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ABSTRACT. In this paper we introduce a class of subsets of Riemannian
manifolds called L-retract. Next we consider a topological degree for set-
valued upper semicontinuous maps defined on open sets of compact L-
retracts in Riemannian manifolds. Then, we present a theorem on the
existence of equilibria (or zeros) of an upper semicontinuous set-valued
map with nonempty closed convex values satisfying the tangency condition
defined on a compact L-retract in a Riemannian manifold.

1. Introduction

Let M be a Banach space and ¢ be a set-(or single) valued map from M
into the family of nonempty closed subsets of M and let S C M. The existence
of a solution to the set-valued constrained equation 0 € ¢(z), z € S, plays
an important role in nonlinear analysis. A point € S such that 0 € ¢(x) is
called “equilibrium” which originates from the calculus of variations and control
problems. Ky Fan and F. Browder proved that given a compact convex set S
in a Banach space M, an upper semicontinuous set-valued map ¢ : S = M
with closed convex values has an equilibrium provided it is inward (or tangent)
in the sense that, for each z € S, ¢(x) N Tg(x) # @ where Tg(x) stands for the
tangent cone to S at x € S defined in the sense of convex analysis; see [4, 5, 12].
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This result has been generalized in several directions by many authors; see, e.g.
[7, 8, 18]. In [3] the authors proved that if S C M is a compact L- retract
with the nontrivial Euler characteristic x(S) # 0 and if ¢ : S = M is an
upper semicontinuous set-valued map with closed convex values satisfying the
inwardness condition, then ¢ has an equilibrium. Here the inwardness condition
means

Ve e S, ¢(x) NTs(x) # 0,

where Ts(x) stands for the Clarke tangent cone to S at x € S. If M is a smooth
manifold and T'M is its tangent bundle, then the existence of equilibria of a set-
(or single) valued map ¢ : S = T M such that ¢(x) C T, M may also be studied.
In [16] we introduced a notion of Euler characteristic of an epi-Lipschitz subset .S
of a complete Riemannian manifold M and proved some equilibria theorems for
this class of sets. We defined the Euler characteristic of S by using the Cellina-
Lasota degree of upper semicontinuous mappings with compact convex values.
In this paper we introduce a notion of L-retract in the setting of Riemannian
manifolds. We assume that S is an L-retract in a Riemannian manifold M,
therefore S is an absolute neighborhood retract. Then, a topological degree
for a set-valued upper semicontinuous map ® : Q = TM, where T'M is the
tangent bundle of M and € is an open set in a compact L-retract .S, is presented.
The presented topological degree also can be exploited to prove the existence
of equilibria of an upper semicontinuous set-valued map with nonempty closed
convex values satisfying the tangency condition defined on a compact L-retract
with nontrivial Euler characteristic. These results are motivated by [3, 9, 10]
and can be viewed as generalizations of the corresponding notions to the setting
of manifolds.

2. Preliminaries

In this paper, we use the standard notations and known results of Riemannian
manifolds, see, e.g. [11, 21]. Throughout this paper, M is a finite dimensional
Riemannian manifold. As usual we denote by B(x,d) the open ball centered at
x with radius ¢, by int N(clN) the interior (closure) of the set N. Also, let S be
a nonempty closed subset of a Riemannian manifold M, we define dg : M — R
by

