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Abstract. We give tight upper and lower bounds of the cardinality of the index sets of certain hyperbolic crosses which
reflect mixed Sobolev-Korobov-type smoothness and mixed Sobolev-analytic-type smoothness in the infinite-dimensional case where
specific summability properties of the smoothness indices are fulfilled. These estimates are then applied to the linear approximation
of functions from the associated spaces in terms of the e-dimension of their unit balls. Here, the approximation is based on linear
information. Such function spaces appear for example for the solution of parametric and stochastic PDEs. The obtained upper and
lower bounds of the approximation error as well as of the associated e-complexities are completely independent of any parametric
or stochastic dimension. Moreover, the rates are independent of the parameters which define the smoothness properties of the
infinite-variate parametric or stochastic part of the solution. These parameters are only contained in the order constants. This way,
linear approximation theory becomes possible in the infinite-dimensional case and corresponding infinite-dimensional problems get
tractable.
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1. Introduction. The efficient approximation of a function of infinitely many variables is an important
issue in a lot of applications in physics, finance, engineering and statistics. It arises in uncertainty quantification,
computational finance and computational physics and is encountered for example in the numerical treatment
of path integrals, stochastic processes, random fields and stochastic or parametric PDEs. While the problem
of quadrature of functions in weighted Hilbert spaces with infinitely many variables has recently found a lot of
interest in the information based complexity community, see e.g. [3, 15, 16, 17, 29, 30, 34, 35, 42, 44, 50, 51, 52,
58], there is much less literature on approximation. So far, the approximation of functions in weighted Hilbert
spaces with infinitely many variables has been studied for a properly weighted Lo-error norm! in [60]. In any case,
a reproducing kernel Hilbert space Hy with kernel K = )"  v,k, is employed with |u|-dimensional kernels k,,
where u varies over all finite subsets of N. It involves a sequence of weights v = (7,,) that moderate the influence
of terms which depend on the variables associated with the finite-dimensional index sets v C {1,2,...} = N.
Weighted spaces had first been suggested for the finite-dimensional case in [52], see also [53, 54]. For further
details, see [18] and the references cited therein. The approximation of functions with anisotropically weighted
Gaussian kernels has been studied in [27].

Moreover, there is work on sparse grid integration and approximation, see [8] for a survey and bibliography.
It recently has found applications in uncertainty quantification for stochastic and parametric PDEs, especially
for non-intrusive methods, compare [5, 6, 11, 12, 13, 14, 33, 36, 37, 43, 45, 46]. There, for the stochastic or
parametric part of the problem, an anisotropic sparse grid approximation or quadrature is constructed either
a priori from knowledge of the covariance decay of the stochastic data or a posteriori by means of dimension-
adaptive refinement. This way, the infinite-dimensional case gets truncated dynamically to finite dimensions
while the higher dimensions are trivially resolved by the constant one. Here, in contrast to the above-mentioned
approach using a weighted reproducing kernel Hilbert space, one usually relies on spaces with smoothness of
increasing order, either for the mixed Sobolev smoothness situation or for the analytic setting. Thus, as already
noticed in [49], one may have two options for obtaining tractability: either by using decaying weights or by

IThere is also [59, 61, 62], where however a norm in a special Hilbert space was employed such that the approximation problem
indeed got easier than the integration problem.



using increasing smoothness.

Sparse grids and hyperbolic crosses promise to break the curse of dimensionality which appears for conven-
tional approximation methods, at least to some extent. However, the approximation rates and cost complexities
of conventional sparse grids for isotropic mixed Sobolev regularity still involve logarithmic terms which grow
exponentially with the dimension. In [23, 31] it could be shown that the rate of the approximation error and the
cost complexity get completely independent of the dimension for the case of anisotropic mixed Sobolev regularity
with sufficiently fast rising smoothness indices. This also follows from results on approximation for anisotropic
mixed smoothness, see, e.g., [22, 55] for details. But the constants in the bounds for the approximation error
and the cost rate could not be estimated sharply and still depend on the dimension d. Therefore, this result
can not straightforwardly be extended to the infinite-dimensional case, i.e. to the limit of d going to co.

This will be achieved in the present paper. To this end, we rely on the infinite-variate space H which is the
tensor product H := H*(G™) ® K*(D*°) of the Sobolev space H*(G™) and the infinite-variate space K* (D)
of mixed smoothness with varying Korobov-type smoothness indices r = r1,79,..., or we rely on the tensor
product H := H*(G™) @ A®P1(D>°) of H*(G™) with the infinite-variate space A™?¢(D>°) of mixed smooth-
ness with varying analytic-type smoothness indices r = 71, 73,... (and p and ¢ entering algebraic prefactors).
The approximation error is measured in the tensor product Hilbert space G := H?(G™) ® Lo(D*, i1) with
B > 0, which is isomorphic to the Bochner space Ly(D>, H?(G™)). Here, G denotes either the unit circle
(one-dimensional torus) T in the periodic case or the interval I := [—1,1] in the nonperiodic case. Furthermore,
D is either T, I or R, depending on the respective situation under consideration. Altogether, G™ denotes the
m-fold (tensor-product) domain where the m-dimensional physical coordinates live, whereas D> denotes the
infinite-dimensional (tensor-product) domain where the infinite-dimensional stochastic or parametric coordi-
nates live. Moreover, Ly(D*) := Lo(ID*°, ) is the space of all infinite-variate functions f on D> such that
fDm |f(y)]?du(y) < oo with the infinite tensor product probability measure du which is based on properly
chosen univariate probability measures.

Here, the spaces H*(G™) ® K*(D>) generalize the usual d-variate Korobov spaces K ("»-7a) (D4) of mixed
smoothness with different smoothness indices 71,...,74 to the infinite-variate case and additionally contain
in a tensor product way also the Sobolev space H*(G™). Moreover, the (m + d)-variate Sobolev-Korobov-
type spaces Hy := HY(G™) @ K*(D?) of mixed smoothness with different weights for arbitrary but finite d
are naturally contained. Similarly, the spaces H*(G™) ® A™P:4(D°>°) generalize the d-variate spaces of mixed
analytic smoothness with smoothness indices p,q and r1,...,rq (for a precise definition, see Subsection 2.2) to
the infinite-variate case and additionally contain in a tensor product way the Sobolev space H*(G™). Moreover,
the (m + d)-variate Sobolev-analytic-type spaces Hq := H*(G™) ® A™P4(D9) of mixed Sobolev and analytic
smoothnesses with different weights for arbitrary d are naturally contained. Thus, the problem of approximating
functions from H in the G = H?(G™)® Lo (ID>®)—norm directly governs the problem of approximating functions
from Hg in the G4 := H?(G™) ® Ly(D?)—norm in both cases, where d may be large but finite.

Now, let us fix some notation which is needed to describe the cost complexity of an approximation. In
general, if X is a Hilbert space and W a subset of X, the Kolmogorov n-width d,, (W, X) [38] is given by

d,(W,X) := inf s g]lvfln I/ —gllx, (1.1)

. 1p
My rew 9
where the outer infimum is taken over all linear manifolds M,, in X of dimension at most n.? Furthermore,

the so-called e-dimension n. = n (W, X) is usually employed to quantify the computational complexity. It is
defined as

ne(W, X) := inf {n: AM,: dimM, <n, sup inf ||f—glx < 5},
feEW 9EMy
where M, is a linear manifold in X of dimension < n. This quantity is just the inverse of d, (W, X). Indeed,
ne (W, X) is the minimal number n. such that the approximation of W by a suitably chosen n.-dimensional

2A different worst-case setting is represented by the linear n-width A, (W, X) [56]. This corresponds to a characterization of
the best linear approximation error, see, e.g., [26] for definitions. Since X is here a Hilbert space, both concepts coincide, i.e., we
have dn, (W, X) = (W, X).



subspace M,, in X yields the approximation error to be less or equal to €. Moreover, n.(W, X) is the smallest
number of linear functionals that is needed by an algorithm to give for all f € W an approximation with an error
of at most €. From the computational point of view it is more convenient to study n.(W, X) than d, (W, X)
since it is directly related to the computational cost.

The approximation of functions with anisotropic mixed smoothness goes back to papers by various authors
from the former Soviet Union, initiated in [1]. We refer the reader to [22, 55] for a survey and bibliography.
In particular, in [21], the rate of the cardinality of anisotropic hyperbolic crosses was computed and used
in the estimation of d,(U*(T¢), Ly(T?)), where UT(T?) is the unit ball of the space of functions of bounded
anisotropic mixed derivatives r with respect to the Ly(T¢)-norm. Moreover, the e-dimensions of classes of
mixed smoothness were investigated in [19, 20, 24, 25]. Recently, n-widths and e-dimensions in the classical
isotropic Sobolev space H"(T¢) of d-variate periodic functions and of Sobolev classes with mixed and other
anisotropic smoothness have been studied for high-dimensional settings [9, 26]. There, although the dimension
n of the approximating subspace is the main parameter of the convergence rate, where n is going to infinity,
the parameter d may seriously affect this rate when d is large.

Now, let U and U, be the unit ball in H and H4, respectively. In the present paper, we give upper and lower
bounds for n. (U, G) and n.(Uy, Gq) for both, the Sobolev-Korobov and the Sobolev-analytic mixed smoothness
spaces. To this end, we first derive tight estimates of the cardinalities of hyperbolic cross index sets which are
associated to the chosen accuracy e. Since the corresponding approximations in infinite tensor product Hilbert
spaces then possess the accuracy e, this indeed gives bounds on n.(U,G) and n.(Uy, G4). Here, depending on
the underlying domain, we focus on approximations by trigonometric polynomials (periodic case) and Legendre
and Hermite polynomials (nonperiodic case, bounded and non-bounded domain) with indices from hyperbolic
crosses that correspond to frequencies and powers in the infinite-dimensional case. Altogether, we are able to
show estimates that are completely independent on any dimension d in both, rates and order constants, provided
that a moderate summability condition on the sequence of smoothness indices r holds.

In the following, as example, let us mention one of our main results on the cardinality of hyperbolic crosses
in the infinite-dimensional case and on the related e-dimension. To this end, let m, «, 3, r, p, g be given by

meN; a>pB>0 r=(r;);2; €RY, 0<r <rg<---<rj---; p>0,¢>0. (1.2)

(with the additional restriction (o — )/m < 11 for the Sobolev-Korobov smoothness case). Then, if moderate

summability conditions on the sequence of smoothness indices r hold, we have for every d € N and every
e €(0,1]

Lgil/(afﬂ)Jm 1 S ns(ud’ gd) S ns(u’ g) § Cé—im/(aiﬁ)? (13)

where C' depends on m, «, 8, r, p, ¢ but not on d. Thus, the upper and lower bounds on the e-dimension n.(Uy, G4)
are completely free of the dimension for any value of d. These estimates are derived from the relations

Gle ™I =1 < n(U,G) < |GeH)],
and
LTl/(“‘ﬁ)jm < |G| < CTm/(a—ﬁ), (1.4)

where G(T) is the relevant hyperbolic cross induced by T' = e~! and C is as in (1.3). Throughout this paper,
|G| denotes the cardinality of a finite set G.
Note here the following properties of (1.3):
(i) The upper and lower bounds of n.(Uy, Gq) and n.(U,G) are tight and independent of d.
(ii) The term ¢~™/(®=#) depends on ¢, on the dimension m and on the smoothnesses indices o and 3 of
the Sobolev component parts H*(G™) and H”(G™) of the spaces H and G only.
(iii) The infinite series of smoothness indices r in the Korobov or analytic component parts is contained in
C only and does not show up in the rates.
(iv) The necessary summability conditions on m, «, 3,r,p,q are natural and quite moderate (see e.g. the
assumptions of Theorem 3.6).



