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Abstract: We want to transform molecular surfaces which are in the form
of Van der Waals model into a structure which is acceptable by mesh-free
Wavelet solvers. In this document, we concentrate on the generation of
spherical patches by using rational Bézier surfaces and homogeneous coor-
dinates. Our main emphasis is that we can achieve global continuity between
two patches without using approximations. Our method of attaining exact
global continuity is based on the generalized stereographic projection. In
that way, a spherical patch with circular boundaries can be exactly deter-
mined in a linear setting. Since we need parametric representations, we
describe briefly the various steps to convert the initial CSG representation
into B-Rep structure. In addition to theoretical descriptions, we report on
the practical decompositions of a few molecular surfaces.

1 Introduction

Computer modeling of chemical phenomena has grown very rapidly in the
last years [16, 29, 3]. In particular, the modeling of interaction between
solute and solvent has received a lot of attention. The use of Boundary
Element Method (BEM) for treating similar problems numerically is now
well established [17, 18]. There are already a lot of works in the domain of
mesh-based approaches [23, 29] in numerical chemical modeling. That does
not only concern simulation methods but also preparation of geometries by
using meshes. Algorithms and softwares for meshing of molecular surfaces
are now well established [5]. In contrast to mesh-based approaches, mod-
eling of molecular surfaces for use in mesh-free simulation is not yet well
developed. That situation still prevails nowadays although the efficiency of
mesh-free methods have been theoretically demonstrated a number of times.
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In this document, we want to contribute in the development of geometric
algorithms for preparation of mesh-free geometries. The method that we
use here is an application of the methods that we introduce in [27]. While
we used approximation to obtain global continuity in [28] for CAD objects,
we are able to achieve exact global continuity for molecular surfaces in this
document. As a result, the error analysis which has been done in [28] is
irrelevant here. That is due to the fact that both circular arcs and spher-
ical patches can be exactly represented as conics [33] and quadrics. Thus,
the use of rational Bézier setting supplies an exact representation of those
two entities which are the only occurring geometric entities in molecular
surfaces.

In the next section, we will give a motivation from chemistry where we will
show the occurrence of an integral equation problem from electric distribu-
tion of charges. We will also briefly describe the treatment of such problem
with the help of Wavelet Galerkin scheme. In section 3, we will see the com-
mon approach of representing molecular surfaces and we will describe the
problem precisely. In section 4, we describe the way of obtaining the B-rep
structure of a given molecular surface. From the set of spheres, we need to
derive the vertices, edges and faces of the B-Rep structure. Additionally, the
parametrizations of the faces are required in order to do the decomposition
from a planar domain to the molecular surface. We recall in section 5 the
decomposition of a closed surface into a set of four-sided surfaces. The most
interesting part of this paper is in section 6 where we exactly show how to
parametrize the four-sided spherical patches while having global continuity
in mind. The presented method in this document resembles the one in [1]
where rational triangular Bézier patch of second degree are treated. The
main difference is that we have tensor product rectangular Bézier patches
where we take global continuity into consideration. That remark applies also
to [25] where more general surfaces like cyclides are used. At the end of the
paper, we present some decomposition of a few molecular surfaces and we
point out some interesting problems which we will treat in the future. We
note that the results of the geometric structure here can equally be used for
other schemes like panel-clustering [17, 18] because we have mappings start-
ing from the 2D unit square which can serve as generation of hierarchical
structure from 2D to 3D.

2 Motivation from computational chemistry

In this section, we will describe briefly the occurrence of an integral equa-
tion problem in the domain of electrostatic interactions [3]. For two charge
distributions ρ1 and ρ2, the electrostatic potentials V1 and V2 verify the
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relation:

∀x ∈ Ω, −div(ε(x)∇Vk(x)) = 4πρk(x), k = 1, 2, (1)

where ε(x) is 1 inside the cavity Ω while it is equal to the macroscopic
dielectric constant ε of the solvent outside Ω. The boundary of Ω represents
the solute-solvent boundary which is in our case the molecular surface. The
solvent is represented by a continuous dielectric medium while the solute is
located inside the cavity Ω. The interaction energy is defined as

Es(ρ1, ρ2) =

∫

R3

ρ1V2 =

∫

R3

ρ2V1 =

∫

R3

ε∇V1 · ∇V2. (2)

By introducing the reaction potential

V r
k := Vk − φk, k = 1, 2, (3)

where φk is the electrostatic potential verifying −∆φk = 4πρ, the charge
interaction verifies

