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Exercise 1. Let Ω ⊂ R3 be a bounded Lipschitz domain. Prove existence of an optimal
control for the following nonconvex optimal control problem:

min
(u,y)∈U×V

J(u, y) =
1

2
(y − yΩ)2dx+

λ

2

∫
Ω

u2dx

s.t.

−∆y + uy = f in Ω

y = u on Γ

a ≤ u(x) ≤ b for a.a. x ∈ Ω,

with U = L2(Ω), V = H1
0 (Ω), f, yΩ ∈ L2(Ω), λ > 0, a ∈ R+

0 , b ∈ R ∪ {∞}, a ≤ b.
(10 points)

Exercise 2. Let G : Ls(Ω) → H1(Ω) ∩ C(Ω̄), s > n − 1, denote the control-to-state
operator for the boundary value problem

−∆y + y = 0 in Ω
∂νy + b(x, y) = u on Γ,

under Assumptions A1-A5 formulated in the lecture. Prove that G is Fréchet-
differentiable from Ls(Ω)→ H1(Ω) ∩ C(Ω̄) and state the concrete form of G′(u).

(10 points)


