
Approximation of high-dimensional multivariate
periodic functions based on rank-1 lattice sam-
pling

We consider the approximation of functions f : Td → C belonging to sub-
spaces of the Wiener algebra, namely to the Banach spaces Aα,β(Td) :={
f :
∑

k∈Zd ωα,β(k)|f̂k| <∞
}

and the Hilbert spaces Hα,β+λ(Td) :={
f :
√∑

k∈Zd ωα,β+λ(k)2|f̂k|2 <∞
}

with β ≥ 0, α > −β, λ > 1/2,

where f̂k are the Fourier coefficients of f and the weights ωα,β(k) :=

max(1, ‖k‖1)α
∏d
s=1 max(1, |ks|)β for k := (k1, . . . , kd)

>. For the approxima-
tion of f , a trigonometric polynomial p(x) :=

∑
k∈I p̂ke2πikx with frequencies

supported on an index set I ⊂ Zd is used and the Fourier coefficients p̂k ∈ C are
computed by sampling the function f along a rank-1 lattice. For this com-
putation, a fast algorithm can be used, which is based mainly on a single
one-dimensional fast Fourier transform, and the arithmetic complexity of the
algorithm is O(|I|2 log |I|+d|I|). We show upper bounds for the approximation
error and achieve an optimal order of convergence, when using suitable fre-
quency index sets I. Numerical results are presented up to dimension d = 10,
which confirm the theoretical findings.
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