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Exercise 22. (The d’Alembert solution for a bounded interval)

Consider the one-dimensional wave equation on a bounded interval (0, L).

OPu = 20*u (x,t) € (0,L) x (0,00)
(0,t) =u(L,t) =0 t €1]0,00) 1)
u(z,0) = up(x) xz € (0,L)
Oru(z,0) = vo(x) z € (0,L)
Consider the 2L—periodic, odd extensions Uy, V} of ug, vg, i.e.

Uo(2kL + z) = up(x) zxe€(0,L,keZ,

Up(2kL — z) = —ugp(x) rel0,L],keZ,
Uo((2k + 1)L + ) = —up(L — x) zel0,L],keZ,
Uo((2k + 1)L — z) = up(L — x) rel0,Ll,keZ

Show that the d’Alembert solution from Exercise 20 to initial conditions
u(z,0) = Uy zeR
8{1](%’,0) :‘/0 reR
is a solution to (1) as well.
(3 Points )
Exercise 23. (Mean values and harmonic functions)
Let Q C R? be open, u € C*(Q). Show the following.
a) Let u be harmonic in Q, Br(z) € Q and r < R. Then
ww) = g [ s = S [ ud
war?=t Jop, (2) Y= G () v
b) Let
1
u(r) = ——— u(y)dS
@) = gt [, w35
for all B,(x) C €. Then u is harmonic in Q.
Hint: Consider ¢'(r) where
)= gt [ u)as)
war®=t Jop, (2)
(4 Points )



Exercise 24. (Mollifiers and an application)

Let © C R be open, € > 0, Q. := {z € Q : dist(x,0Q) > €}.
Consider a so called mollifier

neC®RY, 7n>0, suppn:={zrecR?:nx)+#0}C Bi(0), /B(O)nzh
1

and set

ne(x) = 777(*) , suppne C Be(0) , / Ne = / ne=1.
€ € Rd B

<(0)
Let
fe LIIOC(Q) ={f:Q—=>R:VK CQ, K compact : fx € LI(K)} D Ll(Q);,
fow) = s D@ = [ e )W)y

Be(x)
a) Show that f. € C>(£) .

b) Show that fe — f almost everywhere.
Hint: Tt holds that

. 1
lim )
rNO wyre—

| U@ - fwldy =0
8B, (x)
almost everywhere.

c) Let u € C(Q) such that the mean value property

1
 wgrd—1

N
2

u(x) /83T(x) u(y)dy VB, (z

holds.

Using a), show that u € C*°(Q).
(6 Points )

Exercise 25. (Weak derivatives)
Let © ¢ R% be open and

C(Q):={f e C™®(Q):supp f C 2 compact}.

Let u,v € LL _(€2) and « be some multiindex. Then v is called a-th weak derivative of
w iff

Yo e C&: / uD%p = (—1)l / v .
Q Q

Show that

a) weak derivates are uniquely determined almost everywhere,

Hint: Consider (n1 * x4) for A C Q..

b) if u € Cl®l then weak and (strong) derivatives agree.
(3 Points )



