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A PRIORI L2.-DISCRETIZATION ERROR ESTIMATES FOR THE
STATE IN ELLIPTIC OPTIMIZATION PROBLEMS WITH
POINTWISE INEQUALITY STATE CONSTRAINTS

I. NEITZEL AND W. WOLLNER

ABSTRACT. In this paper, an elliptic optimization problem with pointwise in-
equality constraints on the state is considered. The main contribution of this
paper are a priori L2-error estimates for the discretization error in the optimal
states. Due to the non separability of the space for the Lagrange multipli-
ers for the inequality constraints, the problem is tackled by separation of the
discretization error into two components. First, the state constraints are dis-
cretized. Second, with discretized inequality constraints, a duality argument
for the error due to the discretization of the PDE is employed. For the second
stage an a priori error estimate is derived with constants depending on the
regularity of the dual problem. Finally, we discuss two cases in which these
constants can be bounded in a favorable way; leading to higher order esti-
mates than those induced by the known LZ2-error in the control variable. More
precisely, we consider a given fixed number of pointwise inequality constraints
and a case of infinitely many but only weakly active constraints.

1. INTRODUCTION

In this paper, we are concerned with finite element discretization error estimates
for convex elliptic optimal control problems with pointwise state constraints. Due to
the presence of measures in the optimality system, pointwise state constraints pose
a challenge in many questions of numerical analysis. Yet, even though the literature
for state-constrained problems is less complete than for control constrained ones,
some considerable progress has been made in the last years. In addition to the
first results for state-constrained problems on plain convergence, cf. [5], as well as
problems with only finitely many integral state constraints, cf. [4], we would like
to mention, in particular, the results on error estimates for linear-quadratic control
problems from [8] and [16], where the error estimates || — gn||r2() < ch®~%/?7¢ for
the optimal controls is shown in d = 2 or d = 3 space dimensions. In [8], the authors
consider variational discretization of a purely state-constrained problem. Due to
the lack of control constraints, this is equivalent to a control discretization with
piecewise linear functions, which is considered in [16], with different techniques.
In addition, [16] contains results for problems with additional control constraints
and a piecewise constant control discretization. For a more complete overview
on state-constrained optimal control problems and further references, we refer the
reader to [11]. Let us also point out new results based on higher regularity of the
Lagrange multipliers, which can be obtained under assumptions on the given data,
in [7]. There, the authors obtain the rate || —qn||2(q) < ch|logh| in two and three
space dimensions. The same order of convergence is proven in the context of the
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2 I. NEITZEL AND W. WOLLNER

so called variational discretization in [10, Corollary 3.3] if both the continuous and
discrete control are uniformly bounded in L*(2).

In different settings with only finitely many controls, leading to either completely
finite-dimensional problems with finitely many state constraints, cf. [15], or so-called
semi-infinite programming problems with infinitely many state constraints, cf. [13,
14], higher convergence rates can be established, if some structural assumptions are
satisfied.

On the other hand, problems with control functions and finitely many constraints
have also been of interest to the optimal control community. In [6], a nonconvex
semilinear problem with finitely many pointwise inequality and equality constraints
on the state, and pointwise box constraints on the control has been analyzed for
piecewise constant control approximation. In [12], the authors prove optimal error
estimates for a linear-quadratic problem with finitely many equality constraints on
the state and piecewise linear control discretization.

A rate of convergence for the optimal controls allows to derive the same estimate
for the error for the optimal states by means of a discretization error for the state
equation as well as Lipschitz continuity of the solution operator of the PDE, cf. [8].
However, as numerical experiments in the same paper indicate, this convergence
rate for the state is not necessarily optimal. In contrast to that, in the setting
with finitely many equality state-constraints from [12], the authors could prove
an optimal rate of convergence by means of applying the duality argument of the
Aubin-Nitsche Trick to the whole optimality system. This is possible as the dual
space for given finitely many constraints is separable, in contrast to the set M()
of regular Borel-measures appearing in the presence of pointwise constraints on all
of Q.

The present work is concerned with an extension of this technique, i.e., the dual-
ity argument for the optimality system, of [12] to the case of finitely many inequality
constraints on the state. Moreover, we will directly consider the dependence of the
appearing constants with respect to the number of inequality constraints. This
will be done by providing an alternative proof to [12, Lemma 3| that provides the
explicit dependence of the constant with respect to the number and distribution of
the inequality constraints.

The extension of the results from [12] to inequality constraints with explicit
tracking of the appearing constants, allows to have a different continuous problem
associated to each mesh. In certain situations, this will allow us to obtain im-
proved L2-error estimates for the optimal state for a problem with pointwise state
constraints in the whole domain.

