 0)t
|20 (t|_||z0\2( ) )’ AML (1 2 gy ML < 9y M,

dha(6)] =

< AML M1

Now we investigate |gas(|v1|?) — gar(Jve]?)| where we distinguish three cases.
Case 1: |vi| < 2M and |va| < 2M. We obtain with the Lipschitz continuity of gas

lgar(lo1]?) = gar(Jo2*)] < 29 [Jor 2 — [oa*] < AMAM [Jor| = o] < 40y

V1 — V2] .
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Case 2: |v1| > 2M and |va| > 2M (and |z9| < M, otherwise everything is trivial). Without loss
of generality let |v1]| < |va| We obtain

Lar(M?) = Tar(J20?) — Tar(M?) — Tar(l20]?)
2 oy _ | T m(z0l”)  T'm Mm([20
lgm ([v1]7) = gne([v27)] ‘ 101 — |202 092 — |20

va|? — |v1|?
= (FM(M2) - FM(|ZO\2)) ‘ (o1 ]2 _||50|2)(||v21,|2 —20[2)
= (FM(MZ) — FM(|ZO\2)) ‘(|v1|2 — |Z}02|2;||:21’|2 —T2l) (Jvz| = |on])

L (M?) |v2] + |01

va| = |v1]) < Tar(M?)|vg — v,
- ‘(|U1|+|Zo\)(\vg|+|zo\) (Jva] = lo1]) < Tar(M®)]or — vy

where we used that |ve| — |v1]| < |vg — va|; M > 1 and that |v1| + |va| < |v1] |va| for |v1], |va| > 2.
Case 3: |v1| > 2M and |ve| < 2M we can use the results from Case 1 and Case 2 with the
intermediate value 2M to obtain

lgar(Jo1?) = gar([v2l*)] < lgar([o1]?) = gar(12M )] + gar (12M ) — gar(Jo2]?)]
< AMAMY ||or] = [2M || + Tar(M?) [|2M] — [oa|
< max{4M~M1 Ty (M)} (Jv1] — 2M + 2M — |vg))
< max{4M~M1 Ty (M)} g — va).

O]

Lemma 5.4. Suppose O,u € L*(D x (0,T)), Oyu € L*(D x (0,T)) and u € W*2(0,T; H*(D))
and for s =1 or s = 2. Let ug/[;n € Sy, denote a solution of the fully-discrete Crank-Nicolson
Method with truncation as stated in Definition 5.1 and let T be small enough for the results of
Theorem 4.13 to hold. If u® € H}(D) denotes the unique solution to (7) with the properties stated
in Theorem 4.13, then

Ju — P 2oy < Clu,7, VD, M, P)h2r2

hoolds with an h-independent constant C(u,~y, D, M, Py).

Proof. First, observe that the assumptions imply u} = uMn (and that it is unique). In the

following, we denote by Cjs any generic constant that depends on M, u, v, V and D. Recall the
definition of the continuous function G,, from (18) and let again (v, w) Hl, = (Vu, Vw) p2(py +
(Vv,w)2(py. Consider v € Sp,. From (25) we have
M, M,n—1 Tn ., M, Mn—1
(2" = w s v) o) + 5 (S T o)

1 M Mn—1 M Mn—1
= —Tpl §<GN[(‘uh777—n’27 |uh777_n ’2)(uh’77_n + uh,;—n )7 U)LQ('D)-

and from (7)

_ Tn . _
(Pu(ul) = Pu(up™h),0) 2y + ?n P (Ph(uf +up™h),0) gy
Tn

= —5 iV (W +ul™) = Py(u +ul™h) ,0) 12(p)

_ _ 't _ _
F(P() = = Paul ™) w2 o) gy — i 5 (G ) (2 ), ) 2



Mn (

Subtracting the terms from each other and defining eﬁﬁ =y, — Py

<Mn_ M,n—
ehT ehT

Mn—1
>L2(17)Jr 9 (ehT +ens S VaL

Tn . n n— n n— n—
- 71<V((UT+UT 1)_Ph(u7+u7 1))7U>L2('D)_<Ph<u )—'LL +ur

2

+7n 1 9

'

T

1
S (G P, [ ) (Wl + ™), 0) 2 )

1 n— nN—
5 G (1P Jg ) (" + ), 0) 12)

- 2" iV <<u¢ - P + W) o) ooy — (Paluld) =l + ul”

+7,1
—7, i

—Tp i

9

Testing with v =

len'" 113 2(p
Tn

2

1 - n n—

5 G (2, [~ ) (u + 70, 0) 12

1 n— n—
e R e o T R e N P
]. ,Mn— n n n— n—
2<GM(IU i !uM ) (Pa(u) = + Pr(up™) =), 0) p2m)

