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Exercise 10. (Heat Equation)
(6 Points)

a) Show formally that the function

o) = = [ e (—’””;j”g)u()(y)dy 1)

solves the heat equation %u - aa—;u =01in (0,7) x R for every T' > 0.

b) Explain why we can expect that u(t,z) — ug(z) as t — 0 pointwise, e.g., for conti-
nuous and bounded initial data ug.

c) Let

1 forz>0
uo(x):{ B

0 forz<O.

Show that u(¢, x) is positive for all t € (0,T) and = € R, and conclude that information
is propagated with infinite speed.

d) How does the solution given in (1) have to be modified to provide a solution of the

heat equation %u - Daa—;gu = 0 with a diffusion constant D.

Exercise 11. (Finite Differences)
(6 Points)

Let v : R — R be a function that is sufficiently smooth and consider a discretization of
an interval [a, b] of interest using N + 1 points {z;}X, given by
a=29<21<...<xNy=Db, (2)

for ; = a+ih and h = b_T“. In order to shorten the notation, we write u; for u(x;).

a) Use the Taylor expansion of u at a point z for distance h up to the O(h3) error term
to derive that
Ul — Ug

h

v (zo) = %hu”(xl) +O(h?) (3)

b) Use a sufficiently accurate expression for u”(z1) to rewrite (3) only in terms of
ug, u1,uz up to O(h?).

¢) Obtain a similar representation at the other boundary, i.e. express u/(xy) only in
terms of uxn_o,un_1,un up to order O(h?).



Exercise 12. (Finite Difference Scheme in 2D)
(0 Points)

Consider the Poisson equation in two dimensions

—Au=f in Q= (0,1)%
u=0 on 0f).

We aim to discretize the equation on the uniform grid of  with (n — 1)? interior nodes

(xwyj):(v i)a Z,]G{l,.--,n—l},

n
whose grid size we denote h = 1/n.

a) Replace the partial derivatives by central difference quotients and derive a finite
difference scheme for the Possion equation.

b) Order the elements u;; = wu(x;,y;) and f;; = f(x;,y;) by rows on the grid into
vectors, i.e.

e -

U5
u® 2 |
u = . e R with  wl) = . , j=1,...,n—1,
_u(n_l) un—l,j_
[ O fij ]
(2) A
f= f € R(-1)? with  fU) = f2‘7] , j=1,...,n—1,
Lf) fr-14]

and state the arising linear system Au = f.

¢) The Kronecker product A ® B of two matrices A, B € R™*™ is defined as

alle S alﬂmB
A®B=| : : € R xm?,

am1B ... ap B
Show that
A=L®I+IgLec RO D*xn-1)*

where I € R(»~Dx(=1) jg the identity matrix and

L= _— U E]R(n—l)x(n—l)

is the matrix arising form the discretization of the one-dimensional Laplace operator.