ds(x) := inf{d(x,s) : s € S },
where d is the Riemannian distance on M. Moreover, B(S,e) := {z € M :
ds(x) < e}. Recall that the set S in a Riemannian manifold M is called convex
if every two points p;, po € S can be joined by a unique minimizing geodesic
whose image belongs to S. For the point © € M, exp, : U, — M will stand for
the exponential function at z, where U, is an open subset of T, M. Recall that
exp, maps straight lines of the tangent space T, M passing through 0, € T, M
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into geodesics of M passing through x. We will also use the parallel transport
of vectors along geodesics. Recall that, for a given curve v : I — M, number
to € I, and a vector Vo € T, M, there exists a unique parallel vector field
V(¢t) along ~(t) such that V(tg) = V. Moreover, the map defined by Vo — V (¢1)
is a linear isometry between the tangent spaces T, )M and T’ ;) M, for each
t; € I. In the case when  is a minimizing geodesic and v(tg) = z,v(t1) = y, we
will denote this map by L,,, and we will call it the parallel transport from T, M
to Ty M along the curve 7. Note that, Ly, is well defined when the minimizing
geodesic which connects x to y, is unique. For example, the parallel transport
L, is well defined when  and y are contained in a convex neighborhood. In
what follows, L, will be used wherever it is well defined.

REMARK 2.1. Let M be a Riemannian manifold.
(a) An easy consequence of the definition of the parallel translation along a curve

as a solution to an ordinary linear differential equation, implies that the map
C:TM =T, M, C(x,8) = Ly, (€),

is continuous at (xg,&o), that is, if (n,&n) = (0,&0) in TM then Ly, ., (&n) —
Ly (&0) = &o, for every (zo,&) € TM; see [1, Remark 6.11].

(b) By the continuity properties of the parallel transport and the geodesic, see [2,
Theorem 35], for fized point z € M and for each € > 0, there exists a number
0 > 0 such that:

|LayLze — Loyl < € provided that d(z,y) <.

Recall that a real valued function f defined on Riemannian manifold M
is said to satisfy a Lipschitz condition of rank k£ on a given subset S of M if
| f(z) = f(y) |< kd(z,y) for every x,y € S, where d is the Riemannian distance
on M. A function f is said to be Lipschitz near z € M if it satisfies the Lipschitz
condition of some rank on an open neighborhood of z . A function f is said to
be locally Lipschitz on M if f is Lipschitz near x, for every x € M. Also, a set-
valued map F': X =2 Y, where X, Y are topological spaces is said to be upper
semicontinuous at x if for every open neighborhood U of F(x), there exists an
open neighborhood V' of x, such that

yeV = F(y) CU.

Furthermore, a set-valued map F': X = Y, where X, Y are topological spaces,
is said to be lower semicontinuous at z if for every open neighborhood U with
U N F(x) # 0, there exists an open neighborhood V' of z, such that

yeV = F(y)nU # 0.
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It is worth pointing out that a set-valued map F' : X = Y, where X, Y are
topological spaces, is said to be lower semicontinuous (upper semicontinuous) if
F is lower semicontinuous (upper semicontinuous) at every point € X. Let
us continue with the definition of the Clarke generalized directional derivative
for locally Lipschitz functions on Riemannian manifolds; see [15, 17]. Suppose
f M — R is a locally Lipschitz function on a Riemannian manifold M. Let
¢z : Uy — T, M be an exponential chart at . Given another point y € U,
consider oy ,(t) = (b;l(tw), a geodesic passing through y with derivative w,
where (¢y,y) is an exponential chart around y and d(¢, o ¢, ')(0y)(w) = v.
Then, the generalized directional derivative of f at * € M in the direction
v € T,,M, denoted by f°(z;v), is defined as
Fo(on) — timsup 1) = F0)

y—z, tl0 t

We recall some results of [15] which are needed in this paper.

THEOREM 2.2. Let M be a Riemannian manifold and x € M. Suppose that
the function f : M — R is Lipschitz of rank K on an open neighborhood U of x.
Then:

(a) for each y € U the function v — f°(y;v) is finite, positive homogeneous,
and sub-additive on TyM , and satisfies

| 2 (y;0) |< Kjvl].
(b) f°(y;v) is upper semicontinuous on TM|y and, as a function of v alone, is

Lipschitz of rank K on TyM, for eachy € U.
(c) f°(y; —v) = (—f)°(y;v) for eachy € U and v € T, M.

Let us present some definitions and properties of normal and tangent cones.

