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Exercise 1. (Green’s formulas) (6 Points)

Let ©Q a bounded domain in R” with Lipschitz boundary 0Q. If u € C'(Q), we know

that
/uxidx:/ uv;jds, i=1,...,n, (1)
Q o0

where 7; is the i-th component of the outward pointing normal to the surface of €.

Assuming that u,v € C2(f), prove the following identities:

a) /Audx:/ Vu-vds
Q N

b) /Vu~Vvdx:—/uAvdx+/ uVu - vds
Q Q oN

c) / (uAv — vAu) doz = / (uVv -7 —ovVu- 1) ds
Q o0

Exercise 2. (PDE classification) (6 Points)

Let u: R3 x (0,T) — R, T > 0 and € > 0. Investigate if the following partial differential
equations are of elliptic, parabolic or hyperbolic type.

a) Au = a’uy, a € R constant.
b) eus — Au+ au = f, a € R constant.
c) ur — Au+ euy, — ug, = f,
d) —Au+ (1~ [|Z]3)u = f.

In all the equations the Laplace operator is taken with respect to the spatial variables
only, that is, Au = 30 Uy,

Exercise 3. (Rotation invariance) (6 Points)

Let © a domain in R”, n > 1 and v :  — R a function that satisfies the Laplace
equation Au = 0. Given an orthogonal n x n matrix O, define

(%) = u(0F) T el (2)
Show that Av = 0.

Exercise 4. (Polar coordinates) (6 Points)

a) Show that the Laplace operator Au = uz, + uyy in two dimensions can be written in
polar coordinates (r,#) as

1 1
Au = Upp + ;ur + ngu%. (3)

1



b) Let a and b positive constants with a < b. Find the solutions of the form u(r, 8) = v(r)
of the equation gz, +uy, = 1 in the annular region a® < z?+y? < b?, with u vanishing
on both parts of the boundary.