−∆V r = 0 in Ω
−∆V r = 0 in R3 \ Ω̄
V r → 0 at infinity
[V r] = 0 on S

(4)

where [V r] represents the jump through the surface boundary S = ∂Ω. By
using the single layer potential

V r(x) =

∫

Γ

σ(y)

‖x − y‖
dy ∀x ∈ R3, (5)

we obtain the following integral equation

a(x)σ(x) −

∫

Γ

∂

∂nx

(

1

‖x − y‖

)

σ(y)dy = h(x), (6)

where the unknown is the function σ while the nonzero quantities h(x) and
a(x) depend exclusively on φ and ε(x) respectively. The ASC approach or
Apparent Surface Charge method is the way of solving the above chemical
problem by searching for the solution of the integral equation in (6). Nowa-
days, the ASC approach is the most used method for treating this problem.

Without loss of generality, we may suppose that the coefficient a(x) of equa-
tion (6) is unity by dividing everything by a(x). By representing the integral
in (6) with the help of an operator K, we can introduce a second operator
A defined by

(Af)(x) := f(x) + (Kf)(x) ∀x ∈ S. (7)
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We obtain therefore the variational formulation consisting in searching for
u ∈ H1/2(S) such that

(Au, v)S = (f, v)S ∀v ∈ H1/2(S) . (8)

In general, the approximation scheme consists in considering a finite dimen-
sional space Rh where we approximate the function u by uh ∈ Rh in which
we solve the following problem

(Auh, vh)S = (f, vh)S ∀vh ∈ Rh. (9)

The Wavelet-Galerkin scheme [19, 9] requires that the boundary surface S
be split into several foursided patches Fi such that there is a regular mapping

γi : [0, 1]2 −→ Fi. (10)

Basically, the construction of wavelets on the manifold S is performed in
three steps. First, wavelets are defined on the unit interval [0, 1]. Then, a
tensor products method is used to obtain wavelets on the unit square [0, 1]2

from the results on the unit interval. Finally, we use parametric lifting with
the help of the parametric function γi to carry the results from the unit
square over to the manifold Fi. The resulting wavelet spaces are used to
generate the finite dimensional space Rh in relation (9).

3 Problem setting

In terms of computer simulation, each constituting atom in a molecule is
represented as an imaginary sphere. The radius of each sphere corresponds
to the Van der Walls radius of the atom [34]. In the domain of numeri-
cal modelings, there are currently three kinds of method for representing
molecular surfaces. First, a VWS model or Van der Waals Surface [34] is
composed of the trimmed spherical surfaces which are obtained from the
boundaries of the constituting atoms. That is, a Van der Waal surface is
simply the boundary surface of the union of the atoms as in Fig. 1(a). Sec-
ond, the Solvent-Accessible Surface or SAS model is similar to the VWS
model but the radii of the atoms are enlarged by a constant factor. Finally,
the Solvent-Excluded Surface or SES representation sets the whole molec-
ular surface in form of a smooth surface with G1-joints at all intersurfaces.
That is achieved by inserting toroidal blend between two spherical patches
belonging to two different atoms. This last kind of surface is also known as
’Smooth Molecular Surface’ or ’Connolly Surface’.

For the Wavelet-Galerkin mesh-free method, we will develop a technique for
preparing molecular surfaces which are given in VWS models. To that end,
let us denote by B(ω, ρ) the closed ball of center ω and radius ρ:

B(ω, ρ) :=
{

x ∈ R3 : dist(ω,x) ≤ ρ
}

. (11)
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(a) (b)

Figure 1: (a)Spherical surfaces (b)Decomposition into foursided surfaces.

Consider N balls Bk := B(Ωk, ρk) whose union forms one connected region.
The molecular surface is the boundary of the union of those balls

S := ∂

[

N
⋃

k=1

Bk

]

, (12)

which represents a closed surface.