DEFINITION 2.3. Let S be a nonempty closed subset of a Riemannian mani-
fold M, x € S and (¢, U) be a chart of M at x. Then the (Clarke) tangent cone
to S at z, denoted by Ts(x) is defined as follows:

Ts(x) := dp(x)  [Tpisnu) (0(2))];
where T, (snuy (p()) is tangent cone to (S N U) as a subset of R™ at ¢(x).

Obviously, 0, € Ts(x) and Ts(z) is closed and convex.

THEOREM 2.4. Let S be a closed subset of a Riemannian manifold M, x € S
and v € T, M. The following assertions hold.
(¢) If d¥(xz,v) =0, then v € Tg(x).
(13) Conversely, if in addition M is complete and v € Tg(x), then d3(z,v) = 0.

In the case of submanifolds of R™, the tangent space and the normal space
are orthogonal to one another. In an analogous manner, for a closed subset S of
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a Riemannian manifold, the normal cone to S at x, denoted Ng(x), is defined
as the (negative) polar of the tangent cone Ts(x), i.e.

Ng(z) :=Ts(z)° :={ € T,M*: (£,2) <0 VzeTs(x)}.

3. Degree for set-valued tangent maps

In this section we first recall definitions of the Lefschetz number of a function
f 5 — S defined on an absolute neighborhood retract S, the Euler characteris-
tic of S and the fixed point index of a compact continuous function defined on an
open subset of S, where S is a subset of a metric space M. Then, we introduce a
notion of L-retract in the setting of Riemannian manifolds and present a notion
of topological degree for set-valued upper semicontinuous maps defined on open
subsets of L-retracts. Finally, we prove a theorem on the existence of equilib-
ria (or zeros) of an upper semicontinuous set-valued map with nonempty closed
convex values satisfying the tangency condition defined on a compact L-retract
in a Riemannian manifold.

A metric space S is an absolute neighborhood retract (ANR) if, given a
metric space M, a closed subset A C M, and a continuous map f : A — S,
then f can be extended over some neighborhood of A in M. This is equivalent
to say that, S is an ANR if, whenever S is a closed subset of a metric space
M, then S is a neighborhood retract of M, i.e. there is an open subset U of M
containing S and a continuous map r : U — S such that r(z) = x for z € S;
see, e.g. [6, 22]. If S is a compact ANR, then it is homotopy dominated by a
compact polyhedron and hence for any cohomology theory H*(.; Q) with rational
coefficients, the graded vector space H*(S;Q) is of finite type. This means for
all ¢ > 0, B9 := dimg H9(S,Q) < oo and for almost all ¢ > 0, H1(S,Q) = 0.
Hence, for a given continuous map f : S — S, one can consider the well-defined
Lefschetz number A(f) as the following

Af) =) _(-1)"rfeQ,

q=>0
where f*7: H1(S;Q) — H(S;Q) is the induced homomorphism and tr denotes
the trace. The universal coefficient theorem (see [22]) yields A(f) € Z and the
Euler characteristic of S is defined as

X(8) =Y (=1)98%(S) = Alis),
q=20

where ig is the identity map on S; see [6, 22] for the details.

Assume that V' is an open subset of S, f: V — S is a compact continuous
function and its fixed point set is compact. Take an open set Uy in a normed
linear space E that r-dominates S; for the definition of r-dominates see [13]. Let
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s: 8 —=Uyand r:Uy— S be such that r o s = 1g. Then, the fixed point index
of f denoted by I(f,V) is defined by

I(f,V):=1(so for,r™ (V)),

where I(so for,r=1(V)) is the Leray-Schaulder index of s o f or; see [13].

Assume that V is an open subset of S, f:clV — S is compact and has all
its fixed points in V. Moreover, assume that the fixed point set of f is compact.
Then, the fixed point index i(f, V') of f is given by

i/, V) =1(flv,V).

