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Exercise 30. (Quasi-interpolation)
Let 75, be a shape-regular triangulation of Q C R?. We define the operator Ry, : H} (Q) — Py°(T5)
via

Here, Nj, () is the set of interior vertices, {\.}.car(q) is the nodal basis, and w, := U{K € Tj :
z € K} denotes the nodal patch of a vertex z € N}, (). Prove for any T € Tj, and any v € H}(Q)
that

diam(T) " [lv — Ruvll2(ry + [VRrv| L2¢r) < ClI V0l L2 (00

where the element patch wy of T is wp :=U{K € T, : KNT # 0}.

Exercise 31. (inf-sup condition)
Let V and M be Hilbert spaces and let b: V x M — R be a continuous bilinear form satisfying

0< B < inf sup b(v, ).
ﬁ_ueM\{O}er\ao} (0. 1)

Define the set
Z={veV:bv,pu) =0foral ye M}

with V-orthogonal complement Z+ and polar set Z° = {F € V' : F|z = 0}. Define the operators
B:Zt — M and B': M — Z° via

B(v) = b(v,-) B'(p) =b(-,u)  forany v e Z+ and p € M.
(a) Check that B and B’ are well-defined.
(b) Prove that B is an isomorphism and [[B~!|| g 7o) < 871
(¢) Prove that B’ is an isomorphism and |[(B") ™| z(ze,ar) < 877
Hint: Closed range theorem.
Exercise 32. (Brezzi splitting is necessary)
Let V and M be Hilbert spaces with continuous bilinear forms a : VxV — Rand b: V x M — R.
Assume that for any F € V' and G € M’ there exists a unique solution (u, \) to the saddle-point
problem
a(u,v) 4+ blv,\) = F(v)
b(ua :u) = G(p)
and that it satisfies ||u|lv + [|[AM|ar < C(||F|lv: + [|Gllar)- Let

Z :={veV:blv,u) =0forall pe M}

} for all (v,pu) €V x M

Prove that there exist constants «, 5 > 0 such that

. a(v,w) . a(w,v)
inf sup ————— > «a < inf sup
veZ\{0} wez\{o} [IVIIvIlwllv veZ\{0} wez\fo} [[VIIvlw|v
and .
inf sup (v, 1)

peM\{0} yev\qoy [IVllvIlellae —
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Exercise 33. (Conforming divergence-free functions are trivial)
Let 7; be the criss triangulation of the unit square and let uy € POI’O(’Y}L) with divuy, = 0. Prove
that u, = 0.

Hint: The criss triangulation is
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