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Theoretical exercise 1. (Enhanced minimization functional [6 points])

For W(0,T) := W42(0,T; H'(Q), L?(2)), consider the model problem of optimal bound-
ary control with enhanced minimization functional:

wepralin Sl T) = vallia + Sl G + gf agy drdt + f Jusu dsdt

with yo € L2(2),ag € L*(Q),ux, € L*(X) for @ = Q x (0,7) with Lipschitz domain
and ¥ = 09 x (0,T) such that

yu—Ay = 0 n @
oy+ay = pBu on ¥
y(,0) = yo(*) in

and u, < u < up almost everywhere for uq,u, € L*(X). Here, yo € L3(Q), 8 € L™®(X)
and a € L*(X) is non-negative almost everywhere.

Prove that also for this problem an optimal control exists and derive the corresponding
variational inequality and the adjoint equation.

Theoretical exercise 2. (Monotone Lipschitz operators [6 points])
Let V be a real Hilbert space and A : V' — V* be a strongly monotone and Lipschitz-
continuous operator, i.e.
3B0>0: (Au— Av,u—v)y=y > Bollu — |3
and
1L >0: HAU — A’UH\/* < LHU — ’UHV

for all u,v e V.

Prove that for every f € V* there exists exactly one v € V such that Av = f, i.e.
A7l V* = V exists. Prove furthermore that A=! is Lipschitz continuous with Lipschitz
constant %

Theoretical exercise 3. (Fréchet differentiability in L, [4 points])

Let @ : LP(0,1) — L4(0,1) be defined by ®(f)(:) = sin(f(-)). Prove that ® is not Fréchet
differentiable for 1 < p < ¢ < 0.



