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Exercise 1. (integrability)

Let f : Rd −→ R be given by
f(x) = ‖x‖−α2

for α > 0. Compute the range of all α for which f belongs to L1
loc(Rd).

(4 points)

Exercise 2. (weak differentiability)

We consider the function f ∈ L1
loc(R), f(x) = |x|.

a) Show that f is weakly differentiable and compute its weak derivative.

b) Show that f is not twice weakly differentiable.

(4 points)

Exercise 3. (Helmholtz equation in 2D)

Let Ω = (0, 1)2 be the unit square and consider the 2D Helmholtz equation

−∆u(x) = λu(x) in Ω

u(x) = 0 on ∂Ω

for functions u ∈ C2(Ω).

a) Let u1, u2 ∈ C2(0, 1) be solutions to the Helmholtz equation in 1D, with respec-
tive Eigenvalues λ1, λ2. Show that u(x, y) = u1(x)u2(y) solves the 2D Helmholtz
equation and compute the corresponding Eigenvalue.

b) We discretize the 2D Helmholtz equation with a regular grid {xi,j = (i/n, j/n) |
i, j = 1, . . . , n− 1} and the five-point stencil

−∆u(xi,j) ≈ n2(4u(xi,j)− u(xi−1,j)− u(xi,j−1)− u(xi+1,j)− u(xi,j+1)) .

State the resulting discrete system of N = (n−1)2 equations. Here, use the ordering
given by

U = (U1, . . . , UN )> , u(xi,j) = U(n−1)(i−1)+j .

(4 points)
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Exercise 4. (Kronecker product)

Let A,B ∈ Rd×d be two square matrices. We define the Kronecker product

A⊗B =

A11B · · · A1dB
...

. . .
...

Ad1B · · · AddB

 ∈ Rd
2×d2

as a block matrix with d× d blocks AijB. We also define

u⊗ v =

u1v...
udv

 ∈ Rd
2
.

for vectors u, v ∈ Rd.

a) Show that (A⊗B)(u⊗ v) = (Au)⊗ (Bv).

b) Let I be the d-dimensional identity matrix and define

L =


2 −1
−1 2 −1

. . .
. . .

. . .

−1 2 −1
−1 2

 ∈ Rd×d .

State the matrix A = L⊗I+I⊗L explicitely. Find all Eigenvectors and Eigenvalues
of A.

(4 points)
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