Altogether, the right-hand side of (1.3) is (up to the constant) just the same as the rate which we would obtain
from an approximation problem in the energy norm H?(G™) of functions from the Sobolev space H(G™)
alone, i.e. n. (U*(G™), H?(G™)) < e~™/(@=F) where U*(G™) is the unit ball in H*(G™). Therefore, the
e-dimension and thus the complexity of our infinite-dimensional approximation problem is (up to the constant)
just that of the m-dimensional approximation problem without the infinite-variate component.

From (1.3) we can see that the d-dimensional problem n.(Uy, G4) is strongly polynomially tractable. This
property crucially depends on the chosen norm as well on certain restrictions on the mixed smoothness, see
for instance the prerequisites of Theorem 2.6 and of Theorem 4.1 in the case of mixed Sobolev-Korobov-type
smoothness. If a different type of norm definition is employed, completely different results are obtained. For an
example, see [49], where it is shown that increasing the smoothness (no matter how fast) does not help there.
Moreover, the effect of different norm definitions on the approximation numbers of Sobolev embeddings with
particular emphasis on the dependence on the dimension is studied for the periodic case in [39, 40, 41].

For an application of our approximation error estimate, let us now assume that an infinite-variate function
u is living in G which is isomorphic to the Bochner space Lo(D>, H?(G™)). Let us furthermore assume that u
possesses some higher regularity, i.e., to be precise, assume that v € H with either H = H*(G™) @ K*(D*) or
H=H*Gm)® A"P1(D>*). Let n = |G(T)| and L,, be the projection onto the subspace of suitable polynomials
with frequencies or/and powers in G(T'). Then, with the above notation and assumptions for e-dimensions, we
have

lu = Lu(u)llg < COm/mn=OmBm |y ||y,

where C'is as in (1.3). Indeed, such functions u are, for certain o(x,y) and f(x,y), the solution of the parametric
or stochastic elliptic PDE

—divx(o(x,y)Vxu(x,y)) = f(x,y) x€G™ yeD=, (1.5)

with homogeneous boundary conditions u(x,y) = 0, x € G™, y € D*. Here, we have to find a real-valued
function u : G™ x D> — R such that (1.5) holds p-almost everywhere. Thus, our results also shed light on
the e-dimension and the complexity of properly defined linear approximation schemes for infinite-dimensional
stochastic/parametric PDEs in the case of linear information.

The remainder of this paper is organized as follows: In Section 2, we establish tight upper and lower bounds
for the cardinality of hyperbolic crosses with varying smoothness weights in the infinite-dimensional setting. In
Section 3, we study hyperbolic cross approximations and their e-dimensions in infinite tensor product Hilbert
spaces. In Section 4, we consider hyperbolic cross approximations of infinite-variate functions in particular for
periodic functions from periodic Sobolev-Korobov-type mixed spaces and for nonperiodic functions from the
Sobolev-analytic-type mixed smoothness spaces. In Section 5, we discuss the application of our results to a
model problem from parametric/stochastic elliptic PDEs. Finally, we give some concluding remarks in Section
6.

2. The cardinality of hyperbolic crosses in the infinite-dimensional case. In this section, we
establish upper and lower bounds for the cardinality of various index sets of hyperbolic crosses in the infinite-
dimensional case. First, we consider index sets which correspond to the mixed Sobolev-Korobov-type setting
with varying polynomial smoothness, then we consider cases with mixed Sobolev-analytic smoothness where
also exponential smoothness terms appear.

We will use the following notation: R is the set of all sequences y = (y;)52; with y; € R and Z> is the
set of all sequences s = (s;)72; with s; € Z. Furthermore, Z%° := {s € Z*° : 5; > 0, j = 1,2,...}, y; is the jth
coordinate of y € R>. Moreover, ZJ° is a subset of Z* of all s such that supp(s) is finite, where supp(s) is the
support of s, that is the set of all j € N such that s; # 0. Finally, Z%°, := Z° N Z°.

2.1. Index sets for mixed Sobolev-Korobov-type smoothness. Let m € Z,, a > 0 be given and let
r=(rj)72; € RY be given with

O<r=ri--=rp1; Tg2 <Tpg3 <o
4



For each (k,s) € Z™ x Z2° with k € Z™ and s € Z$°, we define the scalar A(k,s) by

t+1 o)
o) = s 1+ e [T+ )" TT @041 2.1)
J= J=

Here, the associated functions will possess isotropic smoothness of index a for the coordinates k;, they will
possess mixed smoothness of index r for the first ¢ + 1 coordinates s; of s and they will possess monotonously
rising mixed smoothness indices r; for the following coordinates s;.

Now, for T' > 0, consider the hyperbolic crosses in the infinite-dimensional setting Z* x Z%°, with indices

a,r

G(T) = {(k,;s) € Z7 x Z%, : M(k,s) < T. (2.2)

The cardinality of G(¢!) will later describe the necessary dimension of the approximation spaces of the asso-
ciated linear approximation with accuracy e.

We want to derive estimates for the cardinality of G(T'). To this end, we will make use of the following
lemmata.

LEMMA 2.1. Let p,v € N with > v, and let ¢ be a convex function on the interval (0,00). Then, we have

H pt1/2 o0 oo

Z pk) < / o(z)dz, and Z plk) < / o(z)dz, (2.3)
k=v v—1/2 k=v v—1/2

Proof. Observe that, for a convex function g on [0, 1], there holds true the inequality

o1/2) < 5 [ @) g -alar = [ g)a. (24)

Applying this inequality to the functions gi(z) := p(z + k — 1/2), k € N, we obtain
1 k+1/2
o) = a1/ < [ g = [ pw)de (25)
0 k—1/2
Hence, we have for any u,v € N with pu > v,
n B pk+1/2 ut1/2
o) < 3 [ e = [ plwds (2.6)
k=v v

ey Jk—1/2 —1/2

which proves the first and, with © — oo, the second inequality of the lemma. 0
LEMMA 2.2. Let n > 1. Then, we have

oo —(n-1)
1 3
-n — | =
k§:2kz < p— (2) . (2.7)

Proof. Since the function 2~" is non-negative and convex on (0, c0), we obtain
00 0o —(n-1)
1 3
Zk_" < / z "dzx = ()
s 3/2 n—1\2

by applying Lemma 2.1 for v = 2. 0
LEMMA 2.3. Let n € R\ (0,1) and p € N. Then, we have

L@ e, s

nHL
13
> kT < Qlog(2u+1), n=—1, (2.8)
k=1
1 _
MHW L n < —1.

5



Proof. The function " is non-negative and convex in the interval (0, 00) for n € R\ (0,1). Thus, there holds
by Lemma 2.1

pt1/2
1 entl —
1 p+1/2 1t ‘1/2 7L
Zk” < / 2dr = (2.9)
1 1/2 pt1/2
logx‘ , n=-—1
1/2
Hence,
L(u 12, s,
n
S kT < Qlog(n+1/2) +1log2,  n=-1, (2.10)
k=1
1 _
2 n<-1
which implies (2.8). ad

First of all, for T' > 1, m € N, we consider the hyperbolic cross in the finite, m-dimensional case
I(T) := {1 eNm: ]l < T}.
j=1

We have the following bound for the cardinality |T'(T)|:
LEMMA 2.4. For T > 1, it holds

2™ m—1
Proof. Observe that |T'(T)| = |T*(T")|, where
I*(T) := {1ez$ JJa+1) sT}. (2.12)
j=1

Thus, we need to derive an estimate for [I'*(T)|. From [9, Lemma 2.3, Corollary 3.3], it follows® that for every
T>1,

2m T(logT + mlog2)™

el = (m—=1)! logT +mlog2+m—1 (2.13)
Since m > 1 we immediately obtain the desired estimate. 0
Now, for given m,t € N and a,r > 0, put
" (14 s 7Y s agm,
B(a,r,m,t) = qm 2" r=a/m, (2.14)
m 2 (afr —m)~t 2o/, r<a/m.

3There, the set {1 € Z™ : ;”:1(1 +1;) < T} is analyzed. Since our I'*(T') is a subset, (2.13) clearly holds. A direct bound for

(2.12) might be possible without the multiplier 2, but only for T'= T'(m) large enough. See [9] for details.
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Furthermore, define

T/ r>a/m,
Ala,r,m,t,T) =  T™*1og(2T* + 1)[r'logT + (t + 1)log2]!, = =a/m, (2.15)
TV [r~Ylog T + (t + 1) log 2], r<a/m.

Next, for T > 1, we consider the hyperbolic crosses in the finite, (m + ¢t + 1)-dimensional case

mtt+1
— mAt+1 .
H(T) := {n eN : 1r<r;a<>§nn I = } (2.16)
Jj=m+1
We have the following bound for the cardinality |H (T)|:
LEMMA 2.5. ForT > 1, it holds
H(T)| < Bla,r,m.t) A(a,r,m,t,T) (2.17)

Proof. Let us introduce the following notation for convenience: For n € N™ ™+ we write n = (n’, n“) with

17
n' = (n1,...,nm) and 0 = (Nyya1, oy Nnyrr1). We then represent N™HFL ag

Nm+t+1 _ Nm % Nt+1

We first consider the case r < a/m. Note that, for every n € H(T), we have that n; < TYe j=1,..,m.

For a n’ € N™ put
1/r
Ty = (T( max nj)_“> .