Now we introduce the class of L-retracts in Riemannian manifolds.

DEFINITION 3.1. Let M be a Riemannian manifold and S C M. The set S
is said to be an L-retract if there are a neighborhood U of S in M, a retraction
r:U— Sie. (r(x) ==z, z €S), and a constant L > 0 such that

d(z,r(z)) < Ldg(z), for all z € U.

Therefore if M is a Riemannian manifold and S is an L-retract, then S
equipped with a topology induced from M is an absolute neighborhood re-
tract. Let us start with an example from [16]. Recall that a subset S of a
Riemannian manifold M is said to be epi-Lipschitz if at every point x € S,
Ns(x) N (=Ns(z)) = {0}.

ExaMPLE 3.2. In [16] it is proved that any compact epi-Lipschitz subset
of a complete Riemannian manifold is an L-retract. Indeed, it is proved that
if S is a compact epi-Lipschitz subset of a complete Riemannian manifold M,
then there exists a locally Lipschitz retraction for S, i.e. there are an open
neighborhood U of S and a retraction r : U — S which is locally Lipschitz.
Hence, for each x € U, there exists e(x) > 0 such that the restriction of r to the
open ball B(z,2¢(x)) is Lipschitz with constant L(z) > 0. By the compactness
of S, there are xy,...,2; € S such that S C Ule B(z;,e(x;)). Now set L :=
max{L(xz;) : i =1,...,k}, and V := Ule B(x;,€e(x;)). For each z € V, the
Hopf-Rinow theorem implies that there exists y € S such that ds(x) = d(y, z).
Moreover, there exists z; € S such that z € B(z;,€(x;)) and d(z,y) < d(z,z;) <
€(z;). Hence z, y € B(x;,2¢(x;)) and d(r(z),r(y)) < L(x;)d(x,y). Therefore

d(r(z),x) < d(z,y) +d(r(z),r(y)) < (L +1)d(z,y).

Now we present a notion of topological degree for set-valued upper semi-
continuous maps defined on open subsets of L-retracts. Suppose that Q is a
nonempty open set in a compact L-retact S C M and ® : Q@ = T M is an upper
semicontinuous map such that ®(z) C T, M, for all z € Q. The natural idea is
to approximate ® by a continuous tangent vector field, i.e. f : Q — TM such
that f(z) € Ts(x), for all x € Q. In the cases where z € S — Tg(x) is lower
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semicontinuous, for instance, in epi-Lipschitz subsets of Riemannian manifolds,
by using Michael selection one can approximate ® by a continuous vector field.
However, in many other cases the lack of lower semicontinuity of z € S — Tg(x)
makes it difficult to approximate ®. Following [10], we overcome this difficulty
by means of the next theorem.

THEOREM 3.3. Let M be a complete Riemannian manifold and v : M = TM
be a lower semicontinuous map with convex values such that for every x € M,
Y(x) C TyM, and ® : M = TM be an upper semicontinuous map with closed
convex values such that for every x € M, ®(x) C Tp,M and ®(z) Np(x) # 0.
Then for every small § > 0, there is a smooth vector field f : M — TM such
that for every x € M:
(a) There exists z, € (x) such that ||z, — f(x)] < 4.
(b) There ezist T € B(x,0) and yz € ®(T) such that || Lz, (yz) — f(x)] < 4.

PrROOF. By Remark 2.1, the map y — L, (®(y)) is upper semicontinuous in
a neighborhood of z. Hence, the following set is open

U(r) = {y € B, 2): Lyu(B(y)) € 0(2) + 5 Broa),

where r, is the radius of a geodesic ball around z and = < §. Assume that V :=
{V'} is an open star-refinement of the open cover U = {U(x)},eps. For any x €
M, choose z, € ®(x) NyY(x), and consider the open cover 7 := {Ty (z)}vev zev
of M, where Ty (z) :={y € V1 Ly (¢(y)) N B(2s, §) # 0}. Note that Ty (z) is
open because of the lower semicontinuity of ¢. Let {As}scs be a locally finite
partition of unity subordinated to 7. Then for each s € S there exist V; € V
and zs € V5 such that \;(2') = 0, for 2’ ¢ Ty, (x5). We define the smooth vector
field f : M — T'M as follows,

