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Theoretical exercise 1. (Optimization in Ly([0, 1]) [4 points])

Determine all solutions to the minimization problem
! 2
min/ (u2(x) —1)"dz st |u(z)] < 1ae and u € Ly([0,1]).
0

Find a Banach space in which all different solutions have the same distance to each
other.

Theoretical exercise 2. (Optimal control: Poisson equation [10 points])

Let © be a bounded Lipschitz domain and let A > 0 and consider w, yq, uq, up € La(2)
and B € Loo(Q),y € HY(2). Let us define the optimal control problem

. 1 2 A2
min J(y, u) := Slly = yelli, @) + 5 luli,@
with side conditions

Ay = pu in Q2
y = 0 on Of)

u

m

Ugd :={v | uqg < v < up almost everywhere on Q}.
Prove that (y,u) is a solution to the control problem if and only if

Ay = pfu in
y = 0 on 0f)
Uad

u <
Bp+ A, v —u)p,) = 0 Vv € Uy
where p is given by

—Ap = y—yo inQ
p = 0 on 0f.

Theoretical exercise 3. (Interior points in L, [4 points])

Let 1 <p < oo and let a,b € Ly ([0, 1]). Prove that the set
{u e Ly([0,1]) | a(z) < u(z) < b(zx) for almost every x € [0, 1]}

has no interior points.