1<j<m
Hence, by symmetry of the variables, we have for every T > 1,

H(T) = ) > 1<m 3 3 1.

n': n] Tl/a n': H;’;t,i:ti ;5 < Tn’ n’: ’ﬂmSTl/a’ H”Ltrt;,+11 ;< (Tn;La)l/T
j=Tym 73Sy J=1erym—1

(2.18)

The inner sum in the last expression is [I'(Ty/)| from (2.12) with m = ¢+ 1. The application of Lemma 2.4 then
gives for every T > 1

|H(T)| < m > T(Tw)|
n': nmSTl/a
n;<Nm, j=1,....m—1

2t+1
T (log T + (t +1)log 2)*

D
n': n, <TYe
" <N, j=1,....m—1
i —a\1/7 —a\1/r ¢
< m Z T (Tn,") (log((Tnm YT (4 1)log2) (2.19)
n': n, <7/
n;<Nm, j=1,....m—1
2t+1
< m—— V" (log(Tl/T) (t+1)log 2) Z Z n o/
Ny, <T1/a n;<n.g,
Jj=1,..., m—
2t+1 t
< m - V" (log(Tl/T) +(t+1)log 2) Z pmoiza/r,
Ny, <T1/a

7



Now, by applying Lemma 2.3 with &k = n,p, n = m—1—a/r and p = LTl/“J to the sum in the last line of

(2.19), we derive
log@|TV| +1),  r=a/m,

T <T1/0 (a/r —m)~t2e/r=m < qa/m,

which, together with (2.19) and the definitions (2.14) and (2.15), proves (2.17) in the case r < a/m.

Let us now consider the case r > a/m. For a n” e N‘*! we put

(2.20)

Note that, for every n € H(T'), we have that n; < TY" j=m+1,..,m+t+1. By symmetry of the variables,

we have for every T' > 1,

[H(T)| = > > 1

n”: nj<T1/T n': maxi<j<mn; < Tn”
j=m-+1,...m+it+1

2 2. 1

n : nj<T1/"' n': nm <T 11
j=m+1,..., m+t+1 n;<nm,, j=1,...m—1

2 2.

n'’: n; <T/" ST 1
j=m+1,..., m—+t+1

IA
3

IA
3

From (2.10) and the inequality T, > 1 it follows that

1 1 1 /3\" me
m—1 - . m - . . m ~ [ 2 m/a —rm/a
D R T S L € e | (e
nmSTn// j=m+1
Hence,

m mAt+1

Tm/a Z H nj—rm/a

"

n': n;<TV7, j=m+1,...,m+t+1 j=m+1
m mtt+1

3 m/a —rm/a
3) e I X

J=m+1p; <TU/"

A

m m+t+1 —(rm/a—1)
3 1 3
2} pm/a 14— (2
2 __H < +rm/a—l <2) >

m —(rm/a—1) t
1 3
/e 14 —— (2 .
( + rm/a—1 (2) )

IN
7N 7N\ 7N Y 7N

(2.21)

(2.22)

(2.23)



With the definitions (2.14) and (2.15), this proves (2.17) in the case r > a/m. O
We will frequently use the following well-known bound for infinite products: Let (p;)52; be a summable
sequence of positive numbers, that is > p-; px < oco. Then, we have

ﬁ 1+pe) < exp <Zpk> . (2.24)

Now we are in the position to state the main result of this section, i.e. we will give explicit bounds on the
cardinality of the infinite-dimensional hyperbolic cross G(T') defined in (2.2). To this end, let the triple m,a,r
be given by

meN; a>0; r=(r;)72, 0<r=ri-- =71, T <T3 <o (2.25)
We put

A= max{m/a,1/r} (2.26)

3 —(Ar;—1)
G o

and define, for a nonnegative integer ¢, the terms

and
Cla,r,m,t) == eM® B(a,r,m,t). (2.28)
THEOREM 2.6. Assume that Ariro > 1 and M(t) < co. Then, we have for every T > 1

IG(T)| < Cla,r,m,t) Aa,r,m,t,T)

T/ r>a/m,
(2.29)
= Cla,m,m,t) T™/ *1log(2T* + 1)[r~'log T + (t + 1)log2]*, 7 =a/m,

TV r=tlog T + (t + 1) log 2], r<a/m.

Proof. Let us show, for example, the last inequality in (2.29) where < a/m. Let T > 1 be given. Observe that

IG(T)] = [G*(T)], (2.30)
where
mt41
G*(T) = {(n,s’) € N 5 N2 (¢) - 1%&<an H H sy < T} (2.31)

=m-+1 j=t+2

and N2°(t) denotes the set of all indices s’ = (s¢42, St43,...) with s; € N such that the set of j > t + 2 with
s; # 1 is finite. Here, G* builds with (n,s’) € N1 x N> (¢) on a different index splitting than G from (2.2)
with (k,s) € ZT' x Z,. This will allow for an easier decomposition later on. But their cardinalities are the
same.

Note that, for every (n,s’) € G*(T), it follows from the definition

H(T,t) := {s e N®(t H 57 (2.32)
Jj=t+2



that s’ € H(T,t). Hence,

T = > 1. (2.33)
s'€eH(T,t

r Ty
) peNmtt+1; (maxy<j<m ny)e [[HEET nf < T[]

oo
j=m+1 j=t+2 55

We now fix a s’ € N°(t) for the moment, and put
To =T ] s,
jed(s’)

where J(s') :={j € N: j >t +2, s; # 1}. Note that J(s') is a finite set by definition. We then have Ty > 1
and

GH(T) = ) H(T)l, (2.34)

s’€H(T,t)
where H(Ty ) is defined as in (2.16). For ease of notation, we now use the abbreviation B := B(a,r,m,t).
Lemma 2.5 for the case r < a/m gives
|H(Ty)| < BA(a,r,m,t,Ty) = BTY [r  log Tw + (t + 1)log 2]". (2.35)

Hence, by (2.34) and with s’ € N$°(¢), we have for every T > 1 that there holds

(D) < Y. BTY [rtlogTy + (t +1)log 2]’

s’€H(T\,t)
1/r t
=B Z T H s, rtlog | T H s; 7| +(t+1)log2 (2.36)
s'€H(T,t) JEJI() JeJI(s")
< BTY"[r~YlogT + (t + 1) log 2]* Z H A

s’"€H(T,t) jeJ(s")

where we used the inequality J]. jeas) Sj 7 <1 in the last step. Next, let us estimate the sum in the last line.
Note that, for every s’ € H(T,t), it follows from definition (2.31) that s; < TY7i, j > t+2. The condition
M(t) < oo yields that r; — oo as j — oco. Hence, there exists j* such that s; = 1 for every s’ € H(T,t) and
every j > j*. From this observation we get

- x

J

TR D |

s'€H(T;t) jeJ(s') 5;<TY73, j>t+2 J=t+2
(2.37)
J" N J" o0 \
S5 /D S | i S
j=t+2 SjSTl/Tj, j>t+2 Jj=t+2 s;=1
The application of Lemma 2.2 gives
S 0 —(Ar;—1)
—Ar; —Ar; 1 3 !
=1 <] — | = . 2.38
T me e (o) @39

Hence, by (2.24), we get the inequality

> Is™ < 1l

S'€H(T,t) j=t+2 j=t+2

3 —(Ar;—1) M(D)
1 <
* )\r -1 ( ) =0

10



which, together with (2.36), proves the theorem for the case r < a/m. The other cases can be shown in a similar
way. 0

2.2. Index sets for mixed Sobolev-analytic-type smoothness. In this subsection we consider hy-
perbolic crosses of a different type with the replacement of A(k,s) by p(k,s) in its definition, where p(k,s)
now also involves exponentials in the s-dependent part. Such situations appear for example in applications
with elliptic stochastic PDEs from uncertainty quantification. There, the arising functions are analytic for the
stochastic/parametric y-part of the coordinates where, in many cases, a product structure still appears. In the
x-coordinates we will keep our previous Sobolev-type setting, but in the y-coordinates we will switch to expo-
nential terms involving certain weights in the exponents. Furthermore, the exponential terms are multiplied by
a polynomial prefactor. To this end, let the 5-tuple m,a,r, p, q be given by

meN; a>0; r=(r)j, r;>0, €N, p>0, ¢>0. (2.39)

For each (k,s) € Z™ x Z°, we define the scalar p(k,s) by
— —q
p(k,s) : lgax (1 + |k;])® ];[ (1+pls;|) " exp ((r,|s])), (r,]s]) stj\ (2.40)

Note that polynomial prefactors of the type (1 4 p|s;|)~? indeed appear with values p = 2 and ¢ = 1/2 in
estimates for the coefficients of Legendre expansions in specific situations for stochastic elliptic PDEs under the
assumption of polyellipse analytic regularity, see e.g. [6, 10, 13, 14]. Also, more general forms of prefactors
exist, involving factorials or the gamma function. Furthermore, one may consider individual values p;,g; for
each j. For reasons of simplicity, we stick to the case of constant p,q. Here and in what follows, [s| := (]s;|)524
for s € Z.

Now, for T' > 0, consider the following hyperbolic cross in the infinite-dimensional case
E(T) := {(k, s) € Z' x LT, : p(k,s) < T}. (2.41)

Again, the cardinality of E(e~!) will later describe the necessary dimension of the approximation spaces of the
associated linear approximation with accuracy . We want to derive an estimate for the cardinality of E(T).

THEOREM 2.7. Let m € N, a > 0, r = (r;)32, € R® with r; > 0 and let p =0, ¢ > 0. Assume that there
holds the condition

o0

1
My 4(m) := ; e < % (2.42)
Then we have for every T > 1
3 2m
B < (5) esibhogm)] T (2.43)

Proof. Let T > 1 be given. Observe that |E(T)| = |E*(T)|, where
EX(T):= {(k,s) e N" x ZF, : p*(k,s) < T},

and

p*(k,s) ;== max kj exp ZTJSJ = max k§ exp((r,s)). (2.44)

1<j<m 1<5<m

Thus, we need to derive an estimate for [E*(T)|. To this end, for s € Z3°,, we put

Ty = TY%exp[—(r,s)/a).
11



Note that, for every (k,s) € E*(T), it follows from the definition of E*(T') that s € H(T) where
H(T):= {s€Z, : exp((r,s)) < T}. (2.45)

By definition and the symmetry of the variable k; we have

E(T) = > > 1 > 1

s€H(T) keN™: maxicjcmk; < Ts seH(T) keN™: ki, S Ts
kj<km, j=1,m—

:
M

1

(2.46)
<m Z Z el
seH(T) keN:k < Ty
Hence, since T > 1, the application of Lemma 2.3 gives
pasm Y L(3) @ <m > L3 winpe
- - m \ 2
scH(T) SEH(T)
3 m 3 me _ 3 2m o
= \2 2. 2 s = \3 > T (2.47)

seH(T) seH(T)

_ (;)’" T/ ;() exp[—m(r,s)/al.