Z As(®) Ly, z(2s), x € M,

ses
where z4 = z,,. Moreover, for each z € M and each s in the finite set S(z) :=
{s € S: As(z) # 0} there exists 2z, € 1)(x) such that || Ly, (z,) — 2s|| < 4. Thus
by the convexity of ¥(z),

Z ()2l € P(x).

seS(x)

Hence
Z )\s( Z _f ||< Z >‘ ||Lza:b )_ZSH<6>
seS(x) s€S(x)
and the proof of part (a) is complete.
In order to prove part (b), for each € M and each s € S(z) we have z €
Ty, (zs) C Vs, where x4 € V5. Since V is a star-refinement of U, there is £ € M
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such that z,z, € U(z). Therefore L, z(2s) € Ly, z(®(z,)) € (Z) + $Br,m and
T € B(x,9). Set M, := max,cg(z){]|2||}. Then Remark 2.1 implies that
LasLaa(zs) = Lasaleo)|< gy Ma = 5
czliz,x\Rs zsT\Rs oM, e = 5

The set ®(Z) + gBTE M is convex and

g
Z )‘é(x)LLsi(Zs) € (b(i‘) + iBTiM-
s€S(x)

Hence there is yz € ®(Z) such that

H Z /\s(ﬂf)Lzsi(zé)—inKg

seS(x)

Therefore ||Lz.(yz) — f(2)|| < J, as required.

Recall that the exponential map is defined on an open subset W of T'M.
Define a new map F': W — M x M by F(q,v) = (g,exp,(v)). Along the same
lines as [19, Lemma 5.12] since the topology on T'M is generated by product open
sets in local trivializations, one can deduce that for every p € M, there exists
a compact subset U, 0y := {(q,v) : q € Up,||v|| < 8,} of TM containing (p,0),
where U, is a compact neighborhood containing p, such that F'is diffeomorphism
on Uy, 0y. Hence there is Cp, > 0 such that for every (¢,v), (¢, w) € U, 0,

d(expy(v), expy(w)) < Cpllv —wl.

Now let S be a compact subset of M. Then we may write S C U} U,,, p; € S
and set § := min{d,,, i =1,...,n}, C := max{C,, : i =1,...,n}. Hence for every
g € S, there is p; € S such that ¢ € Up,,. Thus for every v,w € B(04,6) C T, M,

d(expy(v), exp,(w)) < Cllv — wl|.

REMARK 3.4. Suppose that () is a nonempty open set in a compact L-retact
S C M and ®: Q= TM is an upper semicontinuous map such that ®(z) C
T, M, for all x € Q. Since ® is upper semicontinuous Z(®) = {zx € Q:0 € ®(z)}
is closed in Q. Assume that Z(®) is compact, therefore there exists an open
relatively compact set V' in S such that Z(®) C V C clV C Q. Hence there is
§ > 0 such that B(Z(®), ) C V. Therefore, along the same lines as [10, Lemma
2.4], there is ¢9 > 0 such that for any € clV, if y € B(z,e9) and z, € ®(y) with
llzy|| < €0, then z € B(Z(®),d) C V. In what follows 7 : U — S is a retraction
for S with the constant L and €; :=

max{(C-H)(3L+46£2)+1,(C+1)L+1} :
In order to be able to define the degree of ® : 2 = T'M, we need the following
assumptions;

e Z(®) is compact.
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e & : Q) — TM is upper semicontinuous with compact convex values and
O(z) NTs(x) # 0 for all x € Q.

