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Exercise 1. (bilinear elements)

Consider the unit square Ω = [0, 1]2 ⊂ R2. We call a continuous function f : Ω → R
affine bilinear if f(·, y) is affine linear for all y ∈ Ω and f(x, ·) is affine linear for all
x ∈ Ω.

a) Let Q(Ω) be the space of affine bilinear functions on Ω. Show that Q(Ω) has
dimension 4, and find a basis which is nodal with respect to the corners of Ω.

Let n ∈ N. We define ai = i/n for i = 1, . . . , n and decompose Ω into a union of squares

Ωij = {(x, y)> ∈ Ω | ai−1 ≤ x ≤ ai, aj−1 ≤ y ≤ aj} ⊂ Ω

for i, j = 1, . . . , n.

b) Find the dimension of

V = {f ∈ C(Ω) | f |Ωij ∈ Q(Ωij) for i, j = 1, . . . , n}

and determine whether a nodal basis with respect to the gridpoints (ai, aj)
>, i, j =

0, . . . , n exists.

(4 points)

Exercise 2. (change of variable)

We consider the reference triangle element T0 = {(x, y)> ∈ R2 | x ≥ 0, y ≥ 0, x+ y ≤ 1}
with the three nodes a1 = (0, 0)>, a2 = (1, 0)> and a3 = (0, 1)>. Furthermore, let
φ1, φ2, φ3 be the nodal basis with respect to a1, a2, a3. For an arbitrary nondegenerate
triangle T ⊂ R2 with corners b1, b2, b3 ∈ R2, we consider the affine linear map J(x, y) =
C(x, y)> + d which maps ai to bi for i = 1, 2, 3.

a) Determine the matrix C ∈ R2×2 and the vector d ∈ R2.

b) We consider new coordinates (x̂, ŷ)> = J(x, y) and define the nodal basis ψ1, ψ2, ψ3

on T via
ψi(x̂, ŷ) = φi(x, y) , i = 1, 2, 3 .

Express∫
T
ψi(x̂, ŷ)ψj(x̂, ŷ) d(x̂, ŷ) and

∫
T
∇(x̂,ŷ)ψi(x̂, ŷ) · ∇(x̂,ŷ)ψj(x̂, ŷ) d(x̂, ŷ)

as integrals of the form ∫
T0

· d(x, y) .

(4 points)
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