Note furthermore that, for every s € H(T), it follows from definition (2.41) that s; < (logT')/r;, j € N. The
condition My 4(m) < oo yields that r; — co as j — co. Hence, there exists a j* such that s; = 0 for every
s € H(T) and every j > j*. From this observation we get

Z exp[—m(r,s)/a] < H Z exp(—mrjs;/a)

seH(T 1s;<(logT)/r;
(1) J= (log T)/ i (2.48)
i oo J
< H 1+ Z exp(—mr;s;/a)| = H [1 ¥ (emmifa — 1)71] .
j=1 sj=1 j=1
By use of the inequality (2.24) we finally obtain the bound
3 2m e}
* e m/a mr7/a _
BH(T)| < (2) T/ esp | (e | (2.49)
j=1
which gives the desired result. O
In order to estimate F(T) for the case p > 0, we need an auxiliary lemma.
LEMMA 2.8. Let n > 0 and let p,q > 0. Assume that
+
> qT/a and 1> pq. (2.50)
Then, we have
o0
1 2)4
Ze*"k(l +pk)? < Mew/? (2.51)
n—prq

12



Proof. Set p(z) := e " (1 + px)?. Let us first show that the assumption (2.50) provides the convexity of ¢ on
(0,00). Changing variables by putting ¢t = 1 + pz, we have ¢(x) = °g(t), where § := n/p and g(t) := e %t t9.

Observe that the function g is convex for ¢ > %. Since the change of variables is linear and p > 0, this
implies that the function ¢ is convex for = > qun—‘/a — %. Hence, for n > %ﬁ, ( is a non-negative convex
function in (0, 00).
By applying Lemma 2.1, we have
"k q g q ULt
Ze (1+pk)? < e (1+px)ide = — e t?dt.
k=1 1/2 D Jitp/2

Observing that
oo oo
/ e~ M/P 14 ¢ > / e~ Mt/p pa—1 dt,
1+p/2 14+p/2
the integral in the last expression can be estimated as

(oo} oo
/ et/oga gy = Pe—n)0+0/2) (1 4 poye 4 IE/ o—nt/p a1 gy
1+p/2 n n Ji4p/2

< Pomtmn/d) (1 4 oy 4 IE/W o=t/ 4 41
n N Ji4p/2

Hence,
/OO e~ M/P 1 J¢ < M e—(n/P)(1+p/2)
1+p/2 o n—rq

Summing up we obtain

> q
Z e—nk(l -l—pk)q < (1 +p/2) 6—77/2
=1 n—prq

which proves the lemma. 0
THEOREM 2.9. Let m € N, a >0, r = (r;)72; € R® with r; > 0 and let p,q > 0. Assume that there hold
the conditions

q++/qa/m
r, > 1T VIUT

) r; > pg jEN, (2.52)
and

m/a & e—mrj/Qa
My q(m) == (14p/2)m/*3"

J=1

mr;/a—pgm/a (259

Then we have for every T > 1,

B < (5) ewlbtm] T (251)

Proof. As in the proof of Theorem 2.7, observe that |E(T)| = |E*(T)|, where

EX(T):= {(k,5) e N" x 2%, : p*(k,s) < T},
13



and

o0

p"(k,s) =  nax k§ 1_[1(1 +ps;j)~ % exp ((r,s)). (2.55)
j=

Thus, we need to derive an estimate for |E*(T")|. To this end, for s € Z,, we put

Ty == TY* T (1 + ps;)/® exp[—(r,s)/a].

—

j=1

In a completely similar way to the proof of Theorem 2.7, we can show that

3 2m 00 oo
|E*(T)] < (2) ™/ H 1+ Z(l + ps;) ™ exp(—mrjs;/a)| . (2.56)

j:]. Sj:l

By use of Lemma 2.8 with n := mr;/a and ¢ := mg/a, and the inequality (2.24), we continue the estimation as

2m o)
1 2 qgm/a
)< (3) 1T o ]
2 e mr;/a — pgm/a
(3)" e e (g s e 220
S _ m/a eXp +p m/a
2 = mr;/a — pgm/a
which gives the desired result. O

Note at this point that the assumption m > 0 is crucial. For the case m = 0, our theorem would no longer
give a rate in terms of 7" but merely a constant. Therefore, we shortly consider the case m = 0 with p = 0 in
more detail. To this end, we first focus on the d-dimensional case, i.e. we consider

Ey(T):= {s¢€ 74 : exp((r,s)) < T}.

We have the following bound for the cardinality |E4(T)|:
LEMMA 2.10. For T >exp(r;),j =1,...,d, it holds

d
d d log T+, r
1\ (logT) 1 ( & 7=1 J)
S = < |Ey(D)| < - 2.58
15| =g < E® < (I} a (2.58)
Jj=1 Jj=1
Proof. We have
d d }
log Herjsf :ersjglogT::T
j=1 j=1

which describes just an index set which is a weighted discrete simplex in d dimensions of size T. Then we obtain
with [4] the desired result. For further aspects and a slight improvement on the lower bound, see also [48]. O

This directly shows that we now only have a logarithmic cost rate in 7', which is however exponential in
the dimension d. Moreover, the order constant depends on d. Thus, we can not directly go to the infinite-
dimensional limit d — oo. If we settle for a slightly higher cost rate instead, then, in certain cases, upper
bounds can still be derived, which are completely independent of d and also hold in the infinite-dimensional
case. To this end, note that we need to resolve for a given T only up to a certain active dimension d = d(T)

14



since in the higher dimensions d + j,j > 0, we encounter just index values sq4y; = 0 due to the definition of
E(T). Therefore, it holds r; <logT,j =1,...d. Then, we get

d
er <dlogT.

j=1

Thus, with Lemma 2.10, using the lower bound of Stirling’s formula d! > v/27d(d/e)? and ((d +1)/d)¢ < e, we
obtain

d+1

2w

|E4(T (log T)¢ < °_ (logT)% (2.59)

1 (d+1)d logT Tl et (d+ 1)
T a Hr =

i:l:
1

’f’

Il
—

J

Now we consider the asymptotic behavior of the 7; in more detail. For example, in the situation r; > e - j,
we have Hj 1/r; < e 4/d! and get

d
1 edt! e~ edtl e (logT)? e e
= logT)% < —— logT)? = < exp(logT T< T7
jl;[ﬁi = (log T)" < —r—==(log )" = ——="—" < ———=exp(logT) < \[277

i.e. we obtain a cost rate bound of ;=T In the situation r; > ¢ - 52 we get analogously the bound

d d+1 —d _d+1 d\ 2
H i logT)d < ! e (log T)* = e Viog T < vl < e(2VIoeT)
=i (d)? /2rd 2md d! 27d 2m

which grows slower than any polynomial in T'. If necessary, this bound can be further improved by a factor of
1/y/1ogT.

In the general case, we have the following lemma:

LEMMA 2.11. Let m =0 and p = 0. Furthermore, let r; > wj”, where w, T > 0, and let

CLJJT

3

::T—i—w_l/Tlog( ) > 0.
Then, for the cardinality of the hyperbolic cross E(T) in the infinite-dimensional case, there holds the bound
|E(T)| < exp (cw,T (log T)l/T> : (2.60)

Proof. Consider again the finite-dimensional setting from Lemma 2.10. From the assumption r; > wj7 it
follows that

d 1 d
1_[17 H 71 T — W d(d!)fr,
j= j=1

where d = d(T') again denotes the active dimension of E(T'). Furthermore, since r4 < logT it holds d <

1/7
(%) . Now, recall the upper bound from (2.59). By employing % < exp(z) we obtain for d > 1, i.e. for
15



log(T') > r1, the estimate

d T
1 edtl ed+1 ed+1 (logT)d/T
E.D)<||—= logT)? < —————(logT)* = ( >
ra = 1 toe D= a5 = Givara U

d+1

e e e
< ———exp (TogT)V™) = —— exp (7(log T)"/"™ + dlog ( —
< 5 o (08 T)V7) = 2 exp (r(log T) z(5))
1/7

< c exp T(logT)l/T—i— <10gT> log (E)

V2rd w w
_ € 1/7 —-1/7 E

mexp [(logT) <T+w log (w))]
< o (cr (o))

Therefore, this is also a bound on |E(T)]|. d

Altogether this shows a cost rate which is for 7 > 1 better than any algebraic rate and only slightly worse
than any logarithmic rate.* Moreover, for 0 < 7 < 1, we get a meaningful estimate from our approach at
all. This has to be compared to results which were derived elsewhere by means of Stechkin’s Lemma using so
called p-summability and d-admissibility conditions that are based on complex analytic regularity assumptions
on polydiscs/polyellipses. In contrast to that, we only have to count the cardinality of the respective hyperbolic
cross induced by T' and the smoothness indices r. But we will have to use a Hilbert space structure (and not
just a Banach space). Moreover, we have to assume a monotone ordering of the smoothness indices r to be
given in the first place.

2.3. Extensions. In the previous two subsections, we gave upper bounds for the cardinality of hyperbolic
crosses in the infinite-dimensional case for the setting of nonperiodic mixed Sobolev-Korobov-type and nonpe-
riodic Sobolev-analytic-type smoothness indices, i.e. we specifically considered the subsets G(T') C ZT x ZT,
and E(T) C Z7' x ZZ, from (2.2) and (2.41), respectively, that involve only nonnegative values in k and s
which reflects the nonperiodic situation. Of course, periodic situations can be dealt with in an analogous way
which would involve the sets Z™ and Z$° instead. This will be discussed in this subsection. Here, altogether,
four different combinations of Z' or Z"™ with ZY, or ZJ° are possible. This leads, in addition to the fully
nonperiodic case which we already dealt with, to corresponding results for the fully periodic case and for the
nonperiodic-periodic and periodic-nonperiodic counterparts.

To simplify the presentation, we need some new notation. We use the letter Z to denote either Z'" or Z™,
and J to denote either Z%, or Z$°. Furthermore, we use the letter S to denote either K or A, i.e. the Korobov
or the analytic setting. We then can define the hyperbolic crosses in the infinite-dimensional case

Gi7(T):= {(k;s) €T x T : As(k,s) <T} where S e {K,A}. (2.61)

Here, the scalars Ax(k,s) := A(k,s) and Aa(k,s) := p(k,s) are defined in (2.1) and (2.40), respectively, with
given and fixed corresponding parameters m,a,t,r,r,p,q. Furthermore, we denote by Jy the set of all s € J
such that supp(s) C {1,...,d}. With this notation we can identify Z¢ with Jy for J = Z2°, and Z% with Jy
for 7 = Z%,. Then, we can analogously define the hyperbolic crosses GX, ; (T') and G2, ; (T) in the finite-
dimensional case by replacing J with J; in (2.61), respectively. We altogether obtain eight types of hyperbolic
crosses for the infinite-dimensional case and eight types of hyperbolic crosses for the m + d-dimensional case
which correspond to the different possible combinations. For example, for the index sets of nonperiodic mixed
Korobov-type and nonperiodic analytic smoothness, we now have G%T Xz (T)=G(T) and EfTX z% (T)=E(T)

with G(T') and E(T) from (2.2) and (2.41), respectively.