To make the idea clear; the standard model for elliptic optimization problems
with pointwise inequality constraints is given by finding (7,u) € L*(2) x H}(Q)
solving

min J(q,u)

(P) ot { (Vu, Vo) = (0,¢) V€ Hy(9),
T u () <ulz) <ut(z) ae inQ,

on a given domain Q C R, d = 2,3 with some given bounds «~,u*". The standard
discretization of this problem using some finite element space V;, C H}(2), here we
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consider the lowest order choice, is given by finding (g,,an) € Vi, x Vj,

min J(qpn, up)

(Pr) . (Vun, Veon) = (qn, on) ¥ on € V,
s.t.
U7($Z)§uh(xl)§u+($z) i:L"'7N7
where the z;, i = 1,..., N, are the vertices of the triangulation. As outlined above,

order optimal convergence rates can be derived for the control ||g — g, ||. However,
estimates for the error in L? of the state, i.e., ||@ — ||, obtained from this control
estimate are suboptimal compared to the numerically observed convergence orders,
as well as compared to the best-approximation to v in V},. Using the properties
of the discretization and a corresponding interpolation operator Z it is clear, that
the finitely many inequality constraints in (Pj,) correspond to

Thu~ (z) <up(x) < Zyu' (x) in Q.

We now define an intermediate problem where only the constraints are discretized.
It reads, find (gy,un) € L*(Q) x H(Q)

min J(q,u)

(PY) L uve) =(ae) Vg € Hy (),
o u; <u(z;) <uf i=1,...,N,

where we do not necessarily require N to be the number of nodes, but a finite
number that may depend on h. We will show, in Theorem 19, that an estimate of
the form
[@n — |l < Cp,wh* (| In(h)| + 1)7>¢

holds with a constant C} n depending on the regularity of the dual problem asso-
ciated to the given choice of h, N, more precisely, the chosen set x; of points for
the inequality constraints. Finally, we will discuss cases in which this constant can
be bounded independently of h, N and, moreover, an estimate for ||z — ay||, of at
least the same order, is available.

The rest of the paper is structured as follows. In Section 2, we will introduce
the precise setting of the continuous optimization problem under consideration.
In Sections 3 and 4, we describe the two discretization steps and introduce the
problems (PY) and (PPy,), respectively. Then, in Section 5, we collect several known
results regarding the discretization error for the PDE. In Section 6, we show the
above claimed error estimate between @y and 1y, the optimal states of (PY) and
(Py,). Here, we consider N pointwise state constraints, where N can either be fixed
or mesh-dependent. We point out that in the latter case, we do not necessarily
require the constraints to be prescribed in the grid points. The main result of this
section is stated in Theorem 19. It is obtained using an appropriate dual problem,
i.e., we apply the Aubin-Nitsche trick to the optimality system.

In Section 7, we discuss the implication of the main Theorem 19 in special
situations where the constant C, y can be bounded. These situations are, finitely
many pointwise inequality constraints in a fixed given set of N points which may or
may not coincide with the vertices of the mesh. Secondly, we consider the case where
pointwise constraints are prescribed on €. In this case, we confine our discussion
to a setting with only weakly active constraints.

In both cases, we eventually arrive at an error estimate of roughly order O(h*~%)
for the states u and uj. To put these results in perspective, we point out that in
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space dimension d = 2, this is roughly order O(h?), a result that was not available
before. In space dimension d = 3, we obtain roughly the order O(h), which is stated
in [10, Corollary 3.3] and [7], yet without the additional assumptions on uniform
boundedness of the discrete solutions in the former and boundedness of the desired
state, in the definition of J, in the latter case.

2. THE CONTINUOUS PROBLEM (P) AND ITS PROPERTIES

In this section, we will analyze the continuous state-constrained Problem (PP)
with respect to existence and regularity of solutions, optimality conditions, and
auxiliary properties that are needed in the subsequent analysis. In what follows,
we will use standard notation for Lebesgue and Sobolev spaces. The norm and
scalar product on L? will be given by || - || and (-,-). Norms on the Sobolev spaces
W#P will be denoted by || - ||s,,. Further, the duality pairing between the space of
continuous functions and its dual M(Q), the space of all regular Borel measures,
will be denoted by (-, ).

As a prototypical model, we consider the partial differential equation coupling
the state u € H}(Q) =: V and the control ¢ € L?(2) =: Q to be Poisson’s problem
on a convex smooth or polygonal domain Q C R%, d = 2,3, with boundary I'. As
cost functional, we consider L2-tracking with some given desired state u? € L?()
together with a Tikhonov regularization with parameter > 0 acting on q.

Remark 1. To avoid technicalities, we consider H? regular problems to assert
full approximation orders within the finite element approrimation of the PDE. The
required convexity of the domain in the case of a smooth boundary is only needed to
assert that the standard finite element space is indeed a subspace of H} (2); to avoid
a technical, but possible, discussion of additional terms due to a mon conforming
discretization.

Moreover, let two functions u* € C(Q2)NH?(Q) be given that satisfy v~ < u* as
well as u™ (x) < 0 < u™(z) for all z € 9Q. We consider the following optimization
problem

Minimize J(q,u) = %Hu —ud|? + %HQHQ
(2.1) s.t. (Vu, Vo) = (¢,9) Yo eV,
u”(z) < u(z;) <ut(z) Yoe.

By unique solvability of the state equation, the control-to-state coupling defines
a continuous linear map S: Q — V given by S(q) = u(g). Moreover, by our
assumptions on  the map S defines an isomorphism Q — V N H2(2). Note that
H? < C(f2) holds due to well known Sobolev embeddings, cf. [1]. In the following,
we will implicitly use embeddings from V N H2(Q) into C(Q2) as well as into L?()
without explicitly mentioning these.

