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Theoretical exercise 1. (The space LP(0,7; X) [6 points])
Let X, Y be real Banach spaces and let 1 < p < co. Let furthermore 0 < T < oo.

a) Show that the embedding C([0,7], X) — LP(0,T; X) is continuous.

b) Let X C Y and let the corresponding embedding be continuous. Prove that the
embedding LP(0,T; X) — L%(0,T;Y") is continuous for all 1 < ¢ < p < co.

c) Let 1 < p < ooand %Jr% = 1. Prove that the embedding L9(0,T; X*) — LP(0,T; X)*
is continuous with embedding constant 1.

Theoretical exercise 2. (The space WP(0,T;V, H) [6 points])

Let 1 < p < ocand let V C H C V* be a Gelfand triple. Let furthermore 0 <
T < co. We define the space C1([0,T]; V) as the Banach space of continuous functions
f:[0,T] — V such that

£ lles oy = gmass £ @y + ma [ Oy < oc.

a) Prove that for u,v € C1([0,7]; V) it holds

(u(t), o)) = (uls),v(s)m = / (' (2), v(2))ve v + (V' (2), ulz))ve v dz,

where (-, -)y+ v is the natural duality pairing for V* and V.

b) Prove that there exists a continuous embedding

WiP(0,T;V,H) — C([0,T), H).

Theoretical exercise 3. (Example function [4 points])

Prove that y(t,z) = \% is an element of C([0,1], L!([0,1])) and calculate its norm. For
which 1 <p<o0,1 <g<oisye LP(0,1;L9[0,1]))?