40r, vice versa, with cost M = |E(T)| and thus T > exp <c;;- (log M)"—)7 this gives a bound & < exp(—cg +(log M)7) for the

accuracy € = 71 that is obtained for fixed cost M. Thus, we obtain a rate for the approximation error which is for 7 > 1 better
than any algebraic rate and is only slightly worse than any exponential rate. For 0 < 7 < 1, we get a meaningful rate at all.
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We now can formulate the results on the estimation of |GX, /(T)| and |G4, /(T)|. To this end, let us define
the following quantities which depend on the parameters m,a,t,r,r,p,q and T":

(2.62)

A(a7r7m7taT)7 S = K7 ]\4(t)7 S=K
AS(T) = MS =

m/a _ and
T/ S=A, M, S—A

with A(a,r,m,t,T) from (2.15), M(t) from (2.27) and M, , from (2.42) for p = 0 and from (2.53) for p > 0.
Furthermore, let us define

exp (M?®) B(a,r,m,t), S=K,I=17 J=1%,
2™ exp (M) B(a,r,m,t), S=K,I=7" J=1%,,
exp (2M*°) B(a,r, m, 1), S=K,I=272%,J=1,
2™ exp (2M?®) B(a,r,m,t), S=K, IT=7" J =17,
C3y g = . g . . (2.63)
(3/2)*™ exp (M®), S=ATI=1%, J=1%,
2m (3/2)%™ exp (MS), S=A1IT=72" J=1%,,
(3/2)%™ exp (2M°), S=A1T=177, J=1,
2™ (3/2)?™ exp (2M9), S=AI=2m J=1L,

with B(a,r,m,t) from (2.14).
We are now in the position to state a generalized theorem which covers all different possible cases.
THEOREM 2.12. For the case S = K, let the triple m,a,r be given as in (2.25), and, for the case S = A, let
the 5-tuple m,a,r,p,q be given as in (2.39). Suppose that there hold the assumptions of Theorem 2.6 if S = K,
and the assumptions of Theorem 2.7 if S = A, p =0, and of Theorem 2.9 if S = A, p > 0. Then, we have for
every T' > 1

GLeg, (D < |Gz (D] < CF, 7 AN(T). (2.64)

We here refrain from giving explicit proofs since they are similar to these of the last two subsections involving
just obvious modifications.

We finish this section by giving a simple lower bound for |G§XJd (T)| and |G%,, ;(T)|.

THEOREM 2.13. For the case S = K, let the triple m,a,r be given as in (2.25), and, for the case S = A,
let the 5-tuple m,a,r,p,q be given as in (2.39). Then, we have for every T > 1

GZxg (D] 2 G2, g,(T)] = [THe]™. (2.65)

Proof. 1t is sufficient to treat the case T = ZT7', J; = Zi. To this end, we consider the set @ of all elements
(k,0) € ZT x Zi such that k; < 7Y% — 1, j =1,...,m. Then, Q is a subset of G (T) for T > 1. Hence,

m d
ZJr><ZJr

the obvious inequality |Q| > |T/|™ proves the assertion. O

3. Hyperbolic cross approximation in infinite tensor product Hilbert spaces. In this section, we
present the basic framework for our approximation theory in the infinite-dimensional case which is based on
infinite tensor product Hilbert spaces. Then, we consider specific instances of our general theory and define the
mixed Sobolev-Korobov-type and mixed Sobolev-analytic-type spaces mentioned in the introduction.

3.1. Infinite tensor product Hilbert spaces and general approximation results. We recall the
notion of the infinite tensor product of separable Hilbert spaces. Let H;, j = 1,...,m, be separable Hilbert
spaces with inner products (-, -);. First, we define the finite-dimensional tensor product of H;, j = 1,...,m, as
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the tensor vector space H; ® Ho ® - -- ® H,,, equipped with the inner product

m

(@707, @Tyy) = [[(¢5.005);  for all ¢;,4; € Hj. (3.1)

Jj=1

By taking the completion under this inner product, the resulting Hilbert space is defined as the tensor product
space H1 ® Hy ® --- ® Hy, of Hj, j =1,...,m. Next, we consider the infinite-dimensional case. If H;,j € N, is
a collection of separable Hilbert spaces and &;, j € N, is a collection of unit vectors in these Hilbert spaces then
the infinite tensor product ®;enH; is the completion of the set of all finite linear combinations of simple tensor
vectors ®jen¢; where all but finitely many of the ¢;’s are equal to the corresponding &;. The inner product of
®jen¢; and ®;eny; is defined as in (3.1). For details on infinite tensor product of Hilbert spaces, see [7].
Now, we will need a tensor product of Hilbert spaces of a special structure. Let H; and Hs be two given
infinite-dimensional separable Hilbert spaces. Consider the infinite tensor product Hilbert space

L:= H"® H3° where H":= @] L Hy, H3°:= ®;2,Hs. (3.2)

In the following, we use the letters I,.J to denote either Z, or Z. Recall also that we use the letter Z to
denote either Z7" or Z™ and the letter J to denote either ZY, or Z°. Let {¢1x}rer and {¢2s}scs be given
orthonormal bases of Hy; and Ho, respectively. Then, {¢1 x jxez and {¢2s}scs are orthonormal bases of H{"
and H3°, respectively, where

Prx = QT Q1K P25 1= QjL P2, (3.3)
Moreover, the set {¢x s} (ks)ezxs is an orthonormal basis of £, where
Prs = D1k @ Pas. (3.4)
Thus, every f € L can by represented by the series
f = Z fr.s Px,ss (3.5)
(k,s)EZXT

where fis := (f, ¢x;s) is the (k,s)th coefficient of f with respect to the orthonormal basis {@ks}k,s)czx7-
Furthermore, there holds Parseval’s identity

£ = > fesl (3.6)

(k,s)EIXT

Now let us assume that a general sequence of scalars A := {A(k, s) }(k,s)ezx 7 With A(k,s) # 0 is given. Then,
we define the associated space £* as the set of all elements f € £ such that there exists a g € £ such that

Jk,s
= : . 3.7
f Z )\(k, S) ¢k75 ( )
(k,s)ETXT
The norm of £ is defined by ||f||z» := ||g| 2. From the definition (3.7) and Parseval’s identity we can see that
£z = >0 Mks) sl (38)
(k,5)ETXT

We also consider the subspace L4 in £ defined by Ly := {f = E(k,S)GIXJd frs ¢k,s} and the subspace Efi‘ =

LN Ly, where J; = {s € J : supp(s) C {1,---,d} }.
Next, let us assume that the general nonzero sequences of scalars A := {A(k,s)}xs)czxs and v :=

{v(k,8)}(ks)ezxs are given with associated spaces L£* and LY with corresponding norms and subspaces £
and L£}. For T' > 0, we define the set

Ak, s
v(k,s

~—

Gzxg(T) = {(k,s) €I xJ:

18
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and the subspace P(T') of all g € L of the form

9= Y. Gksbrs (3.10)

(k,s)EGzx7(T)

We are interested in the £“-norm approximation of elements from £* by elements from P(7T'). To this end, for
f € L and T > 0, we define the operator St as

Sr(f):= > frsks (3.11)

(k,s)EGzx7(T)

We make the assumption throughout this section that Gz« 7(T') is a finite set for every T' > 0. Obviously, Sy
is the orthogonal projection onto P(T"). Furthermore, we define the set Gz 7,(T'), the subspace Py(T') and the
operator Sy r(f) in the same way by replacing J by Jy.

The following lemma gives an upper bound for the error of the orthogonal projection Sy with respect to the
parameter T.

LEmMMA 3.1. For arbitrary T > 1, we have

If = Sr(Pller < TV fller,  VfeLrncr (3.12)

Proof. Let f € £L2N LY. From the definition of the spaces £* and £V and the definition (3.8) of the associated
norms ||.||z» and ||| zv, we get

1f = Sz (H)IIZv Yoo Ilks)Plfisl

(k,8)€Gzx g (T)

Ak
< sup (k’S) S AKS)P  fsl
(k,s)¢Gzx 7 (T) V( ’S) (k,s)¢Gzx7(T)
< T2 Fl12x-

0
Now denote by &* the unit ball in £*, i.e., U := {f € L* : || f||z» < 1}, and denote by U the unit ball in
L, ie, Uy = {feL): [fllz3 < 1}. We then have the following corollary:
COROLLARY 3.2. For arbitrary T > 1,

o < T (3.13)

sup inf |[f—gllee = sup |[f—Sr(f)l
feur geP(T) feur

Next, we give a Bernstein-type inequality.
LEMMA 3.3. For arbitrary T > 1, we have

[fllex < Tlfller, V5 e P(T). (3.14)

Proof. Let f € P(T). From the definition of £* and £” and the definition (3.8) of the associated norms ||.|| -
and ||.||zv, it follows that

1f125 = > K S)Plfesl?

(k,s)€Gzx 7(T)

Ak, s)
v(k,s)

S Il s)Plfisl

(k,s)eGzx 7(T)

< sup
(k,;8)EGT X7 (T)

IN

T2 fl1Z-



Now we are in the position to give lower and upper bounds on the e-dimension n. (>, £V).
LEMMA 3.4. Let e € (0,1]. Then, we have

Gzxg(1/e)l =1 < n(UM L") < [Gzxg(1/e)l. (3.15)
Proof. Put T = 1/¢ and let

B(e) :={f € P(T): Ifllcv < e}

To prove the first inequality, we need the following result on Kolmogorov n-widths of the unit ball [56, Theorem
1]: Let L,, be an n-dimensional subspace in a Banach space X, and let B, (8) := {f € L, : ||fllx <4}, > 0.
Then

dn—1(Bn(6),X) = 4. (3.16)
In particular, for n := dim P(T) = |Gzx7(1/¢)|, we get
dn_1(B(e), L") = e. (3.17)

Note furthermore that the definition (1.1) of the Kolmogorov n-width does not change if the outer infimum is
taken over all linear manifolds M,, in X of dimension n instead of dimension at most n. Hence, for every linear
manifold M,,_; in £¥ of dimension n — 1, equation (3.17) yields

sup inf ||f—gller > e
feB(e) 9€Mn—1

From Lemma 3.3, we obtain
B(e) C U, (3.18)

which gives

ne(UM LY) > n.(B(e),L”) > supin': ¥ M, : dimM,, <n', sup inf |f—glle >ep.
feB(e) geM,,,

Here, M, is a linear manifold in £ of dimension < n’. Altogether, this proves the first inequality in (3.15).
The second inequality follows from Corollary 3.2. a0
In a similar way, by using the set Gz ,(T), the subspace P4(T) and the operator Sq r(f), we can prove
the following lemma for n. (U3}, £Y).
LEMMA 3.5. Let e € (0,1]. Then we have

Gzxg,(1/) =1 < ne(U3, L) < |Gzxg,(1/e)l. (3.19)

3.2. Results for mixed Sobolev-Korobov-type and mixed Sobolev-analytic-type spaces. So
far, we laid out the basic framework for our theory in the infinite-dimensional case, where the error of an
approximation is measured in the ||.|| z»-norm and the functions to be approximated are from the space £* with
associated, given general sequences v and A. In the following, we will get more specific and we will plug in
particular sequences v and A. They define the Sobolev-Korobov-type spaces and Sobolev-analytic-type spaces
mentioned in the introduction, whose indices were already used for the definition of the hyperbolic crosses in
Section 2. To this end, we will use Sobolev-type spaces for H{"*, Korobov-type spaces for H5°, and analytic-type
spaces for H3° in (3.2).