Since we want to treat molecular surfaces so that they can be used for
Wavelet-Galerkin mesh-free simulations as explained in (9) and (10), we
need to tessellate the surface S into m four-sided domains Fi

S =

m
⋃

i=1

Fi, (13)

where the splitting is conforming. That is to say, every two different nondis-
joint patches Fi and Fj share either a complete edge or a single corner. We
need also some regular functions γi such that

Fi = γi([0, 1]
2). (14)

Additionally, we require global continuity which means that for two adjacent
patches Fi and Fj , there is a bijective mapping A such that

γi(s) = γj(A(s)) ∀s ∈ ∂[0, 1]2. (15)

In order to keep the subsequent computational cost of integral equation
solvers low, it is advantageous if the number m of foursided patches from
(13) is small.
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A graphical illustration of the surface decomposition can be found in Fig.
1(b) where we can clearly observe that two adjacent patches have the above
matching condition (15) at the interface. The decomposition algorithm fol-
lows mainly the approaches in [27] which we will summarize in section 5.
We have already developed [28] a general geometric method for splitting a
closed surface into foursided patches. We can certainly apply that method
here but the main particularity in molecular surfaces is that it is possible
to generate the mappings in (14) where the global continuity is exact as
opposed to the approximation in [28].

4 B-rep of molecular surfaces

The description of the molecular surface S as in relation (12) is good for
CSG where the only required geometric primitives are spheres. Since B-Rep
structure using parametrizations for the faces is more convenient for the
surface decompositions, we have to convert that CSG representation into B-
rep structure. That is, we need to find explicitly the set of edges, vertices and
faces whose parametrization serves as lifting from planar decompositions.

4.1 Edges and vertices of the model

In order to find the edges which are circular arcs, the intersections of the
spheres Bk need to be determined. If two spheres are not disjoint, their
intersection is a circle. Thus, the first step in the generation of the B-rep
structure is the determination of the circles of intersections Ci of non-disjoint
spheres as seen in Fig.2(b). Consider two spheres B(ω1, R1) and B(ω2, R2)
where we suppose R1 ≥ R2 and let ρ be the distance between the centers
where ρ < R1 + R2. The 3D circle of intersection is uniquely determined by
its center, radius and the normal vector of the plane containing the circle.
The center of the desired circle of intersection is

ω := ω1 + D~U where D :=
R2

1 − R2
2

2ρ
+

ρ

2
(16)

while its radius and normal vector are given by r :=
√

R2
1 − D2 and ~U :=

−−−→ω1ω2/‖ω1ω2‖.

After finding all the circles of intersections Ci, we determine the circular arcs
which represent the edges of the B-Rep structure and which are part of the
circles Ci. So as to find those circular arcs, we make intersections of the
circles. Note that two intersecting nonidentical circles residing on the same
sphere have two points of intersections. Now, we would like to describe how
to efficiently compute the intersections of two 3D circles C1 and C2 which
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(a) (b)

(c) (d)

Figure 2: (a)Set of spheres (b)Circles of intersections (c)Circular arcs as
edges of the B-Rep model (d)Piecewise-Linear approximation.
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Figure 3: (a)Inversion mapping (b)3D circle-circle intersection.

reside on a sphere B. For that, we make use of the inversion mapping ΨΣ

with respect to a sphere Σ of center z and radius ρ:

ΨΣ : x 7→
ρ

‖zx‖2
(x − z) + z. (17)

Let us first recall two properties of the inversion map [6] which is illustrated
in Fig. 3(a). The inversion mapping ΨΣ transforms a sphere passing through
the center of inversion z to a plane. Additionally, the image of a plane is
a sphere passing through z. Now let us suppose that the sphere B passes
through the origin. We want to use the inversion map ΨΣ with respect to a
sphere Σ whose center z is the origin. Since the circle Ck (k = 1, 2) is located
on the sphere B, it must be the intersection of a plane Pk and the sphere B.
Due to the above properties of the inversion map, ΨΣ(B) is a plane which
we denote by Q while ΨΣ(P1) and ΨΣ(P2) are spheres. As a consequence,
the images ΨΣ(Ck) are 2D circles ck on the plane Q. The 2D circles c1 and
c2 intersect at the two points I1, I2 ∈ Q which are very easy to compute
exactly because they are on a plane. Since the inverse Ψ−1

Σ is ΨΣ itself, the
intersections of the 3D-circles C1, C2 are ΨΣ(I1) and ΨΣ(I2).