Note that by Theorem 2.2, it follows that the map ¢ : S = T M defined by
(x) ={veT,M: di(z,v) < e},

has convex values with an open graph, and hence it is lower semicontinuous.
Theorem 2.4 implies that Ts(x) C (), so if ®(x) N Ts(z) # 0, then ¥(x) N
O(z) # 0, for every z € S. It follows from Theorem 3.3 that there is a vector
field f such that the following hold:

(a) There exists z, € ¥(x) such that ||z, — f(z)]| <e.

(b) There exist Z € B(x,¢) and yz € ®(Z) such that ||Lz.(yz) — f(2)] < e.
We are now ready to prove our next lemma.

LEMMA 3.5. Suppose that S is a compact L-retract in a complete Riemannian
manifold M and € is a nonempty open set in S. Let ® : Q@ = T M be an upper
semicontinuous map with conver compact values such that ®(x) C T, M, for all
x € Q. Then there exists e5 € (0,e1] such that for any € € (0,e3] and any
two e-approzimations fo, f1 of ® and A € [0,1], fx : clV — TM defined by
@) =1 =N fo(z) + Mf1(x) is an e1-approxzimation of P.

PROOF. Let z € clV be arbitrary. Since y — L,;(®(y)) is upper semi-
continuous on a nieghborhood of z, there exists ¢ > 0 such that for every
y € B(z,e"), Lye(®(y)) C () + §Br,m. Now set gp < min{%,%} and
e € (0,e2]. Let fo, f1 be e-approximations of ®, i.e. there exist 2/, 2" € B(x,¢)
and y, € ®(2'), Y € ®(2”) such that

1fo(#) = Lara(yar)ll <&, [f1(2) = Lara(yar )|l <e.

The upper semicontinuity of y — Ly, (®(y)) implies that L,,(®(z")) C ®(z) +
S Br,a and Ly, (®(2")) € ®(x) + 5 By, v Hence, there exist z,, w, € ®(x)
such that
€1 €1
120 = Lara(yar) || < 1 lwe = Lora (Yo )| < 1

Since ® has convex values, it follows that (1 — A)w, + Az, € ®(x) and
1= N fo(@) + Afi(z) = (1 = N)ze + Awg )| <
(1= Mlfo(2) = Lara(ye )| + Allf1(2) = Lare (yer) ||+
(1= Mllza = Lora(yar) | + Muws = Lara(yor)| S e+ 5 e,
as required.

THEOREM 3.6. Let 0 < e < ey, and f: clV x [0,1] = TM be a continuous
function such that for any X € [0,1], fa(.) = f(., A) is an e- approximation of P.
Then there is n > 0 such that for allt € (0,n), v € clV and X € [0, 1]:

(i) There is y, € B(fa(x),€) such that ds(exp,(ty,)) < te.
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(11) exp, (tfr(z)) € U.
(111) If x = r(exp,(tfr(x))), then x € B(Z(®),d) C V, where 6 > 0 is defined
in Remark 3.4 .

PROOF. (i) Arguing by contradiction, suppose that for any n € N, there exist
t, € (0,1) and z, € clV and A, € [0,1] such that if y,, € B(f,(zn),c), then
ds(exp,, (tnYz,)) > tne. Since clV and [0, 1] are compact, there are z € clV, X €
[0,1] such that z,, — = and A, — A\. Note that f) is an e-approximation of ®.
Hence there exists y, € B(fx(z),¢) such that d3(z,y,) < e. We choose w,, from

the definition of generalized directional derivative such that

d(exp; ' o exp,, )(0z,)(wn) = Yo

For large n, wy, € B(fx, (zn),€), hence t,e > dg(exp, (t,wn)) > t,e, a contra-
diction.