First, for given o > 0, we define the scalar A, o(k), k € Z, by

Aol = max (1+ b)) (3.20)
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Recall the definition (3.2). The Sobolev-type space K* is then defined as the set of all functions f € H{* such
that there exists a g € H{" such that

F=Y —= . ¢1 k; (3.21)

kel

where gx := (g, ¢1x) is the kth coefficient of g with respect to the orthonormal basis {¢1 x }xez. The norm of
K% is defined by

1f e = llgllc- (3.22)

Second, for given r € RS, we define the scalar p.(s), s € J, by

ﬁ 14 |s])7. (3.23)

Recall the definition (3.2). The Korobov-type space K™ is then defined as the set of all functions f € H$° such
that there exists a g € H$® such that

_ 9 4 ~
d ;MS) P20 (3.24)

where gs := (g, ¢2,s) is the sth coeflicient of g with respect to the orthonormal basis {¢2s}sc7. The norm of
K7 is defined by

[fllxr = llglle- (3.25)

Third, for given r € RY, p,q > 0, we define the scalar py p 4(s), s € J, by

(o)
Prop.a(s H L4 pls; )77 exp ((r,s])) (r[s]) : Zmlsj\ (3.26)

The analytic-type space A™P*¢ and its norm are then defined as in (3.24) and (3.25) by replacing p.(s) with
Pr.p,q(8). Note at this point that the spaces K, K* and A"P-? are themselves Hilbert spaces with their naturally
induced inner product. This means that if g, ¢’ represent f, f’ as in (3.22) or (3.25), then (f, /') := (g, ¢).

For a > 8 > 0, we now define the spaces G and H by

G:= K’ @ HY H:= K*®F, whereF' is either K* or A"P4. (3.27)

Here, H3® is given in (3.2). The space H is called Sobolev-Korobov-type space if F' = K in (3.27) and Sobolev-
analytic-type space if F' = A™P:4. From these definitions we can see that G and H are special cases of £ in (3.2).
Moreover,

G = £, where vi= {v(k,)bmersss 1(K,S) = A (k). (3.28)
Furthermore, denoting by S either K or A (cf. Subsection 2.3), we see that
H = £ where X := {Ak,8)}pserxs, Ak,s) = As(k,s), (3.29)

where Ag(k,s) = A o(k)pre(s) if S = K and Ag(k,s) = A o (k)prp.q(s) if S = A, respectively. We also consider
the subspaces Gg := G N Ly and Hy :=H N Ly.

We are now in the position to state the properties of the hyperbolic cross approximation of functions from
‘H with respect to the G-norm. To this end, we fix the parameters m, «, 5, r,p, ¢ in the definition of G and H,
and put a = a — 8. We will assume that, for S = K, the triple m, a,r is given as in (2.25) and, for S = A, the
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5-tuple m,a,r,p, q is given as in (2.39). Denote by U the unit ball in H, i.e., U := {f € H: | fllu <1}, and by
Uy the unit ball in Hy, ie., Uy := {f € Hq: ||flln < 1}. Then, from Corollary 3.2, Lemmata 3.4 and 3.5 and
Theorems 2.12 and 2.13, we obtain the following result:

THEOREM 3.6. Let a > 3> 0, let a = a— (3, let, for S = K, the triple m, a,r be given as in (2.25), and let,
for S = A, the 5-tuple m,a,r,p,q be given as in (2.39). Suppose that there hold the assumptions of Theorem
2.6 if S = K, and the assumptions of Theorem 2.7 if S = A, p =0, and Theorem 2.9 if S = A, p > 0. Then,
we have for every d € N and every € € (0, 1]

e V@AM — 1 < ne(Ua,Ga) < me(U,G) < CF 5 A% (Y, (3.30)
where C%, ; and A%(T) are as in (2.63) and (2.62), respectively. Moreover, it holds
sup [|f = Sge-1(f)llgs < sup[lf =S (f)llg < e (3.31)
felq feu

4. Hyperbolic cross approximation of specific infinite-variate functions: Two examples. In
this section, we make the results of the previous section for hyperbolic cross approximation of infinite-variate
functions more specific. We will consider two situations as examples: First, the approximation of infinite-
variate periodic functions from Sobolev-Korobov-type spaces and, second, the approximation of infinite-variate
nonperiodic functions from Sobolev-analytic-type spaces. Note that the other possible cases can be treated in
an analogous way.

4.1. Approximation of infinite-variate periodic functions. Denote by T the one-dimensional torus
represented as the interval [0, 1] with identification of the end points 0 and 1. Let us define a probability measure
on T°°. It is the infinite tensor product measure p of the univariate Lebesgue measures on the one-dimensional
T, ie. du(y) = ®j€N dy,. Here, the sigma algebra ¥ for p is generated by the periodic finite rectangles
HjeZ I; where only a finite number of the I; are different from T and those that are different are periodic
intervals contained in T. Then, (T, X, 1) is a probability space.

Now, let Lo(T*°) := Lo (T, i) denote the Hilbert space of functions on T* equipped with the inner product
(f,9) == [poe f(¥)9(y) dpu(y). The norm in Ly(T®) is defined as || f|| := (f, f)'/2. Furthermore, let Ly(T™) be
the usual Hilbert space of Lebesgue square-integrable functions on T™. Then, we set

LQ(Tm X TOO) = LQ(Tm) (9 LQ(TOO)

Observe that this and other similar definitions become an equality if we consider the tensor product measure
in T™ x T*°. For (k,s) € Z™ x Z2°, we define

e(k,s)(XaY) = ek(x)es(y), ek(x) = H €k, (Ij)a GS(Y) = H €s; (yj)a
j=1

Jjé€supp(s)

where e,(y) := e?™*. Note that {eq s)}(k,s)czmxze is an orthonormal basis of Ly (T™ x T). Moreover, for
every f € Lo(T™ x T°°), we have the following expansion

f= > fksews

(k,s)EZ™ X Z®

where, for (k,s) € Z™ x Z2°, f(k,s) = (f,e,s)) is the (k,s)th Fourier coefficient of f. Hence, putting
H1 = HQ = LQ(T), we have

Ly(T™ x T®) = L:= H"® H.

Next, based on the orthonormal bases {¢1 1 trer := {ex ez and {@2 s }ses = {es}sez for the two spaces Hy
and Hj in (3.2) with I = J = 7Z, respectively, we construct the associated Sobolev-type spaces K#(T™ x T)
and the associated Sobolev-Korobov-type spaces K«*(T™ x T°) for the periodic case as

KP(T™ x T>®) =G, KT(T™ x T®) :=H,
22



where G and H are defined® as in (3.27) with F' = K™ and the triple m, o, r as in (2.25). Furthermore, we set
KB (T™ x T®) := Gg, K3 (T™ x T®) := Hg.

For T > 0, let us denote by T(T") the subspace of trigonometric polynomials g of the form

g:= > 9k, s)e(k.s), (4.1)

(k,8)€G L y 500 (T)
where
Gomxze(T) = {(k,8) € Z™ X Z3° : Ak (k,s) < T},

and, with a = o — 3,

t+1 fe%s)
Mclles) == max (1 k)" L0+ 15,7 T (15,0
T j=1 Jj=t+2

For f € Lo(T™ x T*°) and T > 0, we define the Fourier operator St as

ST(f) = Z f(ka s)e(k,s)~ (42)

(k;8)EGK 5o (T)

Let U**(T™ x T*) := U and U3"" (T™ x T*) := Uy be the unit ball in K**(T™ x T>) and K3 (T™ x T>),
respectively. Now, from Theorems 3.6, 2.12 and 2.13, the results on the hyperbolic cross approximation in infinite
tensor product Hilbert spaces of Section 3 can be reformulated for the approximation of periodic functions in
Sobolev-Korobov-type spaces as follows.

THEOREM 4.1. Let « > 3> 0, let a = a — B and let the triple m,a,r be given as in (2.25). Suppose that
there hold the assumptions of Theorem 2.6. With
ne(d) i= na(UF(T™ X T), KE(T™ x T=)),  nei= no(UF(T™ x T), K7 (T™ x T*)),
we have for every d € N and every € € (0, 1]
e V@B m _1 < no(d) < n. < CAEY), (4.3)

where C := 2™ *M®) B(a — B,7,m,t) with M(t) from (2.27) and B(a,r,m,t) from (2.14), and

T/ (@=B) r>(a—p)/m,
A(T) = { T @B log(2TY (=B 4 D)[r~tlogT + (t +1)log2)t, r=(a—fF)/m,
TY [r~Yog T + (t + 1) log 2]%, r < (a—B)/m.

Note at this point that we discussed here only the example involving the Sobolev-Korobov-type space. The
Sobolev-analytic-type space as well as other combinations for the periodic case can be defined and dealt with
in an analogous way if necessary.

5At this point, note a slight abuse of notation. In (3.27), the KP only relates to H™.
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4.2. Approximation of infinite-variate nonperiodic functions. In the following, we consider the
nonperiodic case in more detail. Here, we focus on two types of domains, R and I := [—1,1]. To this end, we
use the letter D to denote either I or R. Let us define a probability measure g on D*°. For D = I, a probability
measure on [*° is the infinite tensor product measure i of the univariate uniform probability measures on the one-
dimensional I, i.e. du(y) = ®jez %dyj. For D = R, a probability measure on R*° is the infinite tensor product
measure g of the univariate Gaussian probability measure on R, i.e. du(y) = ®jez(27r)’1/2 exp(fy?/Q)dyj.
Here, the sigma algebra ¥ for p is generated by the finite rectangles []. j en 1j, where only a finite number of
the I; are different from I and those that are different are intervals contalned in D. Then, (D*°, %, u) is a
probability space.

Now let L2 (D*°, 1) denote the Hilbert space of functions on D> equipped with the inner product (f, g) :=
Jpee f(¥)9(y) du(y). The norm in Lo(D*, ) is defined as || f|| := (f, f)*/?. In what follows, y is fixed, and for
conventlon we write Ly(D*, u) := Lo(D*). Furthermore, let Lo(I™) be the usual Hilbert space of Lebesgue
square-integrable functions on I based on the univariate normed Lebesgue measure. Then, we define

LQ(]Im X ]D)OO) = LQ(Hm) ®L2(Doo)

Let {lx}72, be the family of univariate orthonormal Legendre polynomials in Lo(I) and let {ht}32, be the
family of univariate orthonormal Hermite polynomials in Ls(R, 1) with associated univariate measure du(y) :=
(2m) =12 exp(—y?/2)dy. We set

{ZS}SGZ ) D= ]17
{b16}kez, = {lktrez,, and {¢2s}sez, = { ’ (4.4)
{hs}s€Z+a D =R.