The set of those points of intersections which constitutes the vertices of
the B-rep structure splits the circles Ci into a set of circular arcs Ai. As a
next step in the assembly of the B-Rep structure, we sort the circular arcs
Ai in order to reject those which are not useful. A circular arc which is
not between two spherical patches should be removed. As a consequence, a
circular arc Ai ⊂ Bp which resides within a certain sphere Bk with k 6= p
should be rejected. That can be detected by taking the midpoint Mi of Ai

and by testing whether Mi is strictly inside Bk. When all useless arcs are
removed, the remaining arcs describe the edges of the B-rep of the molecular
surface as illustrated in Fig. 2(c).
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4.2 Faces of the model and their parametrizations

In order to complete the B-rep structure and to use it in the surface decom-
position, we need to find its faces together with their parametrizations. For
each sphere Bk, the circular arcs which are incident upon it split the sphere
Bk into subsurfaces Gk,i ⊂ Bk where i = 0, ..., pk. By removing the subsur-
faces Gk,i ⊂ Bk which are contained inside other spheres Bp with p 6= k, the
set of the remaining subsurfaces forms the spherical faces Γj of the B-Rep
structure. At this position, we suppose that we have a set of N spherical
surfaces Γk such that their union forms the molecular surface S from (12)

S = ∪N
k=0Γk. (18)

Additionally, we assume that each surface Γk which is not necessarily four-
sided is bounded by some circular arcs Ai. That is, there is some set of
indices ηk such that

∂Γk = ∪i∈ηk
Ai ∀ k = 1, ..., N. (19)

Now, we want to represent each surface Γk as parametric trimmed surface
defined on some planar domain. Our aim is to represent such parametriza-
tion with the help of the usual stereographic projection σ [24]. Towards that
end, we need to be able to find the preimage y of a given rational Bézier
curve x by the stereographic projection σ. Suppose that the curve x is given
in homogeneous coordinates as

x(t) =

n
∑

i=0

[ωi : ωixi : ωiyi : ωizi]B
n
i (t). (20)

A few computations reveal that the following curve maps to x by σ

y(t) = σ−1[x(t)] =









∑n
i=0(ωi − ωizi)B

n
i (t)

∑n
i=0 ωixiB

n
i (t)

∑n
i=0 ωiyiB

n
i (t)

0









=









∑n
i=0 ω̃iB

n
i (t)

∑n
i=0 ω̃ix̃iB

n
i (t)

∑n
i=0 ω̃iỹiB

n
i (t)

0









(21)
where ω̃i := ωi(1 − zi) and b̃i := (x̃i, ỹi, 0) := (xi/1 − zi, yi/1 − zi, 0). In
other words, the preimage curve of x is the rational Bézier curve

y(t) =

∑n
i=0 ω̃ib̃iB

n
i (t)

∑n
i=0 ω̃iB

n
i (t)

. (22)

In the above description, we excluded the useless case where the value of
each zi is unity. That situation is impractical because it describes a curve
which degenerates into the point (0, 0, 1) on the unit sphere U.
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Let us denote by σk the analogue of the stereographic projection σ with
respect to a sphere Bk from (12) which is not necessarily centered at the
origin and whose radius is not generally unity. By using the above method,
we can search for the preimage Ej of each circular arc Aj ⊂ Bk with j ∈ ηk.
Each preimage Ek

j is a planar curve defined from some interval [ek
j , f

k
j ]. Let

Dk be the planar trimmed domain bounded by Ej for j ∈ ηk. Thus, we have
a trimmed surface

σk : Dk −→ Bk with Γk = σk(Dk) ∀ k = 1, ..., N. (23)

5 Summary of splitting into patches

Since we have a set of trimmed parametric surfaces bounding a solid, the
current situation agrees exactly with the surface structure in [27]. Therefore,
we can use the decomposition technique there which we want to summarize
now.

5.1 Polyhedral model

Basically, we make the four-sided splitting in a planar domain Dk, then we
lift up the results in the molecular surface by means of the parametrization
σk. In order to do the planar decomposition, we approximate first the curved
boundaries of {Γk} by straight line segments separated by nodes {Xi} ⊂ R3

as in Fig. 2(d). So as to achieve that approximation while having conform-
ing splitting in mind, we create planar polygonalizations of {Dk}

N
k=1 which

amount to doing the following. For each trimmed surface Γk, we generate

a polygon P (k) whose nodes x
(k)
i are taken from the curved boundary of

the 2D domain Dk. We have to make sure that for two adjacent different

surfaces Γk and Γp sharing a curve C, if σk(x
(k)
i ) ∈ C, then there must exist

a vertex x
(p)
l ∈ P (p) such that

σk(x
(k)
i ) = σp(x

(p)
l ). (24)

