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Exercise 1. (Residual error)

Let Ω ⊂ R2 be an open and bounded domain. We consider the problem:
Find u ∈ H1

0 (Ω) with
a(u, v) = F (v) ∀v ∈ H1

0 (Ω) ,

where a(u, v) =
∫

Ω∇u∇v dx and F (v) =
∫

Ω fv dx, f ∈ L2(Ω). Furthermore, let Th
be a quasi-uniform triangulation of Ω and Vh ⊂ V a conform finite element space. For
the solution u ∈ V to the original problem and the approximation uh ∈ Vh satisfying
a(uh, vh) = F (vh) for all vh ∈ Vh, show that

a(u− uh, v) =
∑
T∈Th

∫
T
rhv dx +

1

2

∑
e∈∂T\∂Ω

∫
e
Rhv dS

 ∀v ∈ V .

Here, rh = ∆uh+f denotes the residual on the corresponding element and Rh = J(∇uh ·
ne) denotes the jump of the normal derivative of uh on the corresponding edge.

(4 points)

Exercise 2. (Trace theorem)

Consider an open and bounded domain Ω ⊂ R2 with smooth boundary and the following
version of the Trace theorem:

‖u‖20,∂Ω ≤ C1‖u‖20,Ω + C2‖∇u‖20,Ω ∀u ∈ H1(Ω) .

Use a scaling argument to deduce the correct dependence of C1, C2 on diam(Ω).
(4 points)

1


