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Exercise 28. (1st Strang Lemma with error in the RHS)
(6 Points)

Let V denote a Hilbert space and for any A > 0 assume that V;, C V' denotes the appro-
ximation space resulting from a quasiuniform triangulation 7 of the domain. Moreover,
suppose that for any h > 0 the bilinear form

ah:VhXVh%R (1)

is uniformly elliptic and continuous, i.e. there exist constants C,, C. > 0 independent of
h such that
Yoy € Vi, - CeH'UhH%/ < ah(vh,vh). (2)

and
Yop,wp € Vit ap(vn, wp) < Cellop v ||lwallv- (3)

Suppose /}, € V;* approximates ¢ € V* by applying the midpoint quadrature method
/ wdzr = Qr(w) = |T|w(xr)
T
1

3
You already know that in this case there exists a constant C' > 0 such that

for each triangle T € T, where xp = = (21 + 22 + 23) is the center of the triangle.

lu=wnllvy < C inf [llu=vally + lan(on,) = alon, Vv + 100 = llvg] ()
v EVY

with the operator norm

* H VR
eVt fulyy = sup MO )
wnevi\{0} lonllv

Consider the finite element method with piecewise linear functions and show that for
the true solution u € H?, and a right hand side function f € H?(2), the quadrature
error |[{;, — ||y does not dominate the overall error.

Exercise 29. (Lemma of Berger, Scott & Strang (2nd Strang Lemma))

(0 Points)
Let © C R? be a sufficiently smooth domain and H{*(Q) C V. C H™(Q). Similar to the
approach performed in Strang’s first Lemma (and Exercise 28), we replace the variational

problem

YoeV: a(u,v) = ({v) (11)

by a sequence of finite-dimensional problems: Find u;, € V}, (where V}, C H™ must not
necessarily be a subspace of V') such that

Yop, € Vy, - ah(uh,vh) = <£h7vh>' (12)



The bilinear forms a; are assumed to be defined for functions from V as well as from
Vi

Moreover, assume that the bilinear forms ay are uniformly elliptic and continuous, mea-
ning that there exist constants C,, C. > 0 independent of h such that

Yor € Vi o Cellunl?, < an(vn, vn), (13)

and
Vu eV 4+ Vy, YoeVy:  |ap(u,v) < Cellullm]|v]m- (14)

Show that there exists a constant C' independent of h satisfying

vpEV), wpEVh ”whHm

— (¢
lu — up||m < C( inf ||lu— vp|lm + sup Jan(u; wn) — { h’wh>|> . (15)

Note: The first term is called approximation error, whereas the second term is referred
to as consistency error.

Exercise 30. (Duality)
(6 Points)

Let (H,| - ||m) and (V] - ||v) be two Hilbert spaces with V' C H. Additionally, assume
that the inclusion V < H is continuous. Moreover, let W;, C H for any h > 0. Replace
the problem of finding u € V s.t.

YoeV: a(u,v) =L(v) (21)
by a sequence of finite-dimensional problems: Find w;, € W}, such that
Yop, € Wit ap(up,vn) = €h(vp). (22)

The bilinear forms aj, are defined on V U Wj,.

Show that
lu—unllg < sup {Cllu—unlulles — enlln
geH

+ lan(u — un, pg) — (U — un, 9) | (23)
+lanCu gy = 1) = (g — onll .
where for all g € H, the elements ¢, € V' and ¢;, € W), are the weak solutions of

YvoeV: ah(%@g) = (v,9)n

(24)
Ywp, € Wy o ap(wn, ¢n) = (Wh, 9) H.