Let us note that if we take too few vertices, the resulting polygon P (k) may
have imperfections such that its edges do not form an admissible polygon
as illustrated in Fig. 4(a). But if the polygonal approximation is too fine,
then it results in overly many four-sided surfaces. As a consequence, one has
to split the curved edges adaptively while trying to maintain relation (24)
which involves some preimage computations. Let us emphasize that only
polygons having an even number of boundary vertices can be decomposed
into quadrilaterals. It is not straightforward to convert odd faces into even
ones inside a closed surface with arbitrary genus. One should assemble
the adjacency graph which is used in the Dijkstra algorithm to search for
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(a)

α

β

γ

δ Q

(b)

Figure 4: (a)Imperfections in polygonal approximation (b)Four-sided patch

the shortest path joining two odd polygons in order that the number of
additional nodes to be inserted are not too many. We could theoretically
prove that the number of odd faces must be even for a closed model –which
is the case for molecular surfaces– and that the odd faces can be converted
to even ones pairwise.

5.2 Quadrangulation and decomposition

We consider the polygon P (k) which we decompose into a set of convex
quadrilaterals qk,i. In the decomposition of a polygon P (k) into quadrilater-
als qk,i, we use only the preimages σ−1

k (Xi) of the nodes {Xi} as boundary
vertices. That is, we do not use any additional boundary nodes in the course
of the quadrangulation process. We have developed in [27] an approach that
decomposes a polygon with n boundary vertices into O(n) convex quadri-
laterals.

Consider a convex quadrilateral q = [a1, a2, a3, a4] which is a member of the
quadrangulation of the polygon P (k). We want now to describe how to find
the corresponding four-sided patch F on the sphere Bk. The four corners of
the spherical patch F are defined to be σk(a), σk(b), σk(c), σk(d). The four
circular sides of F are defined as follows. Let ei := [ai, ai+1] denote the four
edges of the quadrilateral q. The four circular edges f1, f2, f3, f4 of F are
derived from the edges e1, e2, e3, e4 respectively. If ej is an internal edge
of P (k), fj will be the circular geodesic which joins σk(aj) and σk(aj+1) on
the sphere Bk. Otherwise, fj will be the circular arc which is part of the
boundary of Γk. In order to facilitate the description of the mappings in the
next section, let us denote by α, β, γ, δ the planar preimages of the curved
edges f1, f2, f3, f4 by the projection σk.
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5.3 Coons and approximated global continuity

In this section we will summarize our previous method of generating a map-
ping from the unit square while approximating global continuity. Since our
method of generating that map is based on transfinite interpolation, we
briefly recall some basic facts about this technique [14, 15, 31]. Suppose
that Q is delineated by four curves α, β, γ, δ : [0, 1] −→ R2 that fulfill the
compatibility conditions at the corners:

α(0) = δ(0) , α(1) = β(0) , γ(0) = δ(1) , γ(1) = β(1). (25)

We assume that besides the common points in (25), there are no further in-
tersection points as in Fig. 4(b). We are interested in generating a parametric
surface x(u, v) defined on the unit square [0, 1]2 such that the boundary of
the image of x coincides with the given four curves:

x(u, 0) = α(u) x(u, 1) = γ(u) ∀u ∈ [0, 1]
x(0, v) = δ(v) x(1, v) = β(v) ∀ v ∈ [0, 1] .

(26)

This transfinite interpolation problem can be solved by a first order Coons
[20, 32] patch x which can be defined in matrix form as

x(u, v) = −





−1
F0(u)
F1(u)





T 



0 x(u, 0) x(u, 1)
x(0, v) x(0, 0) x(0, 1)
x(1, v) x(1, 0) x(1, 1)









−1
F0(v)
F1(v)



 . (27)

The blending functions F0 and F1 denote two arbitrary smooth functions
satisfying:

Fi(j) = δij i, j = 0, 1 and F0(t) + F1(t) = 1 ∀ t ∈ [0, 1]. (28)

Our previous method was to replace the 2D curves Ej
i delineating the domain

Di that we met in (23) by Ẽj
i so that they have the same shapes Im(Ej

i ) =

Im(Ẽj
i ) but they have different parametrizations. Let us denote by ρj

i the

composition σi ◦ E
j
i and let us introduce the length function

χj
i (t) :=

∫ t

ej
i

∥

∥

∥

∥

∥

dρj
i

dt
(θ)

∥

∥

∥

∥

∥

dθ. (29)

This function is defined from [ej
i , f

j
i ] to [0, L] where L is the total length of

the curve ρj
i . Without loss of generality we may assume that

dχj
i

dt
(t) =

∥

∥

∥

∥

∥

dρj
i

dt
(t)

∥

∥

∥

∥

∥

6= 0 ∀t. (30)

Hence, there is an inverse function φj
i := (χj

i )
−1 and our objective is to

replace the function Ej
i by Ẽj

i := Ej
i ◦ φj

i . We could prove in [28] that if we
replace the initial parametrization into chord length parametrization, then
we can approximate global continuity.
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(a) (b)

Figure 5: (a)A spherical patch as rational Bézier and its control net
(b)Globally continuous rational Bézier patches.

