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Exercise 1. (2 + 2 + 1 + 2 + 2 = 9 points)

On the d-dimensional hypercube Qref = [0, 1]d we consider for some m ∈ ℕ the space

m ∶= spanℝ {(x1, ..., xd )↦  1(x1) ⋅ ... ⋅  d (xd )∶  i polynomial of degree ≤ m} ,

i.e. m consists of all polynomials in the variables x1, ..., xd such that each xi appears only with
exponents at most m.

a) Given arbitray 0 ≤ z0 < z1 < ... < zm ≤ 1, show that there is a nodal basis for m with
respect to the point set

Z =
{
(zi1 , ..., zid )∶ i1, ..., id = 0, ..., m

}
.

b) Let Ω ⊂ ℝd , d = 2, 3, be a polygonal/polyhedral domain with a quadrilateral/hexahedral
triangulation as described in exercise 1d of sheet 6 (a�ne multlinear transformations to
the reference element Qref). Show that the �nite element (Qref, m, point evaluations at
Z ) generates an H 1(Ω)-conforming �nite element space on Ω.

Remark: We call the �nite element constructed above tensor-product �nite element of order m, because
m is the d-fold tensor-product Pm ⊗ ... ⊗ Pm of the space Pm of polynomials of degree ≤ m in one
variable.
Now we consider only d = 2 and m = 3 and Ω being partitioned in a rectangular mesh, i.e.
all cells of the mesh are rectangles w.l.o.g. with edges parallel to the coordinate axes. With
q1, ..., q4 ∈ Qref we denote the four corners of the reference square Qref = [0, 1]2.

c) Does the �nite element (Qref, 3, point evaluations at Z ) generate an H 2(Ω)-conforming
�nite element space on the rectangular mesh?

d) Show that

 =
{
p ↦ p(qi), p ↦

)p
)x1

(qi), p ↦
)p
)x2

(qi), p ↦
)2p

)x1)x2
(qi)∶ i = 1, 2, 3, 4

}

is a basis for (3)′.

e) Does the �nite element (Qref,3, ) generate an H 2-conforming �nite element space on
the rectangular mesh?
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Exercise 2. (2 points)

Let Ω ⊂ ℝd be a domain. For some � > 0 we introduce the scaling operation

M� ∶ ℝd → ℝd ,
x ↦ �x.

Let k ∈ ℕ0 and p ∈ [1, +∞]. To a function u ∈ W k,p(Ω), k ∈ ℕ0, p ∈ [1,∞] we associate the
scaled function u� ∶= u◦M−1

� ∈ W k,p(Ω�) on the scaled domain Ω� ∶= M�(Ω).
How can you relate the Sobolev seminorms |u� |W k,p(Ω�) and |u|W k,p(Ω)?

Exercise 3. (2 + 2 = 4 points)

Given �0 ∈ ℕn de�ne A(�0) ⊂ ℕn
0 by

A(�0) ∶= {(�1, ..., �n) ∈ ℕn
0∶ �i < �0,i , i = 1, ..., n}.

For �0 = (m, ..., m), m ∈ ℕ, the set Am ∶= A(�0), e.g., corresponds to the set of all multiindices
� de�ning polynomials x� = x�11 ⋅ ... ⋅ x�nn ∈ m−1.
Given a domain Ω ⊂ ℝn that is starshaped with respect to a ball B around x0 with radius � > 0
we introduce the averaged Taylorpolynomial

QA(�0)u(x) = ∫
B

∑
�∈A(�0)

1
�!
D�u(y)(x − y)��(y)dy,

where � denotes a cuto�-function supported in B with ∫ℝn � = 1.

a) It is clear that QA(�0)u is wellde�ned for u ∈ W |�0 |−n,p(Ω). Prove that there is a bounded
linear extension

QA(�0) ∶ L1(B)→ W k,∞(Ω)

for each k ∈ ℕ and that QAmu ∈ m−1 for any u ∈ L1(B).

b) Let � ∈ A(�0). Show that

D�QA(�0) = QA(�0−�)D�u ∀u ∈ W |�0 |−|� |,p(Ω).

Exercise 4. (2 + 3 = 5 points)

Let ℎ be a family of tetrahedral meshes on a polygonal domain Ω ⊂ ℝd and Mℎ the mass
matrix associated with respect to the corresponding �nite element space of piecewise linear
�nite elements, i.e.

(Mℎ)ij = ∫
Ω
'ℎi '

ℎ
j dx

with ('ℎi )i being the nodal basis functions of the �nite element space on the mesh ℎ.

a) Assume that ℎ is non-degenerate. Show that there are constants c1, c2 > 0 such that

c1 diam(T )d ≤ |det aT | ≤ c2 diam(T )d

holds for any tetrahedron T ∈ ℎ and the linear part aT ∈ ℝd×d of the a�ne linear map
that maps the reference tetrahedron to T .

b) Assume that ℎ is non-degenerate and that there is N ∈ ℕ such that each node of the
triangulation belongs to at most N tetrahedra. Show that there is a constant C > 0 such
that the condition number cond2(Mℎ) ful�lls:

cond2(Mℎ) ≤ C (
ℎ

minT∈ℎ diam(T ))

d

.

What can you conclude for quasi-uniform ℎ?
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