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Theoretical exercise 1. (Optimization in L2([0, 1]) [4 points])

Determine all solutions to the minimization problem

min

∫ 1

0

(
u2(x)− 1

)2
dx s.t. |u(x)| ≤ 1 a.e. and u ∈ L2([0, 1]).

Find a Banach space in which all different solutions have the same distance to each
other.

Theoretical exercise 2. (Optimal control: Poisson equation [10 points])

Let Ω be a bounded Lipschitz domain and let λ > 0 and consider u, yΩ, ua, ub ∈ L2(Ω)
and β ∈ L∞(Ω), y ∈ H1

0 (Ω). Let us define the optimal control problem

min J(y, u) :=
1

2
‖y − yΩ‖2L2(Ω) +

λ

2
‖u‖2L2(Ω)

with side conditions

−∆y = βu in Ω

y = 0 on ∂Ω

u ∈ Uad := {v | ua ≤ v ≤ ub almost everywhere on Ω}.

Prove that (y, u) is a solution to the control problem if and only if

−∆y = βu in Ω

y = 0 on ∂Ω

u ∈ Uad

〈βp+ λu, v − u〉L2(Ω) ≥ 0 ∀ v ∈ Uad

where p is given by

−∆p = y − yΩ in Ω

p = 0 on ∂Ω.

Theoretical exercise 3. (Interior points in Lp [4 points])

Let 1 ≤ p <∞ and let a, b ∈ L∞([0, 1]). Prove that the set

{u ∈ Lp([0, 1]) | a(x) ≤ u(x) ≤ b(x) for almost every x ∈ [0, 1]}

has no interior points.