6 Four-sided spherical patches

In this section, we want to investigate the approach of generating mappings
to a spherical patch without using approximation. Throughout this section,
we will represent any four-sided spherical patch as rational Bézier as in
Fig.5(a) for two reasons. First, all spherical patches with circular sides can
be represented as rational Bézier without any approximation error. Second,
one can achieve exact global continuity at the surface joints as shown in
Fig.5(b). According to our experiences, spherical patches with geodesic
boundary curves have very good visual looks. But the presented method
works for any circular boundary: that is, each side is the intersection of a
sphere and a plane. Although most of the methods here are described for
the unit sphere U centered at the origin, they can be easily carried over to
any non-degenerated sphere with minor modifications.

Since projective geometry is the most suitable method for treating rational
Bézier curves and patches in our situation [6], let us introduce some rel-
evant definitions. An element of the projective space E3 will be denoted
as a column vector with four coordinates or as row vector whose elements
are separated by columns. Thus, a point with [w : x : y : z] as homo-
geneous coordinates will have the cartesian coordinates (x/w, y/w, z/w).
Using homogeneous computations simplifies theoretical formulations con-
siderably because rational quantities become polynomial ones which make
problems linear instead of nonlinear. For example, let us consider a rational
Bézier curve with weights wi and control points bi = (xi, yi, zi) in cartesian
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coordinates:

X(t) :=

∑n
i=0 ωibiB

n
i (t)

∑n
i=0 ωiBn

i (t)
. (31)

It corresponds to a Bézier curve having homogeneous coordinates [ωi : ωixi :
ωiyi : ωizi] in projective space. In our next parametrizations, we will need
the following plane

P := {[w : x : y : 0] ∈ E3 with w, x, y ∈ R} (32)

which corresponds to the plane z = 0 in cartesian coordinates.

6.1 Projections in projective space

The following generation of the spherical mappings makes use of the next
three projections which have been used by Dietz et al. in [11, 12]. First, the
hyperbolic projection ϑ transforms a point [e0 : e1 : e2 : e3] to a point in P

given by
ϑ(e) :=

[

e2
0 + e2

3 : e0e1 − e2e3 : e1e3 + e0e2 : 0
]

. (33)

Second, the stereographic projection is defined from P to the unit sphere U

by
σ(e) =

[

e2
0 + e2

1 + e2
2 : 2e0e1 : 2e0e2 : e2

1 + e2
2 − e2

0

]

. (34)

Finally, the generalized stereographic projection is given by

δ(e) =









e2
0 + e2

1 + e2
2 + e2

3

2e0e1 − 2e2e3

2e1e3 + 2e0e2

e2
1 + e2

2 − e2
0 − e2

3









. (35)

The relation between those three projections is δ = σ ◦ϑ. Since we will need
to compute preimages by δ very often in molecular surface, we have explicitly
computed the preimage of a point on U in terms of spherical coordinates
(ϕ, θ) as follows:

e0 = sin2 θ
e1 = sin θ cos ϕ − sin ϕ sin2 θ + sinϕ + sin θ cos ϕ cos θ + cos θ sin ϕ
e2 = sin θ sin ϕ + sin2 θ cos ϕ − cos ϕ + cos θ sin θ sin ϕ − cos ϕ cos θ
e3 = cos θ sin θ.

(36)
For a point q = [q0 : q1 : q2 : q3] we have

q̄ := [q2 : q3 : −q0 : −q1] (37)

q⊥ := [−q3 : q2 : −q1 : −q0]. (38)

The set of preimages of a point Q is a projective line [11, 12]

δ−1(Q) = {λq + µq⊥ : λ, µ ∈ R}, (39)
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where q is a preimage of Q. The product formula

Bn
i (t)Bm

j (t) =

(n
i

)(m
j

)

(n+m
i+j

) Bn+m
i+j (t) (40)

shows that the image by the generalized stereographic projection δ of a
rational Bézier of degree n is a rational Bézier of degree 2n which is drawn on
the unit sphere. Conversely, it has been shown [11, 12] that every irreducible
spherical rational Bézier curve/surface of degree 2n can be represented as
the image by δ of some rational Bézier curve/surface of degree n.