1 n— e
<GM(’U "7, ’UM ) (ult 1))7”>L2(D)~

= eh "+ ehM" ! and taking the real part yields

Mn 1
len 172

(D) —
= (V ((u +ul” 1) — Pp(ul + u;‘_l)) ehMTn + ehMTn_1>L2(D)

=1

—R(Py(up) — ulf = (Pu(up ™) =), g + ey ) o)

=II

") gives us

1 Ph(unfl

1 Ph(un—l

(G (2 P P (P (ul) = ul + Pr(ul™h) — a2 ™), eph™ 4 ep !

T
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)12(D)

n ~

[\

_ 111
S{(Gur (P ™ ) = Gar (g2, = P)) (a4 ), el

Mmn—1

ehT +eh7‘

)L2(D)-

=IV

For the first term we have with Theorem 4.13

Mmn—1

7 -
L< SVl ) Cri P (uF + 67D 2o llens" + en 2oy

<cMTnh+Tn(ue "Baoy + lery ™ By ) -

The second term can be estimates as

IT < Cp, |h?
< CMh2

< Cph?

< Cyht

(uf = a2y llens” + el 2oy

M,n—1

(|u ey 1 — ey 4| / . )\em + ettt

5+ Ol 21, 2D )HehT +en, e

<7_2s Ay ‘&tU’L? . HQ(D)O —|—CMT<H€hT HL2(D + HeMn 1

222) -

z2(p)
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where we used again Theorem 4.13. For the third term we can proceed analogously since Gy is
bounded. We obtain straightforwardly (again with Theorem 4.13) that

M,
I < Corrh? (U | 2oy + 2 zemy) lens” + en Hlpzm)

< CMTh4 + Cut <||6’ ||L2(D + || Mn 1||L2(D)) .

To bound term IV, we use Lemma 5.1 to estimate

Gar (a2, [z ™) = Gar (" ™ )

< |Gl e ) = Gar(lu |2 |uM” )| (G2, g ) = G e )

< O lur™ =g+ Cur |t — )l
< O (e + e+ [un = P + Ju — Pu(u)])

Consequently, using that ||u}|| e (p) is uniformly bounded (Theorem 4.13) we can conclude

IV < Currh + Curr (e ooy + lens ™ IBamy ) -
Collecting the estimates for I, I, IIT and IV implies that
(1= Cuma)llens 72y < (1 + Crura)llens e imy + Crurth* v~ + WY 0ulia(r, p2(py)-

Using the inequality anp; < e2f=0% (g + > ¢—o br) which holds for any 0 < ay, by, o, with
ant+1 < (14 ayn)ay + by, finishes the L?-error estimate. ]

We can now conclude from Lemma 5.4 that u}%" remains uniformly bounded in L*° which

allows us to conclude u}]ﬁ" = uZ,T for appropriately chosen M. In summary we obtain Theorem
3.2. The detailed proof is given in the following.

Proof of Theorem 3.2 and 3.3. We choose M := 1+ 2|ul| o (px(0,)) + SUPo<pn<n |t"|| z2(p)- Let
C = C(u,v,V,D, P,) and let Cj; denote any constant depending additionally on M (however,
both are not allowed to depend on h or 7). Using the assumptions on P, the bounds from
Theorem 4.13 and Lemma 5.4 we have

M, M,
lup ey < N PR(u) | zoo(my + lup s = Pa(u?)|l Lo ()

(4),(5)
< lullla2(py + Cunh® 2C

< 2ullzexory + sup [lutllgz) + BTV 00
0<n<N

Since d = 2,3 and h*~ % < 72 for s = 1 and some a > 0, we conclude that there exists h>0
such that

M7
[y ooy < M

for all h < h. Hence, for sufficiently small A we have uhM;" = uy .. We conclude the existence of
uZ,T and the h-independent bound

uh ollLoe 0y < 1+ 2llull oo (pxco,ry) + sup  [[u” || g2 (p)
0<n<N
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For the L2-error estimate we split the error into

[u" = up 2oy < [[u" —wll L2y + luf = Pu(w)l 2y + [1P(ur) — up ol L2(p)-
The first term can be estimated with Theorem 4.13 for sufficiently small 7, the second term is
bounded by |luf — Pp(u?)|r2¢p) < Ch2||uZ||H2(D) < Ch? (again using Theorem 4.13) and the
last term can be estimated with Lemma 5.4 which now holds with uhM;n = ujy _. In the setting of
Theorem 3.2, this yields
lu" — oy < (R +7%)

for all sufficiently small & and 7. In the setting of Theorem 3.3, the order is reduced to h(4+®)/2 7,