Remark 2. We point out that by continuity of the states u(q) and the conditions
on u®, the constraints can only be active in an interior subdomain Qy of Q and the
distance of active points to OS2 can be estimated by a constant that depends only on
the given data.

We define a reduced formulation of the optimal control problem in the usual way,
i.e., we consider
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Minimize j(q) := J(g,5(q))
st.u”(x) < S(g)(z) <ut Vael.

The existence of an optimal solution to Problem (P) is obtained in a standard
way since one shows by straight forward calculations that the set of feasible controls,

Qteas = {q € Q: v (x) < S(q)(z) <ut(z), VreQ},

is not empty. The - by strict convexity - unique optimal control will be denoted by
q, with associated optimal state w. Moreover, there exists a Slater point ¢, and a
real number 7 such that u= + 7 < S(¢;) = u; < ut — 7. It is then clear that also
lut —u™||oo > 27.

Based on the Slater condition, we can now formulate the first order necessary
optimality conditions for Problem (P). Note that by convexity, these are also suf-
ficient.

(P)

Theorem 3. A control § € Qfeqs with associated state w = S(q) is an optimal
solution of Problem (P) if and only if there exist nonnegative Lagrange multipliers
at, € M(Q) as well as an adjoint state 7 € Wy*(Q), s < 24, such that the
adjoint equation

(2:2) (V. V2) = (g —u) + (7" — 7, ¢) Ve W™ (Q)

with % + ﬁ =1, the gradient equation

(2.3) ag+z =0,

and the complementary slackness conditions

(2.4) Era—ut) =@ v -1 =0

are fulfilled.

Proof. The proof follows along the lines of [3]. O

For further reference, we split the adjoint state Z = Zy + Z,, into a regular part
20 € HY(Q) solving

_d_

-7 given by

and a less regular part z, € WOI’S(Q), s <

(2.5) (Vo,V2,) = (i" — i) Ve W™ (Q).

We note, that for some cases it is suitable to consider simply a feasible point.
We will denote such a point by gy which is compatible with the definition of the
Slater point ¢,, although ¢q is not a Slater point itself.

Lemma 4. There exists a constant C' > 0 such that the following bounds on the
variables given by Theorem 3 hold:

gl + 1@l + Izl < C(llull + llaoll) =: Co,

_ __ c

I | aace) + 17 Loy < — il + laoll + lar Il + llaoll)
=C,.

Without loss of generality, we assume 1 < Cy < C.
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Proof. Utilizing J(q,u) < J(qo, uo), and the given form of the cost functional, the
assertion is shown for g and w. Elliptic regularity proves the result for Z.

To see the bound on it, we proceed by meanwhile standard calculations with
the optimality system and test the adjoint equation (2.2) with w—u, € VN H?(Q).
We obtain, utilizing (2.4) and the definition of the Slater point,

(V(@—ur),VZ) = (W= ur, 0~ u') = (57,0 = ur) + (5, ur —7)
= (ﬂ+,u+ - u‘r> + <ﬂ_7uT - ’LL_>
> 7([aF lmee) + 18 [ m@)s
noting that the supports of i and i~ are disjoint. Using the state equation, we
conclude
(A" ) + 18 Tme) < @ = a,2) = (@ = ur, @ —u?)
(qaz) - (ﬂ7ﬂ_ U'd) - (QTvz) + (U'Tvﬂ_ ud)
< O([u?ll + llao)? + Clia= Ikl + llgoll)-

This shows the assertion. O

IA

Note that the optimality system from Theorem 3 implies additional W '*-regularity
of the optimal control g, obtained by means of the gradient equation (2.3).

Corollary 5. With the notation of Lemma 4, for any s < d%‘ll, we have § €
W5(Q), u,zo € VN H2(Q) and there exists a constant C > 0 such that

[@ll2.2 + [Zoll2,2 < C(llul| + llgoll),
anl,s < Cé'r

holds.

Proof. The assertion follows from the previous Lemma 4 together with elliptic reg-
ularity. ([

3. THE PROBLEM (PV) WITH FINITELY MANY STATE CONSTRAINTS AND ITS
PROPERTIES

In this section, we will introduce a problem with finitely many pointwise state
constraints, relying on the same assumptions and using the same notations as in the
previous section. Recall that the states u = S(g) are continuous with homogeneous
Dirichlet boundary conditions and thus the constraints can only be active in an
interior subdomain of 2 denoted by €. We will therefore consider some given,
fixed points z; C Qp, i € By = {1,..., N} in which we impose pointwise inequality
constraints, and the two vectors u~ < ut € RY are obtained from evaluating u*
at x; € Qo, ¢ =1,..., N with dist(y, ') > 0. We point out that we do not require
the z; to be grid points, yet to have pairwise positive distance.

We consider the following optimization problem

Minimize J(q, u)
(3.1) s.t. (Vu, Vo) = (q,9) Vo€V,
u; <wu(z;) < u;r 1 € By.
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Since the problem is governed by the same partial differential equation as Prob-
lem (2.1), we use the same control-to-state operator and obtain the reduced problem
formulation
Minimize j(q)

stou; < S(q)(z) <wuf i€ By.