6.2 Circular boundary curves

In this section, we want to parametrize a circular arc with fixed endpoints
as an image of the generalized stereographic projection δ. There are already
plenty of methods [20, 21] for representing a circular arc as rational Bézier
but we explicitly need that it is an image of δ because we intend to have
global continuity as described in the next section. Toward that end, we
suppose that we have four points Qi belonging to a circle C which is con-
tained in the unit sphere U. We assume that those points are equispaced
as illustrated in Fig. 6(a). Additionally, we are given two points b0 ∈ E3

and b2 ∈ E3 which are transformed by δ to the first and the last points:
δ(b0) = Q0 and δ(b2) = Q3. We want to determine a conic x which maps
by δ to the circle C. In other words, we want to find the internal node
b1 ∈ E3 such that the image of the following quadratic Bézier curve by δ is
C

x(t) = b0B
2
0(t) + b1B

2
1(t) + b2B

2
2(t) with bi = [wi : xi : yi : zi]. (41)

We will show that searching for the middle point b1 is equivalent to solving
a linear system of size four. We want that the internal points Q1 and Q2

correspond to the parameter values t1 := 1/3 and t2 := 2/3 as δ[x(ti)] = Qi.
Toward that end, we choose a preimage qi of Qi by δ. Since δ−1(Qi) =
{λqi + µq⊥

i : λ, µ ∈ R}, we have

< q̄i,x(ti) >= 0, and < q̄⊥
i ,x(ti) >= 0 (42)

which imply:

< q̄i,b1 >= K(q̄i, ti) < q̄⊥
i ,b1 >= K(q̄⊥

i , ti), for i = 1, 2, (43)

where

K(q, t) := −
1

B2
1(t)

[

< q,b0 > B2
0(t)+ < q,b2 > B2

2(t)
]

. (44)
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Q0

Q1Q2

Q3

b2

b1

b0

δ−1(Q0)

δ−1(Q3)

(a)

C1 = δ(D1)

C2 = δ(D2)
δ(D3) = C3

δ(D4) = C4

(b)

Figure 6: (a)A conic maps to the circle by δ the generalized stereographic
projection (b)Spherical patch delineated by four circular arcs.

With the four homogeneous coordinates of b1, the relations in (43) lead to a
linear system of size four. Since the curve x from relation (41) is a Bézier of
degree two in homogeneous coordinates, its image by δ is a rational Bézier
curve of degree four in cartesian coordinates.

6.3 Internal spherical patches

Let us consider four circles Ck represented as rational Bézier curves which
are drawn on the unit sphere U and which enclose a four-sided spherical
surface H. By using several degree elevations, we can suppose that they
have the same degree. Thus, the curves are supposed to have the next
representation in homogeneous coordinates

Ck(t) =

2n
∑

i=0

ck
i B

2n
i (t) with ck

i = [wk
i : xk

i : yk
i : zk

i ]. (45)

Additionally, we assume that they are the images of four Bézier curves Dk

of degree n by the mapping δ as shown in Fig.6(b). That is to say, we have

Ck(t) = δ[Dk(t)] with Dk(t) =
n

∑

i=0

dk
i B

n
i (t) (46)

such that there is coincidence at the corners:

d1
0 = d4

0, d1
n = d2

0, d2
n = d3

n, d3
0 = d4

n. (47)
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What we are searching is not simply a rational Bézier surface which inter-
polates those curves but a spherical transfinite interpolant X residing on U.
That is, we want to find a spherical patch X which pointwise interpolates
those curves at the boundary:

X(u, 0) = C1(u), X(u, 1) = C3(u) ∀u ∈ [0, 1],
X(0, v) = C4(v), X(1, v) = C2(v) ∀v ∈ [0, 1],
X(u, v) ∈ U ∀ (u, v) ∈ [0, 1]2.