The proof of uniqueness under some uniform bound Hu,];/[T"H reo(p) < C independent of 7 and h is

almost verbatim the same as in the semi-discrete case (see the proof of Theorem 4.13). Ul

6 Numerical experiment

We shall conclude with some simple and illustrative numerical experiment. The computational
domain is given by D := [—6,6]? and the time interval by [0, T] := [0, 1]. We wish to approximate
u:D x [0,T] = C with u(x,0) = u’ and
. 1 2 .
18tu:—§Au+Vu+ﬂ\u| w  inDx[0,T],
u=70 on 9D x [0,T].

Here we have 5 = 20 and and we consider a rough potential V' € L>°(D) given by

V(z) = int (5 + QSin(%xl) sin(%’?)) ,

where “int” rounds a real number r to the largest integer smaller or equal to r. The potential is
visualized in Figure 1. Inspired by the discussion in Appendix A we pick the initial value as the

Figure 1: Discontinuous potential V (x) as considered in the model problem.

ground state of a perturbed NLS. More precisely, we choose v’ € H}(D) with u° > 0 such that

1 s
Eu’) = ergil?p) E(v), where E(v) := 2/D|VU\2+/D(V+Vs) v|? —1-62/1)]1)]4,
v&Ho

”U”L?(’D):l
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with B, = 10 and a smooth potential perturbation Vi(z) := (2} + 23). There exists a unique
ground state u” with the above properties (cf. [7]) and it holds u® € H?(D). Given a finite element
space S, the discrete approximation of u® in Sy, is given by some uf € Sj, with HU?lHL?(D) =1
and
EWw))= min E(v), (26)
UESh
HUHL2(D):1

i.e., uj is an energy minimizer in Sj. Such a minimizer exists and it holds [[u® — u} || 2(py <

C(up)h? (independent of the smoothness of V). This means that using u) as a discrete initial
value in our scheme (2.2) will introduce an error that is of the same order as if using P, (u?).
We compute the discrete minimizers u2 by using the Discrete Normalized Gradient Flow method
proposed in [5]. For S;, we use a Lagrange finite element space of polynomial order 1, based on a
uniform (simplicial) triangulation of D. The mesh size h is given as the diameter of the elements
of the triangulation. For h = 276y/2 diam(D) the discrete ground state uy, o is depicted in Figure
2. In the following, all errors are with respect to a reference solution uy, := ujy € Sp computed
with the Crank-Nicolson scheme (6) with h = 276/2 diam(D) and with equidistant time steps of
size 7 = 1072. The reference solution u”, at T = 1 is depicted in the right picture of Figure 2.
In the following with present the discrete approximations up - obtained with (6) in Sj and with

1.519e-01 6952s-02

2
]
o
&

o
B

0.02

Figure 2: Left: reference initial value ug obtained for h™ = 276, Right: reference solution u™, at
T = 1 obtained with (6) for h™ =275 and 7= 1072,

equidistant time steps. Recall that the discrete initial value is given by (26), i.e. ug .= u%.
Before discussing the error evolution, we introduce some short-hand notation. The rescaled

mesh and time step sizes are given by
pe = (vV2diam(D))"'h  and 7 :=3/27.
The error compared to the reference solution a time ¢" is denoted by

n ._,n _ ,n
6]’LT T uref uh,T

5

and the corresponding relative errors (for real and imaginary parts) are given by

rel

N _ w IS ez
IR en 72 : T AT

Ha%ehN,THB(D) _
o) BOTS

= = nd 1S e
H%urefHLQ('D)

5 eh,T

Upee 12 (D)
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Table 1: The table shows L™ (L?)- and L°°(H')-errors between the reference solution u", and
various Crank-Nicolson approximations uj, - obtained with (6) for different mesh sizes and time
step sizes.

