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The infinite horizon problem

Let y, denote the unique solution of the Cauchy problem

We aim to minimize the cost
Iz, a) = / Uy (t), alt))e .
0

For that purpose we define the value function as

v(x) = Ciyg&J(m,a).

Prerequisites

Let A c RM compact.

(Ao)
A is a topological space,
f: RN x A — R¥ is continuous,

(A1) f is bounded on B(0,R) x A for all R > 0,

(Az) there is a modulus wy such that

|f(y,a) = f(z,a)] <ws(lz —yl, R),
for all z,y € B(0,R) and R > 0.

(As)
(f(z,a) — f(y,a)) - (x —y) < Llz — y|? for all z,y € RN a € A.

(A4) e {is continuous,
e there are modulus wy and a constant M such that
[U(z,a) — Uy, a)| < we(lz—y|)

and
|(x,a)] < M,
for all z,y € RY and a € A,
e A>0



Exercises

Exercise 1. Prove: Assume (Ag), (A1), (A3), and (A4). Then v € BUC(RY). If moreover
we(r) = Lyr (i.e., £ is Lipschitz in y, uniformly in a), then v is Holder continuous with the
following exponent ~:

1 if A\>L
y=<any y<1 ifA=1L
7+ if A< L

Hint: Under the assumptions from above a basic property of ¥, is
Y2 (t, @) = y(t, @) < ez — 2|

for all @« € A, and ¢ > 0. L denotes the constant known from (As).
(6 Punkte)

Feedback maps

Definition 1. A control law or presynthesis on a set Q C RV is a map A : Q — A, that is, it
associates with each point z € € a control function A(z) =: a,. It is optimall on € if the cost
associated with it, that is, Ju(x) := J(z, ay), satisfies

Ja(x) = miﬁ J(z,a) =v(z) forall z € Q.
ac

The most important examples of control laws are generated by feedback maps ¥ : Q — A,
provided the feedback is admissible in the following sense.

Definition 2. A feedback map on a set @ C RY, ¥ : Q — A, is admissible if for all z € Q
there exists a unique solution y, (-, ¥) on [0, +oo[ of

{(i/) = [, ¥(v))

y(0) =z

such that t — U(y,(t, ¥)) is measurable and y,(¢t, ¥) € Q for all ¢ > 0.

It is natural to associate the following control law with an admissible feedback map
ag(+) = V(ya(-, V) € A

a, in this case is called a closed-loop control.

Exercise 2. Denote by F the set of admissible feedback maps on R, and set, for ¥ € F,

Jr(z,¥) = /000 e MUy (t, W), Uy, (t, ©)))dt

vr(z) :\IilIelg__Jf(ﬂf7\I’).

(i) Prove that vz = v. [Hint: one inequality is trivial, the other is easily obtained by adding
time as a state variable.]

(ii) Prove directly (without using (i)) that vz is continuous and satisfies the Dynamic Pro-
gramming Principle.

(6 Punkte)
Treating the convex HJ equation in multiple space dimensions
We consider Hamilton-Jacobi equations in multiple space dimensions
ug + H(ugy, ... ug,) =0, RYx[0,7] (1)

Exercise 3. Generate the upwind scheme for (1) in case d = 2. Prove monotonicity and
consistency for that scheme. (Adapt the univariate proofs).
(6 Punkte)