K3

(B")

Obviously, the set of feasible controls,

Qn i ={a€Q: vy <S(q)(x;) <uf, i€By},
is not empty since it contains the set Qfeas- The - by strict convexity - unique
optimal control will be denoted by G, with associated optimal state uy. Also, the
Slater point g, for Problem (2.1) is a Slater point for Problem (P") independent
of N as well. It is clear that also |uj —u; | > 27.

Optimality conditions for Problem (PY) can now be obtained analogously to
Problem (P). However, since there are only finitely many constraints, the Lagrange
multipliers have a specific structure, compare [3] for problems with only finitely
many active points. We denote the associated space of Lagrange multipliers by

M=My={peMQ)|p="> pba,},
iEBN
where §,, denotes the Dirac measure associated to z; € €)g. In particular, the norm
on M is given by

Il =

_ (0. _
Cc* = sup ||'U|| - Z |:LLZ|

UEC(Qio) i€EBN

In contrast to (P) the space M C M(Q) is separable. We obtain the following
analogue to Theorem 3.

Theorem 6. A control Gy € Qfeqas with associated state Uy = S(Gy) is an optimal
solution of Problem (PY) if and only if there exist nonnegative Lagrange multipliers
Tk iy € M= My as well as an adjoint state Zn € WOI’S(Q), s < =% such that

the adjoint equation v

(82) (Ve Vo) = (o, —u) + (I — i, 9) Ve € W3 ()

with % + i =1, the gradient equation

(3.3) agy +zny =0,

and the complementary slackness conditions

(3.4) (AN, Uy —u') = (Ay.u” —Tn) =0

are fulfilled.

Proof. As for Theorem 3, the proof follows along the lines of [3]. (]
For any i € By, we have the associated Green’s function z; € Wol’s (Q), s< %

given by

(3.5) (Vo,Vz) = p(x:) Vo €Wy (Q).

With this we can split the adjoint state as Zy = Zo,n +D ;e (T — T, )z with
ﬂffN € R, where pi = Y icBa quémi and Zo n € Hi () solves

(V% VEO,N) = (ﬂN - ud7 90) v ® € H&(Q)
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Analogous to Lemma 4 and Corollary 5 we obtain:

Lemma 7. For the variables given by Theorem 6, there exists a constant C' > 0
such that the estimates

[an |+ lEn]l + 1Zo.n | < Clull + llgoll),
NI+ v < Cr
hold.

Corollary 8. With the notation of Lemma 7, for any s < d%'ll, we have Gy €
Whs(Q), un,Zon € VN H2(Q) and there exists a constant C > 0 such that

22+ [Zonll22 < C(lutll + llgoll),
||qNH1-,s < Cé‘r

[an]

holds.

4. THE DISCRETE PROBLEM (Pj) AND ITS PROPERTIES

Consider a typical discretization 7, of €2 into triangular or tetrahedral elements
K fulfilling the usual conformity and shape regularity conditions, cf., [2]. The
discretization parameter h denotes the maximum element size, i.e., h := maxhg,
where hx denotes the diameter of a element K. The standard conforming finite
element space is given by

Vi, :={v e C(Q): v, € Pi(K) for K € Tp,}.

Here, P1(K) denotes the space of linear polynomials. For a given control ¢ € @,
the discrete version of the state equation is then given by

(4.1) (Vun,Vor) = (¢, ¢n) Yon € V.

The discrete state equation defines an operator S,: @ — V. We arrive at the
following discrete problem

Minimize J(gp, up)
(Py,) st (Vun, Von) = (qn.n)  Yon € Va,
u; <wup(z;) <ub i€ By,
which we can equivalently express in reduced form as
Minimize jx(q) := J(q, Sn(q))

P
(Ph) st.u; < Sp(q)(w;) <wuf i€ By.

Note that we follow the variational discretization concept introduced by Hinze [9],
i.e., we do not discretize the control explicitly. We point out that since we do not
consider control constraints, this is equivalent to a full discretization of the optimal
control problem using P; finite elements. This yields the following definition of
discrete feasible controls:

h = {q € LQ(Q) [u; < (Shq)(x;) < uf Vi € By}

feas

Recall that while the number of constraints may or may not depend on h, it is still
clear by standard error estimates for the state equation, i.e.,

IS = Sulleczz(@), L= < b2,



L?-ERROR IN STATE CONSTRAINED ELLIPTIC OPTIMIZATION 9

that for A small enough the Slater point g, is also a Slater point for the discrete
problem, w.l.o.g. using the same value 7. This asserts the existence of a feasible
point for (Pj,) and hence a unique solution of (IP,), and, moreover, the existence
of discrete Lagrange multipliers. For ease of presentation, we will not consider
the superscript NV in the notation for the discrete optimal variables, although the
problem may depend on the set {z;|i € By}.

Corollary 9. For h small enough, there exists a unique optimal control g, with
associated optimal state up = Sy(Gn) to the discretized problem (Pp).

Theorem 10. For h small enough, a control g, € Q;}ms with associated state
wp, = Sp(gy) is an optimal solution of Problem (Ph) if and only if there exist
nonnegative Lagrange multipliers ﬁ;{,ﬁ; € M as well as an adjoint state Z, € Vy,
such that the discrete adjoint equation

(4.2) (Ve,VZh) = (o, un —u?) + (I — iy ®) Vo € Vi,
the discrete gradient equation

(4.3) oqy, +zZn =0,

and the complementary slackness conditions

(4.4) (g an —u®) = (@, ,u™ —ap) =0

are fulfilled.