For (k,s) € ZT x Z%,, we define
P,s)(X,Y) = M1 k(X)as(y), o1x(x H b1k, (), d2s(y) = H </>2 s; (y5)-
Jj=1 jE€supp(s

Note that {¢(k,s)}(k,s)eZ’+"xZ°+°* is an orthonormal basis of La(I"™ x D). Moreover, for every f € Lo (I"™ x D),
we have the following expansion

f = Z fk,s¢(k,s)7

(k,8)EZT XL,

where for (k,s) € Z' xZZ,, fxs = (f, dk.s)) denotes the (k,s)th coefficient of f with respect to the orthonormal
basis {¢(k,s)}(k,s)ezgg><2f*~ Hence, by putting Hy = Lo(I, 3dz) and Hy = Ly(D), we have

Lo(I™ x D*®) = L:= H{"® H3".
Next, based on the orthonormal bases {¢1x}rer and {¢2s}ses for the two spaces Hy and Hs in (3.2)
with I = J = Z, as defined in (4.4), respectively, we construct the associated Sobolev-Korobov-type spaces
KB(I™ x D>°) and the associated Sobolev-analytic-type spaces A ™P:4(I"™ x D) for the nonperiodic case as

K*B(}Im xD®):=G, AYTPYL x D®) = H,

where G and H are defined® as in (3.27) with F' = A™P:9 and the 5-tuple m, o, r,p, ¢ as in (2.39). Furthermore,
we set

K™ x D) i=Gq,  AT"PUI™ x D) = Hy.

6Note again a slight abuse of notation here. In (3.27), the KP only relates to H™.
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For T > 0, we denote by P#(T) the subspace of polynomials g of the form

g:= Z Jk,sP(k,s) (4.5)
(k,s)€G, ZT X2, (1)
where
Gy xzee (T) = {(k,s) € Z x Z, : Aa(k,s) < T}, (4.6)
and
Aak,s) = max (1+k;j) H (14 ps;)~7 exp((r,s) ersj (4.7

1<5< m
For f € Ly(I™ x D) and T > 0, we define the operator Si* as

Sp(f) = Z Jrsb,s)- (4.8)

(k.8)€G o0 (T)

Let U™ P4(I™ x D) := Y and UJ""PI(I"™ x D) := Uy be the unit ball in A“"P9(I" x D) and A ""(I™ x
D*°), respectively. Now, from the Theorems 3.6, 2.12 and 2.13, the results on hyperbolic cross approximation
in infinite tensor product Hilbert spaces of Section 3 can be reformulated for the approximation of nonperiodic
functions in Sobolev-analytic-type spaces as follows.

THEOREM 4.2. Let « > >0, let a = a — B and let the 5-tuple m,a,r,p,q be given as in (2.39). Suppose
that there hold the assumptions of Theorem 2.7 if p = 0, and the assumption of Theorem 2.9 if p > 0. With

ne(d) :== n (U0 PII™ x ]D)°°)7K5(]Im x D)), ne = n(U™TPIUI™ x D®), K (I™ x D))
we have for every d € N and every € € (0, 1]
le=Ve=A)m 1 < no(d) < ne < (3/2)™exp(M,q)e ™/ @A), (4.9)

where My, 4 is as in (2.42) for p =0, and as in (2.53) for p > 0.
Note at this point that we discussed here only the example involving the Sobolev-analytic-type space. Other
combinations can be defined and dealt with in an analogous way.

5. Application. We now give an example of the application of our approximation results in the field of
uncertainty quantification. We focus on the notorious model problem

—divg(o(x,y)Vxu(x,y)) = f(x) xel™ yeD> (5.1)

with homogeneous boundary conditions u(x,y) = 0, x € 9™, y € D>, i.e. we have to find a real-valued
function w : I'"™ x D> — R such that (5.1) holds p-almost everywhere, where D is either I*® or R*> and
w1 is the infinite tensor product probability measure on D> defined in Subsection 4.2. Here, 1" represents
the domain of the physical space, which is usually m = 1,2, 3-dimensional, and D represents the infinite-
dimensional stochastic or parametric domain. We assume that there holds the uniform ellipticity condition
0 < Omin < 0(X,Y) < Omaz < 00 for x € I and p-almost everywhere for y € D*°. In a typical case, o(x,y)
allows for an expansion o(x,y) = &(x)+>.72, ¥;(x)y;, where & € Loo(I™) and ()72, C Loo(I™). A choice for
(¥j)52, in sPDEs is the Karhtinen-Loéve basis where & is the average of o and the y; are pairwise decorrelated
random variables. Another situation is the case, where the logarithm of the diffusion coefficient o(x,y) can be

represented by a centered Karhiinen-Loéve expansion o(x,y) := exp (E;’;l Y5 (x)) .

Note here that u(x,y) can be seen as a map u(-,-) : D® — HP(I™) of the second variable y. Usually, for
the elliptic problem (5.1), we consider the smoothness indices 5 = 0 or § = 1. In general, the solution u lives
in the Bochner space

L, A0 = {0 o ) s [ a3 oo () < o0
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(with a natural modification for p = 0o), where H?(I"™) is the Sobolev space of smoothness 3. For reasons
of simplicity, we restrict ourselves to the Hilbert space setting and consider p = 2. Then, since H?(I™) is a
Hilbert space as well, Ly(ID>, H?(I"™)) is isomorphic to the tensor product space H?(I"™)® Ly(ID*) and we can
measure v in the associated norm || - || g (1m )@ £, (Doe) -

Furthermore, depending on the properties of the diffusion function o(x,y) and the right hand side f(x), we
have higher regularity of u in both, x and y. While we directly may assume that u(-,y) is in H*(I™),a > S,
pointwise for each y, the regularity of w in y needs further consideration. It is known that, under mild
assumptions on o(x,y), the solution of (5.1) depends analytically on the variables in y, see e.g. [2, 5, 13, 14].
Moreover, there are estimates that show a mixed-type analytic regularity of  in the y-part, i.e. we indeed have”
u(x, ) € A»P4(D>). For the simple affine case with a product Legendre expansion, this will be discussed in more
detail in the appendix. For estimates on the expansion coefficients, see e.g. [14], formula (4.9), [13], section 6, or
[10], subsection 1.3.2, for the case of uniformly elliptic diffusion and [36] for the case of log-normally distributed
diffusion, and see also [6, 57]. Analogous estimates and derivations hold (after some tedious calculations) for
more complicated non-affine settings and diffusions, see, e.g. [10, 57], provided that corresponding proper
assumptions on o(x,y) and thus on u(x,y) are valid.

In addition, and this is less noticed, we also have a mixed-type regularity of u between the x— and the y—part.
To be precise, a calculation following the lines of [2] which involves successive differentiation of (5.1) with respect
to y reveals that the solution u belongs to the Bochner space A™P2(D>°, H*(I")) provided that o(x,y) and
f(x) are sufficiently smooth. Since A™P:4(D>°, H*(I™)) is isomorphic to H*(I™) ® A™P4(D>) we indeed have
mixed regularity between x and y. In the end, this is a consequence of the chain rule of differentiation with
respect to y and the structure of the sSPDE (5.1) which involves derivatives with respect to x only. If there is
not enough smoothness, then A*P-4(D>) has to be replaced by K*(D>) (with some different r), but the mixed
regularity structure between x— and y—part remains.® Thus, we first consider the case where u(x,-) is in a
space of analytic-type smoothness r, p, ¢ for each x with certain smoothness indices r, p,q. Then, we consider
the case where u(x,-) is in a space of Korobov-type smoothness r.

In what follows, we keep the notation of Sections 3 and 4, and in particular, the notation of Subsection 4.2.
Let « > 8> 0, a = a — 8 and the 5-tuple m, a,r, p, ¢ be given as in (2.39). For convenience, we allow, again by
a slight abuse of notation, for the identification

KA(I™ x D*®) = KA(I™)® Ly(D®) = HP(I™) ® Ly(D™)
and allow for u to belong to the space of analytic-type smoothness
Aa,r,p,q (H7n X ID)OO) — KO{ (]Im) ® Al‘,p,q(DOO) — HCE (]I'ﬂl) ® A[‘,p,q(DOO)
We then are just in the situations which we analyzed in Subsection 4.2. Let us combine Theorems 3.6, 2.7 and 2.9
and reformulate them in a more conventional form. Taking the hyperbolic cross GA(T) := GQTXZT (T) = E(T)
as in (2.41) and (4.6), using the orthogonal projection S# as in (4.8) and putting n := |GA(T)|, we redefine S#
as a linear operator of rank n
L, : KP(I™) @ Ly(D®) — PA(T),

where PA(T) is defined by (4.5). Suppose that there hold the assumptions of Theorem 2.7 if p = 0, and
the assumptions of Theorem 2.9 if p > 0. From Theorems 3.6, 2.7 and 2.9 we obtain an error bound of the
approximation of the solution u by L,, as

lu — Lo (w)l k6 amyoL,m=) < 207 exp[ (a — B) My q/m] n= (o= P)/m ]l e (1 y @ Aropea (oo

Next, we consider the case where u(x, -) is only in a space of Korobov-type smoothness r. To this end, recall
the details of Subsection 4.2. Again, based on the orthonormal bases {¢1 x }xer and {¢2 s}scs for the two spaces

“Consequently, there is here no issue with our specific choice of norm as in [49].

8The determination of r from e.g. the covariance structure of o(x,y) is however not an easy task. In general, a direct functional
map from the covariance eigenvalues (if allocatable) to the sequence r is not available at least to our knowledge, and only estimates
can be derived.
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H, and Hs in (3.2) with I = J = Z, as defined in (4.4), respectively, we construct the Korobov-type spaces
KP(I™ x D®) :=G, K™ xD®):=H,
where G and H are defined as in (3.27) with F' = K" and the triple m, a, r is from (2.25).
For T > 0, we denote by PX(T) the subspace of polynomials g of the form
g = Z gk,s¢(k,s)v (52)
(k,s)eGE(T)
where

GH(T) = Gimyze (T) = {(k;5) € ZT x L, : Mg (k.s) < T, (5.3)

and

o0
A (k,8) = I%ax 1+ k) ]];[1 1+5;)"

For f € La(I™ x D) and T > 0, we define the operator SE as

SE) = > fess): (5.4)

(k,s)EGE(T)

Then, we see from Theorem 3.6 that for arbitrary 7" > 1

If = SE(Dllkeamyoram=) < T Fllxeamyorrm=), Ve K¥H(I™ x D). (5.5)

On the other hand, let @ > 8 > 0, let a = o — 8 and let the triple m,a,r be given as in (2.25). Suppose that
there hold the assumptions of Theorem 2.6 and moreover, r > (o — )/m. Then, we have by Theorem 2.6 for
every T' > 1,

IGK(T)| < cTm/e=h), (5.6)

where C := C(a,r,m,t) is as in (2.28) (and with GK(T) = G(T) in (2.2)). Setting n := |G¥(T)|, we redefine
the orthogonal projection SX as a linear operator of rank n

Ly, : KP(I™) ® Ly(D>®) — PE(T).
From (5.5) and Theorem 2.6, we obtain an error bound of the approximation of u by L, as
lu = Ln (W)l ko amy@ramey < CO™/Mn=OBM ly|| o gmyg xr oo

Note finally that the results in this section can be extended without difficulty to the periodic setting or to mixed
periodic and nonperiodic settings of (5.1).