[ T 7 IR ey i) [ IS en i) [ IRVl T30 [ 1S Vel ik, |
272|272 0.7157 0.7603 0.9929 0.8506
2-2 | 273 0.5900 1.0373 0.8494 1.0361
22| 21 0.5620 1.1390 0.8069 1.1123
272 ] 2% 0.5579 1.1646 0.7976 1.1318
272276 0.5571 1.1710 0.7954 1.1367
273 [ 272 0.3097 0.4979 0.4662 0.5408
273|273 0.1753 0.2370 0.4045 0.4379
273 | 21 0.1952 0.2330 0.4419 0.4639
273 | 275 0.2040 0.2394 0.4535 0.4747
2731276 0.2063 0.2415 0.4562 0.4780
21272 0.3568 0.5114 0.4945 0.5590
2-1 1273 0.0984 0.1365 0.1593 0.1732
2-4 |21 0.0236 0.0338 0.0881 0.0935
2-4 275 0.0229 0.0268 0.0965 0.1017
2—4 ] 276 0.0259 0.0297 0.1006 0.1061
25272 0.3629 0.5156 0.5020 0.5665
270 | 273 0.1088 0.1451 0.1696 0.1832
275 [ 271 0.0269 0.0356 0.0471 0.0506
270 [ 279 0.0050 0.0069 0.0205 0.0217
275|276 0.0015 0.0017 0.0195 0.0206

Table 2: The table shows errors between the reference solution u’, and various Crank-Nicolson
approzimations uy . for simultaneously refined spatial and temporal meshes.

T R i) [ 1S i) [ IRV I [ 1S Vel i) |
2-2 ] 272 0.7157 0.7603 0.9929 0.8506
273|273 0.1753 0.2370 0.4045 0.4379
24 ] o1 0.0236 0.0338 0.0881 0.0935
275 | 279 0.0050 0.0069 0.0205 0.0217

and analogously for the error in the gradient.

In order to study the accuracy of the Crank-Nicolson finite element method stated in (6),
we run various computations with different constellations for the size of the mesh size h and
the time step size 7. As there is no known exact solution to our model problem, we use the
fine scale approximation u; as our reference for the computation of errors. An overview on all
the computations and the arising errors is given in Table 1. From that we can make several
observations. First, we observe a clearly convergent behavior in terms of the mesh size and time
step size and we did not encounter any numerical issues (on the solver level) when computing
the approximations ugﬁ. We can also report that the scheme preserved the mass and the energy
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almost up to machine precision. Second, the computed experimental orders of convergence do not
correlate with the pessimistic linear rates predicted by Theorem 3.3. More precisely, we rather
observe the quadratic rates expected under the stronger regularity assumptions of Theorem 3.2.
This is emphasized by Table 2, where we depict the results for the case that h and 7 are refined
simultaneously. In the light of these results, the performance of the method appears better than
predicted. This might indicate that the regularity assumption (R3) is feasible also for some class
of discontinuous potentials. However, an empirical proof or disproof of this claim requires further
systematic numerical studies beyond the scope of this paper that also excludes the possibility of
super-convergence effects when estimating the error using some reference solution.

Conclusion. In this paper we analyzed a mass- and energy conserving Crank-Nicolson Galerkin
method. We showed that it is numerically stable under perturbations, that the scheme is well-
posed in some ball (in L>(D x [0,7])) around zero and we derived L>(L?)-error estimates under
various regularity assumptions. All our estimates are valid for general disorder potentials in
L*>(D). However, it is not clear how or if our regularity assumptions might conflict with dis-
continuities in the potential. Therefore we derived two graded results. In the first main result,
we assume sufficient regularity of the exact solution u and derive error estimates of optimal
(quadratic) order in h and 7. The novelty with respect to previous works is that our results cover
a general class of nonlinearities, potential terms and we show that the method does indeed not
require a time step constraint. On the contrary, the results in [25, 1] are only valid, provided
that the time step size is sufficiently small with respect to the spatial mesh size. In our sec-
ond main result, we relax the regularity assumptions so that they appear not to be in conflict
with discontinuous potentials. Under these relaxed regularity assumptions, we can still derive
L>(L?)-error estimates, however, only of linear order. Furthermore, we encounter a time step
constraint that was absent in the case of higher regularity. To check the practical performance of
the method, we present a numerical experiment for a model problem with discontinuous potential.
The corresponding numerical errors seem not to correlate with the pessimistic rates predicted for
the low-regularity regime. We could neither observe degenerate convergence rates nor a practi-
cal time step constraint. Instead, we observe the behavior as predicted for the high regularity
regime, i.e., convergence rates of optimal order and good approximations in all resolution regimes,
independent of a coupling between mesh size and time step size.
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A Compatibility of regularity assumptions and rough potential

In this section we demonstrate that a rough potential does not exclude the regularity assumptions
(R1) and (R2), however their compatibility will in general rely on the choice for the initial value
ug. For simplicity of the presentation we consider the case v = 0 (i.e. a linear problem). The
nonlinear case is briefly discussed at the end of this section.