Analogous to the continuous case, for any i € By, we have the associated discrete
Green’s function z; j, € V}, given by

(4.5) (Vo,Vzin) =¢(z;) VeV
With this we can split the adjoint state as Z, = Zon + > _;cp, (E,J{l — iy, )%, With
uii € R4 where ,u,jf = EieBN uiiém and Zy j, € V}, solving

(Vgﬁh, V?o’h) = (ﬂh — ud, gﬁh) v ©n € Vi.

Lemma 11. For the variables given by Theorem 10, there exists a constant C' > 0
such that the bounds

1@l + @l + 1Zo.n]l < C(Ju?]l + llaol)s
i+ |, |l < Cr

hold. Here, w.l.o.g., the constant C,, given by Lemma 4 can be used.

Proof. This is analogous to Lemma 4. O

5. AUXILIARY RESULTS

In preparation of our error estimates, we collect some auxiliary results. Let us
first point out that by standard finite element estimates, we know with s < d%il,
there is some € > 0 such that

1S = Shllc(z2@).22(0) < ch?,
1S = Shllc(r2(),L= ) < ch*~ %2,

IS — Shllzowrs(9),15(0)) < ch?~¢.
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We refer to [18] for the finite element error on S in L(W1# L*>°). The estimates
in £(L?, L?) and L£(L?, L*°) are standard finite element error estimates. We also
collect a few standard estimates for the finite element error for the PDE solution,
as they are provided in [12]. The only update is the explicit dependence on the
Slater point since we will need it in our subsequent analysis.

Lemma 12. Denote by u(q) and up(q) the solutions to the state equation and
its discretization (4.1) with given, fized, right-hand-side q. Then, for the optimal
controls Gy and G, to (PN) and (Py,) it holds

[an (@) — un(@y)(@:)| < CC-R* (| Inh| + 1),
(@) (@) —n(2:)] < CC-R* (| Inh| + 1)772,
where (G, un) solve (PN) and (g,,,un) solve (Pr,).

Proof. The proof can be found in [12, Corollary 1], with the obvious modifications
due to the bounds on the multipliers given in Lemma 7 and Lemma 11. ]

Lemma 13. Let (qy,uy) solve Problem (PN) and (q,,,un) solve Problem (Py).
Then there exists a constant C' > 0 such that

@y —anll < Cllgy — @l + Ch*(lull + llaol)),
IV @n =)l < Clliay — @l + Ch(llu®ll + llgol))
holds
Proof. This is analogous to [12, Lemma 7]. O

Lemma 14. Let (Gy,un) solve Problem (PN) and (q,,7un) solve Problem (Py).
Further, we define Zo, N, Zo,n, 2, and z;p as in the discussion after Theorems 6

and 10. Then it holds
IZo,ny — Zonll < Cllay — Gull + CR*(JJu]l + llgoll),
IV (Zo,n — Zon) ||l < Cllay — Gull + Ch(lu®(| + llgol]),

, d
||Zi*Zi,h|| §C’h 2.
Proof. This is analogous to [12, Lemma 8 and Lemma 9. O

6. AN ERROR ESTIMATE BETWEEN (PV) AnD (P)

6.1. The Dual Problem. We remind the reader, that for the optimal controls g,
and g, to Problems (P) and (P,,), respectively, and any ¢ > 0 there exists C > 0
such that

[gn —anll < CC-R'5,
compare, for instance [8,16].

From this we conclude that the respective optimal states uy and 7y, to (PV)
and (P) converge in L*°(2), since standard L estimates for the discretization of
the PDE, see, e.g., [17], together with Lipschitz continuity of the solution operator
S: L*(Q) — L*(Q), guarantee

N — ploe < CCLRYE.

In particular, for

h< (02;7)1/(15),
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we conclude that
{i € By | iy > 0or i, >0y N{i € By |fi; y >0 or iy, >0} =10,

i.e., the discretization does not lead to points in which the state switches from the
upper to the lower bound or vice versa.

Before we come to the proof of the main result of this paper, we need to state
an appropriate dual problem. The resulting dual is similar to the one considered
in [12] with some modifications due to the consideration of inequality constraints
and the possible increase of the number of constraints as h — 0.

To this end, we define the following sets:

AL = {i € By | () — fiy)i > 0},
At = {ie By | (i} — k)i <0},
AIZ{ieBNI(ﬂ?v u;) > 0},
AZ ={i € Bn|(ay — iy, )i <0}

By this construction it follows:

i€ .Ai = Ty (x;) = uj‘,
i€ AT = un(r) =,

(6.1) . _ -

ic Ay = an(z;) =u;,

ie AZ = aup(x;) = u; .

From our above arguments, we conclude that all four sets are pairwise disjoint once

h is sufficiently fine.
Now, let

~d __ ﬂN - ﬂh
[an — ]|
and pick 8 > 0. To shorten notation, we introduce the sets
+ g + - _ g+ -
=ATUAT, DT =ATUAC.

