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Exercise 1. (heterogeneous multiscale method)

We consider an open, and bounded domain Ω with triangulation T ∈ TH and conti-
nuous, piecewise linear finite elements VH(Ω) with zero boundary, as well as Y = (0, 1)n

with triangulation K ∈ Th and continuous, piecewise linear, periodic, zero-mean finite
elements Wh(Y ). Moreover, let A ∈ C0(Ω× Y )n be periodic in its second variable, uni-
formly elliptic and Aε(x) = A(x, x/ε). We use the piecewise constant approximation on
inner cells

Aεh(x)|xεT (K) = A(xT , x
ε
T (yK)/ε)

for T ∈ TH and K ∈ Th with corresponding barycenters xT , yK .
uH ∈ VH(Ω) is called an HMM-approximation if it solves

(f, vH)L2(Ω) = Ah(uH , vH) ∀vH ∈ VH(Ω) ,

where

Ah(uH , vH) =
∑
T∈TH

|T |
 
YT,ε

Aεh(x)∇xRT (uH)(x) · ∇xvH(x) dx .

(Here, RT is the local reconstruction operator for δ = ε.)
Show that uH is the coarse part of the solution to the following two-scale problem:
Find (uH , uh) ∈ VH(Ω)× VH(Ω,Wh(Y )) with

ˆ
Ω

ˆ
Y
AH(x, y)(∇xuH(x)+∇yuh(x, y))·(∇xvH(x)+∇yvh(x, y)) dy dx =

ˆ
Ω
f(x)vH(x) dx

for all (vH , vh) ∈ VH(Ω)× VH(Ω,Wh(Y )), with AH(x, y)|T×Y = A(xT , y).
Show that one additionally has

uh(x, y)|T×Y =
1

ε
(RT (uH)− uH) ◦ xεT (y − w0)

with w0 = xT /ε+ (1/2, . . . , 1/2)>.

(16 points)
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