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Exercise 35. (0 Points)

Let Q := {(z,y) eR* 0<2<1,0<y<z?} and u(z,y) := z~'. Determine those
p € [1,00) such that u € WP(Q) holds.

Exercise 36. (0 Points)

On the reference interval I,y = (0,1) we consider the space of quadratic polynomials
Py :={p: Ley = R | p polynomial of degree < 2}.

a) Give an explicit nodal basis of Py with respect to the point set
1
Z =A{z9,21, 22}, 20=0, z1 = 5 2= 1.

b) Let I = [a,b] be an arbitrary interval equipped with a partition into n subintervals
[, Tit1], 1 =0, ...,n — 1, with

a=20 <21 < ... < Tp_1<xp="=.

Show that there exists an invertible affine mapping F; which maps I,y to the sub-
intervals T; = [z;, z;4+1] for each i = 0,...,n — 1. Moreover, use F; to construct finite
elements (T3, Pr,,%;) and show that the corresponding finite element space is contai-
ned in H'(I). Determine the dimension of this space.

c¢) Below, the matrix M € R7*7 is given. Is it possible that this matrix M is the mass
matrix associated with the finite element space from b) equipped with its global nodal
basis? Explain your answer.

0.01666667 0.00833333 0. 0. 0. 0. 0
0.00833333 0.06666667 0.025 0. 0. 0. 0.
0. 0.025 0.11666667 0.03333333 0. 0. 0.
M = 0. 0. 0.03333333 0.2 0.06666667 0. 0
0. 0. 0. 0.06666667 0.16666667 0.01666667 0.

0. 0. 0. 0. 0.01666667 0.06666667 0.01666667

0. 0. 0. 0. 0. 0.01666667 0.03333333

[Hint: Look at the number of nonzero entries.]



Exercise 37. (0 Points)

If required you may use the following well-known identities without proof:

/sin(mrx) sin(mmx)dx = sin((m = n)rz) _ sin((m + n)rz) ,
2(m —n)w 2(m+n)w
. 2, _ x sin(2nmz)
/sm(mm:) dx = 3T dom +c,
. 3, _ cos(3nmx)  3cos(nmz)
/sm(mm:) dr = 1omm T + ¢,

. 1 .
/xsm(nmc)dx =2 (sin(nmz) — nmx cos(nmwz)) + ¢,

/Cos(mr:c) cos(mma)dx = San(((:::;L));x) + Sm2(((7:1n—~—’——2))77:x) +e,
2y = T 4 S(n7z)
/COS(an) dz = 5 i +c,
/Cos(nﬂx)de _ 9sin(nmz) 4 sin(3nmz) ‘e
12nm

1 .
/xcos(nwm)dm =2 (cos(nmz) + nrx sin(nrz)) + ¢,

n cos(nmx) cos(mmz) + msin(mnzx) sin(nrz)

cos(mma)dx =

/ sin(nma) cos(
) cos( _cos(2nmz)

;i S do =
/sm(mrac cos(nmwz)dz A +c,

(m2 —n?)r to

On the unit interval 2 = [0, 1] we consider for some n € N the n-dimensional subspace
V,, € H}([0,1]) spanned by the n basis functions

or(x) = sin((2k + 1)7z), k=0,..,n—1.

We consider the boundary value problem

—u"(x) = 1-2x, on [0, 1],
u(0) = 0, (1)
u(l) = 0,

with exact solution u(z) = 1z (z — %) (x — 1), which you may use without verification.
Compute the Galerkin approximate solution u,, for (1) in the ansatz space V,.

Exercise 38. (0 Points)

a) Show that a family of triangluations {73} is uniform iff it is quasi-uniform and there
exist positive constants ¢, C' > 0 such that

cdiam(7y) < diam(T3) < C'diam(7y) for all 11,75 € Tp,.

b) We consider consider a family of triangular meshes on the polygonal domain
Q={(z,y) eR:Z0<z<y,y <z}

that is constructed as follows: One starts with 2 and in every step only the middle
triangle is divided into four new triangles. The new corners are given by the midpoints
of the edges of the old triangle.
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» and so on...

Decide whether the family of triangulations on {2 introduced above is quasi-uniform
and if it is uniform.