6. Concluding remarks. In this article we have shown how the determination of the e-dimension for
the approximation of infinite-variate function classes with anisotropic mixed smoothness can be reduced to
the problem of tight bounds of the cardinality of associated hyperbolic crosses in the infinite-dimensional
case. Moreover, we explicitly computed such bounds for a range of function classes and spaces. Here, the
approximation was based on linear information. The obtained upper and lower bounds of the e-complexities
as well as the convergence rates of the associated approximation error are completely independent of any
parametric or stochastic dimension provided that moderate and quite natural summability conditions on the
smoothness indices of the underlying infinite-variate spaces are valid. These parameters are only contained in
the order constants. This way, linear approximation theory becomes possible in the infinite-dimensional case
and corresponding infinite-dimensional problems get manageable.
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For the example of the approximation of the solution of an elliptic stochastic PDE it indeed turned out
that the infinite-variate stochastic part of the problem has completely disappeared from the cost complexities
and the convergence rates and influences only the constants. Hence, these problems are strongly polynomially
tractable (see [47] for a definition). Note at this point that the m-variate physical part of the problem and
the infinite-variate stochastic part are not separately treated in our analysis but are collectively approximated
where the hyperbolic cross approximation involves a simultaneous projection onto both parts which profits from
the mixed regularity situation and the corresponding product construction. Here, we restricted ourselves to a
Hilbert space setting and to linear information. Furthermore, we considered an a priori, linear approximation
approach.

We believe that our analysis can be generalized to the Banach space situation, in particular, to the L;- and
Loo-setting which is related to problems of interpolation, integration and collocation. Then, instead of linear
information, standard information via point values is employed and non-intrusive techniques can be studied,
which are widely used in practice. To this end, the efficient approximative computation of the coefficients fy s
still needs to be investigated and analyzed in detail. We hope that some of the ideas and techniques presented
in the this paper will be useful there.

For our analysis, we assumed the a priori knowledge of the smoothness indices and their monotone ordering.
This is sound if these smoothness indices stem from an eigenvalue analysis of the covariance structure of the
underlying problem and are explicitly known or at least computable. If this is however not the case, then, instead
of our a priori definition of the hyperbolic crosses from the smoothness indices, we may generate suitable sets
of active indices in an a posteriori fashion by means of dimension-adaptivity in a way which is similar to
dimension-adaptive sparse grid methods [28, 32].

Finally, recall that we assume linear information and an associated cost model which assigns a cost of O(1)
to each evaluation of a coefficient fyxs. Or, the other way around, we just count each index (k, s) in a hyperbolic
cross as one. We may also consider more refined cost models which take into account that the number #(k,s)
of non-zero entries of an index (k,s) is always finite. This would allow to relate the cost of an approximation
of the coefficient fx s to the number of non-zero entries of each (k,s) in a hyperbolic cross induced by T'. For
examples of such refined cost models, see e.g. the discussion in [18] and the references cited therein. In our case,
this would lead to a cost analysis where the cardinality of the respective hyperbolic cross is not just counted by
adding up ones in the summation, but by instead adding up values which depend on #(k, s) via e.g. a function
thereof, which reflects the respective cost model.
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Appendix. We now show for a simple model problem of the type (5.1) that its solution u belongs to the
space K (I™)® A*P2(D>) for any p,q > 0 provided that a certain assumption on o and thus a certain condition

on r is satisfied. Consequently, our theory is indeed applicable here.
We consider the problem

—divg (0(x,y)Vxu(x,y)) = f(x), u|orm = 0. (6.1)

Here, we assume that 0 < opin < 0(X,¥) < Omax < o0 for all x € I™ and all y € D*°. Moreover, we follow
closely the seminal article [13] and consider the linear affine setting

o(x,y) =o(x) + Z b (X)y;- (6.2)
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We furthermore assume that there is 0 < 8 < « < 0o and a := o — 3 such that?
Hy(I™) — K? and {we Hj(I"™) : Awe L*(I™)} — K.

Recall our definitions (3.2) and (3.7) of the spaces £ and £*. Also recall our definition (2.40) of the scalar
p(k,s) = 12;;}( (14 |k;)° H (14 pls;|)” T exp er|sj| =: Am,a(K)prpq(s) =t Aa(k,s) (6.3)

together with the notations of A, . (k) from (3.20), p(r,p, ¢) from (3.26) and A 4(k,s) from (4.7), respectively.
We encounter the non-periodic setting here and thus have only non-negative values for the indices k and s in
the sets 7, 7, i.e. (k,s) € ZT x ZF. Now, for the orthogonal basis @i s := ¢1,x ® P2 of (3.4) for L from (3.2),
we assume for reasons of simplicity some suitable orthogonal basis for ¢; x and we specifically use products of
Legendre polynomials for ¢, s. We set

(71)”\/2n+1 dn NG
) =L VIR 1-—
¢2, (y) onpl dy" ( Y )

and ¢o 5 = ® < $2,s;, c.f. (3.3). Furthermore, we have that

/ ¢2 SJ ¢2 Sk( ) 6k Sy and max ’¢2 55 (y)| = 23] —+ 1.

—1<y<1

We consider a series representation of the solution of (6.1) as
Z Uz, s ¢2 s )
seJ

For our simple affine case with product Legendre expansion, explicit estimates for the expansion coefficients
Qig,5(x) can be found in [13], section 6, or [10], subsection 1.3.2. To be precise, we can use Corollary 6.1. of [13]
to obtain

2. < 11 -1 oy Is]! ﬁ ||1/JjHLoc(Hm) ' :.Bﬂbs (6.4)
2,8 Hé(][m) = Omin S! j:LSj;éO 7\/§Umin . S! . .

Next, we have

o0 o0
Pr,p,q(S) HQZ,SHH(%(]W) = H (1+ps;) "exp ersj ”ﬁlané(Hm)
j=1,8;#0 j=1
s —q s;
< B? H ((1 +ps;) "exp(r;s;)b; ) .
j=1,5;#0
Moreover, since (1 + ps;)~? < 1, this yields
N v s|! ~
Pr.p.q(s) Hu?vSHHOl(]Im <B |7' Hexp r;s;)b S] = |7' H exp (1) ;)" =: B%b(r)s
with
- 195l oo (gm
b;(r) := e exp (r;) .

\/gamin

9Especially, we even may assume here K% ~ H[%(]Im), ie. =1,and K® ~ H2(I™) N Hé (I™), i.e. & =2, and thus a = 1.
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Now, we have

||uHKu(H'm)@Ar,p,q(Doo) i Hu||Ar,p,q(Doo7Ka(]Ivn)) = H (Ha21SHKW(Hm))SEJ

| .
S
() s seJ

and we want to derive a condition for it to be finite. To this end, we have

(o) = lirier) L Niee),,

Now, we can apply Theorem 7.2. of [13] and get

|(o5ee)..,

()

2

|S|' 1 s
o) s seJ

&)

|S" - s
Eb(r) < 0

H(T) seJ ‘

~ > ||1/)j||Loo(]1m)
= (b(r)) =) ——exp(r;) <Ll
H ! JEN ¢1(N) j=1 \/ggmin !
Furthermore, we obtain in this case
[ I~ B
I(s50) | =3 [olir] -
seglleg)  seg!l ¥

Thus, it finally holds that

2
: sl
[ —— :H(nuz,sn wom) <H(B b(r)°
™)@ (D) Ke(™) ) seq () s! serllex s

is equivalent to

f ZH%IlLMm)eXp(m) <L (6.5)

In other words, we have derived that v € K*(I"™) @ A»P4(D>°) for any p,q > 0 provided that the condition
(6.5) is satisfied.

For the case p,q > 0, it remains to check the condition (2.53) from Theorem 2.9. If we assume r; > pq and

r; > gty aa/m ”;‘L/m, then we have with « = a — (3 that

Myl o= (14 p/2ymie 3 2 )

= Pa’y
is finite if
o0 o0
exp ) 1 a m
Z pamo_ m < r E €xp (—%T]) < 0. (66)
j=1 Ja a 1—Pq j=1

Hence, with suitable constant ¢, we have for any bounded o(x,y) of the form (6.2) with

m
90y < € exp (= (14 50) 1)

that both conditions, i.e. (6.5) and (6.6), are fulfilled.
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Analogously, for the case p = 0,¢q > 0, it remains to check the condition (2.42) from Theorem 2.7. Then we
have that

o0

1
MO’Q(m) = E mr;/a
— emrj/a — ]
j=1
is finite if
= 1 1 = m
< .
j; Ty p—— ;exp ( . m) < 0. (6.7)

Hence, with suitable constant ¢, we have for any bounded o(x,y) of the form (6.2) with

m
163 e oy < e exp (= (142 ) 75)

that both conditions, i.e. (6.5) and (6.7), are fulfilled. Moreover, in this case we do not encounter the factor
14+ m/(2a) in the exponent but merely the improved factor 1+ m/a.

Let us finally mention that, for our affine case with a product Legendre expansion and additionally using a
d-admissibility condition (c.f. [14], formula (2.8)), there are explicit estimates for the corresponding expansion
coefficients in [14], subsection 4.2, or [10], subsection 1.3.2, see also [6], proposition 7. In contrast to (6.4), these
bounds now have product structure. They match (3.26) with associated values r and p = 2,¢ = 1/2 up to an

r-dependent product-type prefactor. It has the form H;; 5,0 o(e™) with ¢(t) = 2(%1) and looks independent

of s; at first sight. But, due to the condition s; # 0, it is indeed dependent on s. After some calculation, it
can be shown that there exist a modified sequence T and modified p, ¢ such that (3.26) with, for example, the
values f =r — % log(j),e > 0 and p = 2,§ = 3/2 is exactly matched. It is now a straightforward calculation
to derive u(x,-) € A*3/2(D*°) due to its definition via (3.24) and (3.25). Of course, it remains to show that
M;.5(m) < oo is valid for these ¥, compare (2.53). To this end, we obtain for Z;‘;l exp(—327;)/(7; — pq) the

upper bound Z;’il exp(—%rj)jW (up to a constant). Thus, for example in the case m = 3,a = 1, a growth
of r like r; > (7/6 4+ ¢)log(j),e > 0 is sufficient. Note that this is indeed a quite mild condition.
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