Let V; € L°°(D) denote a rough disorder potential and let ug € Hg (D) denote a ground state
or excited state to the stationary Schrédinger equation

—Aug + Vaug = Aug, (27)

where A > 0 is the corresponding eigenvalue (the chemical potential) and ug is L?-normalized, i.e.
|uoll2(py = 1. From elliptic regularity theory we know that the solution to problem (27) admits
higher regularity, i.e. ug € C%(D) N H*(D) (cf. [13]). However, since V; is rough, we cannot
expect any regularity beyond H?2. In order to investigate the dynamics of ug, the potential trap
is reconfigured. In our case this means that we set V := V; + Vj, where V; is a non-negative
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smooth perturbation, say (for simplicity) Vs € C§°(D). With this we seek u : [0,T] — H}(D)
with ©(0) = up and

i0iu = —Au+ Vu. (28)

Let us now assume that u denotes a solution to (28) that is sufficiently regular. Then, from
equation (28) we conclude that

(0, OFu) o) = (VOFu, VOFu) 2(py + (VOFu, OFu) p2(p).-
for £ =0,1,2,3. Taking only the imaginary part of the equation yields

d

0= RO, Ofu) o) = @Hatk“”%%m'

By integrating from 0 to t < T, we have

107 w(®)]| 2 (py = 107 w(0) | 2y

’

This means that we have to verify that the compatibility “Gfu(O) ~ 8fu0’ is well-defined for

rough potentials. For £ = 1 we exploit the initial condition and obtain

10 (0) = —Aug + Vaug + Vsug (227) Aug + Vsug. (29)
Hence
10wl Lo (0,722 (D)) < [Auo + Vsuol L2(p)-

Analogously, we obtain for k = 2 that

iattu(()) = —A0wug + Vy0sug + VsOrug (229) —A (Aug + Vguo) + Vy ()\U() + VSUO) + Vs ()\U() + Vsu())

D Noup — (AVayug — 2VVa - Vg — Valug + VaViup + Vi (hup + Vo)
(Ve + N2 = AVL) ug — 29V, - V. (30)
Hence
|1sull oo 0,752 (y) < NI (Vi + A)? = AVi) g — 2V Vs - Vg || p2(py)-
Furthermore, since

—A(@tu) = i@ttu — V@tu,

where i0yu—Vou € L>(0,T; L?(D)) (for which we just derived corresponding bounds depending
on ugp), we can also conclude by elliptic regularity theory that

|0¢ull oo (0,712 (D)) < C'uo).

From the equation i0yu(0) = ((Vi9 + )2 — AVS) ug — 2VVs - Vug we also make an important
observation: We have 9yu(0) € H}(D), however we do not have H?-regularity as this would
require Vug € H?(D), which is clearly not available due to the roughness of V. Therefore we
cannot repeat the same argument for dyu(0). Observe that for k£ = 3 we have

i0u(0) 2 —A (Ve + N2 = AVS) g — 2VVs - Vaig) + V (Vi + A2 — AVL) g — 2VVs - Vi) |
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which implies that d;u(0) € H~1(D), but it is not in L2(D). In order to obtain dyu € L=(L?)
we would require the disorder potential to be at lest in H' (which contradicts the notion of a
disorder potential). Consequently, we can neither hope for 9y;u € L>(L?) nor for yu € L (H?).
The only thing that we can hope for is to verify dyu € L°(H"'). And indeed, analogously to the
proof of energy conservation we easily observe that

/D|V8ttu(t)|2—i—/pV!@ttu(t)]Q:/D]V&gtu(O)\Z—i—/DV]@ttu(O)\Q.

With (30) we conclude that the right-hand side is well-defined and bounded for rough potentials
Va.

To summarize our findings, we could verify
o € L°(H?)  and  dyu € L°(HY),

however, any regularity assumptions of higher order seem to contradict the setting of a disorder
potential.

In the nonlinear case similar arguments can be used. However, the calculations become signif-
icantly more technical since we typically do no longer have the conservation properties such as
Hat(k)uHLoo(QT;Lz(D)) = H&Ek)u(O)HLQ(D) for £ > 1. Still for small times it is possible to show an
inequality which takes a comparable role. For instance, in the case of the cubic nonlinearity
Y(|u*)u = Blu*u (where B > 0 is a parameter that characterizes the type and the number of
particles) it is possible to show that there exists a minimum time 7" > 0 and constant c¢p > 0
(independent of the regularity of the potential), such that

k k
10w oo 0.2y < er |0 w(0)] 12y

for £k € N and provided that u is sufficiently smooth. With this it is possible to proceed in a
similar way as in the linear case and we can draw the same conclusions.