By definition of these sets, we observe the relations

uny —up <0 on D+,
(6.2) - ~ B
un —up >0 onD™.
With this we can consider the following dual problem to find (¢, @) solving

Minimize fHu—udHQ ||(1H2
. (Vu,V(p) = (d, @) VoeV,
a(x;) < —60 ieDT,
a(w) >0 ieD .

(Pp)

Lemma 15. There exists a Slater point ¢¢ for Problem (Pp).

Proof. This is a direct consequence of the fact that by construction we know that
dist(D*,D™) > ¢, where ¢ = ¢(h) > 0 depends on the distance of the points z;. [
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In particular, we assert that there exist Lagrange multipliers i, i~ € M asso-
ciated to the upper bound on DT and the lower bound on D~ and an adjoint state
Z € W, *(Q) for s < -4 such that

(Vi, V) = (G, ¢) VoeV,
(V,VE) = (@ — @, )

+ (@, i) — (o, i7) Vo € Wy (),

ag+z=0,
A= Vi€ By \ DT,
(6.3) fi; =0 Vie By \D,
(a+6,a1") =0,
(0~ .i7) =0,
gt pm >0,
0+ a)(x;) <0 Vi e DT,
0 —a)(z;) <0 Vie D™,
Again, we can split Z = Zp + > ;.5 (i — [ )z

Lemma 16. For the solution of (Pp) and the associated variables by (6.3) there
exists a constant C' > 0 such that there holds:

lgll + llall + 1zl < C(lall + llggll) =: Co,
¢
T

IN

|t | m+ 187 [ m ()l + llad |l + llag Dl + llas 1)
=: C..
Without loss of generality, we assume 1 < 50 < CN'T.

Proof. The proof is analog to Lemma 4. O

The essential difficulty at this point is that, in contrast to C,, the multiplier
bound C; for the dual problem might degenerate since ||¢?|| might go to infinity

if the distance between the points z; tends to zero. Hence, Cy < C' need to be
tracked explicitly.

6.2. The Main Result. We have now collected all needed auxiliary details to
come to the proof of the main result. Before that we restate well known estimates
for the control variable tracking the constant C, explicitly.

Theorem 17. Let Gy and q,, be the solutions to (PY) and (Py). Then there exists
a constant C = ¢C, > 0 such that

_ _ 5_4d 7_4
gy — @l < Ch°72(|In(R)| +1)2
holds.

Proof. The proof closely resembles the proofs of [8, Theorem 3.6] and [12, Theo-
rem 4.
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Using the optimality conditions (3.2) we obtain

(u(q,) — un, iy —u?) = (VZ,V(u(gy,) — un)) — Z (EIN — By n)(w(@,) —un)(2;)

i€By
= (2,9, —qn) — Z (ﬁj,N — B n)(u(@,) —un)(z:)
i€EBN
= —a@n:Tn —Tn) — Y Ay — i) (W(@) — ) ().
i€EBN

For the difference in the functional values, we obtain from the above calculation
o o 1, _ o
3(@) = i@n) = 51u@) —anl* + S v — @l
+ (u(@y) —un,ay —u?) + Gy, G — Gn)
1. _ o, _
= 5llu@) —anl* + Sl —aul®

= > By~ A (@) — ) ().

i€EBN

By an analogous calculation, we obtain
. . 1 _ _ o,
n@n) = in(@n) = 5l = un @I + 5 lan = 7l

=" @ ) @h — un(@y) ().

1EBN

(6.5)

Summation of the equations (6.4) and (6.5) yields
olgy = @ull* < 13@n) = 3n (@) +15(@n) — 3n(@)|

(6.6) + igN(ﬁf,N — ) (@) — TN ) ()

+ ) (@, — T @ — un(@y) (@)

i€EBN

To continue, we note that, due to the nonnegativity of ﬂ}, complementary slack-
ness (3.4), and feasibility of @y, it holds

Z ﬁ:’:N(u(qh) —un)(z;) = Z :u‘zN (@,) —ut +ut —uy)(z;)

1€EBN 1€EBN
= Z EIN(U(%) —ut)(z;)
1€EBN
< B N (@) — ) ()
1€BN
< |pf [ max |u(gy,) — an) (24)].
i€EBN

By Lemma 12 and Lemma 7, we conclude

(6.7) Z iy (u(@y,) —un)(z:) < CC 2 pt- (| Inh| 4+ 1)72,
i€EBN
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Analog calculations for the remaining multiplier terms, using Lemma 12 and Lemma 11
for the second sum in (6.6), give

allgy —@ull® < 13i@n) — in@n)| + 13 @n) — 3n(@s)]
+ CC2R* (| Inh| 4+ 1) 2.

