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Generalized interpolation, integration

1 Group exercises

G 1. (Integration in kernel spaces)

Let © be some set and p : Q — [0,00) a density function. Further let H be a Hilbert
space of real-valued functions on Q with kernel k such that [, \/k(z, z)p(z)dz < co.

a) Show that ’H consists of p-integrable functions and that the integration functional
Int(f) = [ f(z)p(x)dz is continuous.

b) Determine the function h € H that represents the integration functional Int.
Solution.

a) For all f € H, we have

[l @lo@de = [ 146,k Do < 17l [ k() lkpta)de < .

Since ||k(zx,-)||x = /k(x,z), we conclude that every f € H is integrable with respect
to the density p. Moreover,

Int(f)] < Int(|£)) < | ]l / (@ 2)p()dz,

hence Int is a bounded linear functional, which is equivalent to being a continuous
linear functional.

b) By Riesz’ representer theorem, there is a function h € H such that Int(f) = (h, f).
This function is pointwise given by

W) = (b k(z, ) = /Q Kz, y)p(y)dy.

G 2. (Representation of general bounded linear functionals)

Let k be a kernel and H its native Hilbert space. Let A\, € H* be two continuous
functionals. Show that A\2k(-,y) € H and

M) = (f, N2k(Coy))k for all f € H.

Moreover, show that
A myae = A pPk(z, y).



Solution. Let us write kz(-) = k(x,-), that is, we consider the kernel k as a function
of the second argument with parameter x. Since A € H*, there is by Riesz’ representer
theorem a function uy € H such that (uy, f) = A(f) for all f € H. Since k, represents the
evaluation at the point x, we have \(k;) = (uy, kz)r = ux(z). Hence, N2k(-,y) = uy € H.
Analogously, we find a function w, such that u(k;) = (uu, kz)r = uu(x). Then,

A e = () = Aup) = Mp(k.)) = M p*k(z, y).

G 3. (Differentiable kernels)

Let Q = [0,1] and k(z,y) be a kernel on Q2 which has continuous partial derivatives
Ozk, Oyk. Assume that

) k(z + hi,x + hy) — k(x 4+ hy,z) — k(z,x + ho) + k(x, z)
lim
h1,h2—0 h]_hg

exists.

a) Show that 0,k(xg,-) € N} for any xp € Q. Hint: Consider the sequence f,(y) =
k(ﬂco-i-hni/)—k(ﬂf?my) for h,, — 0.

b) Show that any function g € N} has a first derivative ¢’ and ¢'(zo) = (g, dk(xo,")).
Solution.

a) For a sequence (hy)nen with h, — 0, consider

fuly) = uChs h"’g) — k(,y) eN;.

Obviously, we have pointwise lim,, oo frn(y) = Ozk(z,y). Thus, we have to show that
fn = Ozk(z,) also in Nj.

By assumption,

k(x4 hpyx + hiy) — k(2 + hy, ) — k(2,2 + hy,) + k(z, )

pam oo fnd = Tim Fohors ¢

for some ¢ > 0. But then
lim an - fm”i = lim <fna fn>k - 2<fnafm>k + <fm,fm>k =0
,1M—00 n,Mm—00
and (fy,)nen is Cauchy sequence in Ny with limit f* = lim,, o fr € Nj. But then

£ () = U k(s )k = 1 o k(y, i = m fu(y) = Oeh(z,y).

b) Since |(g, dok(z, )il < gl [ek(z, )|k < oo, the limit

o 90+ ho) = gla0)

n—00 hy,

= | 1im {g. fu)tl = (9. Ouh(z0. )]

exists. Consequently, ¢'(xo) exists and is simply given by ¢'(z¢) = (g, d.k(z0,-)).
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