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1. Fundamental Solution
The function ) | ’
- log |z d=2
Glx) = { o ) (1)
@) T e 423

is called the fundamental solution of the Laplace operator, where
Bs(z) = {x € RY||z| < 6}. (2)

The convolution of two functions f, g is defined by

(f*9)@) = | fly)glz—y)dy. (3)
Rd
Let f € C%(R?). Prove that u := G x f solves Au = f in R? for d > 2.

Hints :

- A(Gx* f)=Gx* (Af) € C°(R?)

— Split the integral in B.(0) and R\ B.(0). Let ¢ — 0 at the very end.
— feW2*®°(RY) and f € WH(RY)

- AG(x) =0for |z| > ¢

~ e™1d|By(0)] = |0B-(0)|

See next page !



2. Tensor products of seperable Hilbert spaces

Let H,, H, be two seperable Hilbert spaces. For ¢; € H;, oy € H,, we denote by
v1 ® o the conjungate bilinear form on H; x H, defined by

(1 @ ) (1, ¥2) = (1, 1) 1, (Yo, o), VWi € Hiy i =1,2. 4)

Let £ denote the space of all finite linear combinations of such bilinear forms ; on &,
we define an inner product by

(cp@zb,n@u) = <¢7”>H1 <77Z)7/J“>H2 (5)

a) Prove that (-, -) from (5) is well-defined and postive definite.

Therfore, £ is a pre-Hilbert space with inner product (-, -). We define the tensor prod-
uct H; ® H, of H; and H, as the completion of £ under (-, -). Let (¢) and (1;); be
orthonormal bases of H; and Hs, respectively.

b) Prove that (5, ® 1), is an orthonormal basis of H; ® Ho.
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