Further, a straightforward calculation for j yields
dH2

(6.8)

20j(@y) — in(@n)| = llan —u?l* = llun(@y) — u?|?
= (un — un(@y), an — u® +un(Gy) — u?)
< lan — un@w)l(an || + llun @)l + 2[lu)
< e¢Coh?.
Similarly, we obtain
15(@n) = 3 (@) < cCoh?.
Combining this with (6.8) gives the assertion. O

Theorem 18. Let G be the solution to (Pp) and define
qn = Ipzo + Z (,[Lj_ - ,ai_)zi,ha
1EBN
with z; n, as in (4.5). Then it holds

~ d 7
G — @]l < CC-h*"2(|In(h)| +1)2

Proof. The proof is similar to the one for the primal problem in Theorem 17. The
only difference occurs in estimates (6.7) and (6.8), where it is sufficient to point
out that the properties of the interpolant I;, guarantee that g, fulfills the estimates
from Lemma 12. O

Theorem 19. There is a constant C > 0, independent of 8, N, h such that for the
solutions wyn and uy, to (PN) and (Py) and the corresponding Lagrange multipliers
ﬁﬁ, ﬁf given by Theorems 6 and 10 it holds

[an —n| + 018 — B |aa + Ol — B, | < COAR* (| In(h)| + 1)72
with the constant CN'T as in Lemma 16.
Proof. We abbreviate the errors as follows
e =Ty —up EVAW(Q),
e’ =qy -7, €Q,
e* =Zn — 7, € Wy (),
et =nN — 0 €M,
e’ =ny—n, € M.

From the second equation in the optimality conditions (6.3) of the dual problem,
we deduce, by definition of @<,

lle*]l = (@, e*)

= (ﬂveu) + <euv/1+> - <eu’/17> - (Ve“7V§),
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Further, by definition of Af and AT, we assert,

+ + +
CEDIEC IR DI

ieAL iceAT
- _ I I
|ef |M_Zei JFZ*‘%-
i€ AL i€A”

Further, by the sign and complementarity conditions in (6.3), it follows
0< S (0 +a)(x)et — Y (0 +a)a)el
i€AT i€ AL
= YO -l + Y (60—l
icAT i€A”

— 0 v+ Y el + Y el

i€ AL icAT

—0le" [p— Y a(m)el = Y dag)el
i€AT i€AZ
Combination of the previous calculations with the first and third equation in (6.3)
yields
el 401" |an +Ble"” [an < (@) + (e, i) — (e, i7) = (Ve", V)
- + - -
+> el — Y w)el
ieATuAt i€ALUAZ
+ (G, €*) — (Va,Ve*) + a(e?, q) + (e, 2).
Reordering the terms according to the equations in the necessary optimality con-

ditions for the primal problem in Theorem 6 and its discretization in Theorem 10
gives

el + Blet” Lp+0le” [ an < (7, 2) = (Ve", V2)
e+ > a)ed — D ala)ed —(Va, Ved)
ieATuAt i€ATUAT
+a(e?,q) + (¢, €%)
+ (" i) = (e A7)
< (eqa 2) - (veu, VZ)
e+ > alw)et — S ala)ed — (Va, Ved)
icAtuAt i€ATUAT
+a(e?, q) + (g, €7).
The last inequality follows from the sign of i, see (6.2), together with the implied
sign of e" by the construction of Ai, see (6.1). Now, by subtracting the continuous

and discrete state equation, the adjoint equation (3.2) and (4.2) and the gradient
equations (3.3) and (4.3), we see that we can add an arbitrary discrete function on
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the right in each of the three lines. To this end, let ¢ be chosen as in Theorem 18
and define @y, := Sp(@y). Then, consider
=i, @ =G
For the approximation of Z, we define
Zn = Zo,n + Z(ﬂj — f1; )Zi,n € Vh,
i€B

where Z j, solves

(VQD, Vgo,h) = (ﬂ/h - ﬂ/d7 SD> VSD € Vha
and define

I
IS 3
I
I3
T

Thus we obtain
e[| + Bl [ag + 8le™ | aq < (e9,8%) + (€%, ) + a(e?, &) + (&7, ¢%)
—(Ve*,Ve*) — (Ve',Ver)

+ Z é“(mi)ef— Z e (xi)el .

ieATuAt i€ AL UAZ

(6.9)

Now, due to the gradient equation (3.3) and its analogs for the discrete and dual
problem, and the stability of the solution operator, we see that

(€%, e") +afe?, &) + (e, e%) < Cfle]|[|e?]].
From Theorems 17 and 18 we conclude,
(e“,e")+ ale?,e?) + (é9,e)
< CCh* (| In(h)| +1)7~%
Now, we note that to estimate the term (e9, %) it is sufficient to bound
11 < 120 — Zonll + > 1T — 5 [ll2i — 2l
1€EBN

~ ~ d
< C||e?|| + cCoh? + CC,h* "2

(6.10)

~ d
< CC,h* 2,

where the last inequality follows from Lemma 14 applied to the dual problem and
the bound on the I'-norm of the multipliers in Lemma 7. Theorem 18 and Theo-
rem 17 yield

(6.11) (e7,8%) < CCh*=4(|In(h)| 4+ 1)7~ 2.
To proceed, we recall that
e =ZoN —Zon + Z ((ﬁf —Hy; )z — (ﬁIh - ﬁgh)zi,h)-
1€EBN
We have, by Theorems 17 and 18 as well as Lemma 13 and 14, neglecting higher
order terms in h,

(Ve",V(Zo,x —Zo,n)) < Cllg — gnllllun — sl
(6.12) <Clg - anllllan — @l
< CCR*(|In(h)| +1)724,
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To continue, we calculate, for any i € By noting that z; is the Green’s function for
the point z;,

(Vé“,ﬁzerZ A thz ) =€k (Ve ,Vzi) —ﬁ—ﬁ*h(Vé“, V(zi — zin))
= e? (@ —ap)(z;) + 1 I h(VNU V(zi — zin)).