(48)

The desired patch X will be represented as a rational Bézier surface having
the following form in homogeneous coordinates

X(u, v) =

2n
∑

i=0

2n
∑

j=0

bijB
2n
i (u)B2n

j (v) with bij = [wij : xij : yij : zij ]. (49)

Due to the property of δ in (39) and (40), that problem amounts to searching
for some rational Bézier Y of degree n which maps by δ to X as:

X(u, v) = δ[Y(u, v)] with Y(u, v) =

n
∑

i=0

n
∑

j=0

aijB
n
i (u)Bn

j (v). (50)

Thus, the problem is reduced to the determination of the homogeneous
control points aij of Y. On account of the boundary conditions (48), the
boundary control points should be chosen as

ai0 := d1
i , ain := d3

i , a0j := d4
j , anj := d2

j , ∀ i, j = 0, ..., n. (51)

Hence, the task remains in determining the internal control points aij which
are found by specifying that the image rational Bézier X interpolates some
given internal points Qk ∈ H ⊂ U at (uk, vk) ∈ [0, 1]2:

X(uk, vk) = δ[Y(uk, vk)] = Qk ∀ k = 1, ...,m := 2(n − 1)2. (52)

Let qk be a preimage of Qk by the mapping δ. We want to determine the
control points aij such that we have the following relation:

Y(uk, vk) = qk ∀ k = 1, ...,m. (53)

As a result, we have two equalities:

〈q̄k,Y(uk, vk)〉 = 0, 〈q̄⊥
k ,Y(uk, vk)〉 = 0, ∀ k = 1, ...,m. (54)

By denoting the set of indices (i, j) for internal and boundary control points
of Y by J and B respectively, we obtain

〈q̄k,
∑

(i,j)∈B

aijB
n
i (uk)B

n
j (vk) +

∑

(i,j)∈J

aijB
n
i (uk)B

n
j (vk)〉 = 0. (55)
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∑

(i,j)∈J

〈q̄k,aij〉B
n
i (uk)B

n
j (vk) = −〈q̄k,

∑

(i,j)∈B

aijB
n
i (uk)B

n
j (vk)〉. (56)

We can repeat the same computations in order to obtain similar relations
for q̄⊥

k . Since the control points aij for (i, j) ∈ B are specified by (51), the
right hand side of (56) is completely known. Therefore, this leads to some
linear system of equations having aij with (i, j) ∈ J as unknowns.

7 Implementations and future works

We have implemented routines in C/C++ and OpenGL in order to split
molecular surfaces into patches. Although the conversion of the CSG repre-
sentation into a B-rep structure is not very theoretically sound as described
in section 4, its implementation constitutes a large part of the program.
Three examples of decomposition into four-sided surfaces can be seen in
Fig. 7, Fig. 8 and Fig. 9. They correspond to molecules of propane,
pentane and ice which have respectively 11, 17 and 84 atoms. The final
decompositions have respectively 231, 388 and 1284 four-sided patches as
observed in Fig. 7(b), Fig. 8(b) and Fig. 9(b).

Until now we have already implemented a lot of programs about decompo-
sition and mappings. Still, the size of the problem is not yet large because
we made only the programmings for illustration purpose. We have treated
molecular surfaces consisting of no more than 90 atoms. That is, we have
concentrated more on the implementation of the theoretical methods than
on the speed and efficiency of the programs. In the future, we plan to extend
our geometric routines to be able to handle real world molecules that have
over 200 atoms as illustrated in Fig. 10. Our ultimate objective is to treat
extremely large molecules like proteins with thousands of atoms.

Apart from the size of the problem, two important points will be investigated
more carefully. First, spheres which are almost tangent to each other create
difficulty in the splitting method because the resulting trimmed surfaces
become very tight and curved in the neighborhood of the tangency. More
theoretical works might still be necessary to examine the properties of the
mappings from the unit square to a patch which is long and thin. That
situation might not happen for small molecules such as benzene or fullerene
but it almost always occurs for large molecules. Second, we have mainly
treated problems where one sphere generates a single trimmed surface. If
we have several trimmed surfaces from one sphere, we should improve the
detection routine in order to find the trimmed surfaces more efficiently.

On the other hand, we want to improve the method of loading the initial
input. It would be advantageous if we have completely automatic routines
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(a)

(b)

Figure 7: (a)Propane molecule with 11 atoms (b)Decomposition with 231
four-sided patches.
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(a)

(b)

Figure 8: (a)Pentane molecule with 17 atoms (b)Decomposition with 388
four-sided patches.
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(a)

(b)

Figure 9: (a)Ice molecule with 84 atoms (b)Decomposition with 1284 four-
sided patches.
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for treating any PDB files (Protein Data Bank) which are the usual stan-
dards to digitally store chemical entities. That is helpful to reduce manual
operations for sorting out important relevant information from files having
large molecules like DNA or proteins which usually have between 500 to
several thousands of atoms.

22



Figure 10: Future work: DNA with 637 atoms.
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