(6.13)

For the last summand, we use Galerkin orthogonality twice and get, using the
properties of the Green’s function and Lemma 12 applied to the dual problem,

|(V(@ = un(@)), V(=i = zi,0))
(V(@ = un(d)), Vi)

(@ — un(@))(s)]

CC (| Inh| + 1),

[(Ve", V(zi — zin))

IN

Combining the last equation with (6.13), (6.12), we obtain, using analog calculations
for the terms involving 7z; y,

—(Vé4,Ve*) < CC, h4—d(|1n( )| + 1)7—24

=S e @ an) @)+ Y e (@) ()

i€EBN i€EBN
(614) + CCTh4_d(| lnh‘| + 1>7_2d ZB (ﬁih + ﬁ;h)
i€EBN

where, for the last inequality, we used the bounds on |ﬁf| ;1 from Lemma 11.
Noting that the last two sums are the same as those in (6.9) except for the
opposite sign. We can combine (6.9), (6.10), (6.11), and (6.14) to obtain:

(6.15) |le*|l + 0le”" |+ Ole™ |p < CCoR* (| In(h)] 4+ 1)772¢ — (Ve", VE?).
For the remaining term, we calculate, analog to (Vé*, Ve?), as follows
(Ve*,Vé*) < CCrh* (| In(h)| + 1)72¢
+ Y (i = i) @y = un (@) ().

i€EBN

Hence, Lemma 12 and the {! bound on the dual multipliers in Lemma 16 prove the
assertion. [l

7. IMPLICATIONS OF THEOREMS 19

In the following, we will consider two special cases in which we can show a bound
on C; independent of the variables h and N. From Lemma 16, we know that we
have to construct a suitable dual Slater point ¢7.
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7.1. Finitely Many Constraints. We start our discussion with the case that one
is interested in the solution of (PY) with a given fixed finite set By. In this case
By is independent of h. It is then intuitively clear that the constant C~‘T defined
in Lemma 16 and used in Theorem 19 is bounded independently of h while the
dependence on N is irrelevant since N is fixed. To make this precise, we have the
following result:

Theorem 20. Let By be a given, fized, finite set. Then there exists a constant C
depending on By but independent of h, such that for h sufficiently small the error
estimate

iy —Tanll + 1705 — T Lt + 7y — Tog Laa < CH*= (| In(h)] + 1)7~>¢

holds for the solution un of (PV) and uy, of (Pn) with corresponding Lagrange-
multipliers ﬁﬁ and [, .

Proof. In view of the results of Theorem 19, the only thing left to be proven is that
the constant C; coming from Lemma 16 can be chosen independent of h.

This is indeed the case. For the construction of the dual Slater point ¢f, i.e.,
0 =1 and 7 = 1, we observe that the finitely many points in By have positive
distance. Hence there exists ¢ > 0 such that the balls B.(z;) for i € By do not
intersect. Consequently, for each i there exists a C§°(Q2) function w; such that
ui(z;) >2=0+7 and u; = 0 on Q\ B:(x;). An appropriate right-hand-side is
defined as ¢; = —Aw;. Summing these functions ¢; with appropriate signs gives the
desired Slater point ¢ independent of h. O

7.2. Weakly Active Constrains. Next, we consider the Problem (P) in the spe-
cial situation where the Lagrange multiplier 7% to the optimal solution (q,w) is
identically zero. In particular, in this situation the optimal pair (g, ) is a solution of
the problem (IP) without inequality constraints and consequently (q,%) = (G, un)
for any choice of By. The difficulty in this situation is that while the state con-
straint is irrelevant for the continuous problem; it may still be strictly active for
any discretized problem, i.e., exhibit non-zero multipliers ﬁf The standard dis-
cretization (Pp,) for this problem would involve By to be the set of all vertices on
the given mesh. In this case, we obtain the following error estimate:

Theorem 21. Let (¢, @) be a solution to (P) with Lagrange-multiplier it = 0,
and let (G, up) be the solution of (Pp) with corresponding Lagrange-multipliers ﬁf
for the set By given by all vertices of the mesh. Then there exists a constant C
independent of h such that for h sufficiently small the error estimate

17 =@l + " = T [+ [T =Ty [aa < CH (| In(h)| + 1) 72
holds.

Proof. By the preliminary discussion at the beginning of this section, we know that
T = 0 hence by the sign condition on 77" we know that the sets AT = AL =0.

As a consequence DT = AI and D~ = A", i.e., these sets are a subset of the sets
where the upper and lower bounds are strictly active, respectively, for the discrete
problem. Let AT and A~ be the set of active upper and lower bounds for @ then
for any € > 0 the estimate

dist(AT, AT) <e and dist(AZ, A7) <e
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holds for h sufficiently small by the known, suboptimal, convergence estimates.
Again, as in the proof of Theorem 20, we can pick e such that

dist(AT, A7) > 3e.

Noticing that A* have positive distance to 0 independent of h, there exists a
function v € C§°(€2) such that

u(z) =2, ifdist(z, A7) <e, and wu(z)=-2, ifdist(z, A")<e¢

and the function ¢ = —Au is a Slater point for the dual problem with 7 =6 =1
independent of N and h. O
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