(ii) For every z € clV, let B(z,r,) be a geodesic ball around xz. By the
compactness of clV, IV C JI; B(z;,r;). Now define the continuous map g :
B(zi,r;)NclV — T, M by g(x) = Ly, (fr(x)). Hence there exists M; such that
||Lmi(f,\(x))\\wemﬂdv < M;. Set My := max{M, : i=1,...,n}. For every
x € clV, there exists x; such that x € B(x;,7;) and || fa(@)|| = || Laa; (fa(2))] <
M. Note that t||fx(z)|| — 0 as t — 0. Therefore exp, (tfr(x)) = x € U.

(iii) If « € clV and r(exp,(tfx(z))) = x, then (i) implies that there exists
Yz € B(fr(x),¢e) such that

(@) =t~ d(exp, (tfx (@), ) =t~ d(exp, (tfx(@)), r(exp, (Lfr(2))))

< 7' Lds(exp, (tfa(x))) < ¢ Lds(exp, (tyz)) + 1~ Ld(exp, (ty, ), exp, (tfx(z)))
< 7' Lds(exp, (ty.)) + LO|lyx — fr(x)]

< (C+1)Le.

Note that 7 can be chosen as ¢ fy(z), ty, € B(0,6), where J is such that exp, is

C—Lipschitz on B(0,6). On the other hand there exist 2’ € B(z,¢) and y,s €
®(2") such that ||fa(z) — Lyy(yar)|| < e. Hence x € B(Z(®),9).

Take € € (0,e1) and let f : clV — TM be an arbitrary e-approximation of
®. By Theorem 3.6, for ¢t € (0,7n), the single valued map g¢f : clV — S defined
by g5 (z) := r(exp,(tf(x)) is well defined.

Now we define

(3.1) deg(®,Q) := lim i(g;,V).

e,t—0+

Along the same lines as [10, Lemma 2.7 and Lemma 2.8], for 0 < t; < t2 < 7,
one has i(g;,, V) =i(g;,, V). Moreover, if fy and f; are e-approximations of ®,
then for all 0 < ¢ < n, i(go,V) = i(g1,V), where g; : cIV — S are defined by
gi(x) := r(exp,(tfi(x))), for i« = 0,1. This definition does not depend on the
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choice of e-approximation and stabilizes when 0 < ¢t < 7. Moreover, It does
not depend on the choice of r. Indeed, suppose that f is an e-approximation

of @, g(x) := r(exp,(tf(x))) and g(z)" = r'(exp,(tf(x))), where t € (0,n),
x € clV. For x € clV, assume that v, : [0,1] — S is a geodesic connecting
r(exp, (tf(x))) and 7’ (exp,(tf(x))). Since M is complete, for A € [0,1], there
exists v € Ty()M such that ~,()\) = expgy,(Av) connects g(z) and ¢'(x).
Without loss of generality we can suppose that v,(\) € U, X € [0, 1], because
ds(v2(A)) < ds(exp, (tf(2))) + d(expy () (Av), exp, (tf(2)))
< ds(exp, (tf(2))) + d(expy () (Av), 9(x)) + d(exp, (tf(2)), 9(z))
< ds(exp, (tf(2))) + Ad(g(x), ¢'(2)) + Lds (exp, (tf(x)))
< ds(exp, (tf(x))) + Ad(g(x), exp, (tf(2))) + Ad(g (x), exp, (tf(z)))
+ Lds(exp, (tf(x)))
< (14 3L)ds(exp, (t£(x)))< (1 + 3L)d(x, exp, (tF(x))
=1 +3L0)t|f(x)]| =0, as t—0.
Now let h(z, A) :==r(y:(N), z € IV, A € [0,1]. If x = h(z,A), for z € clV, X €
[0,1], then
1 (@)l =t~ d(h(z, \), exp, (t£(2)))
<t d(exp, (tf(2)),72(N) + 7 d((x, A), 72 (X))
<t d(exp, (tf (@), r(exp, (tf(2)))) + 7 d(r(exp, (tf(2))), 72 (A)
“ld(h(z, ), 72(N)
<t 1d(expx( f(@)),r(exp, (tf(x))))
<t d(exp, (tf (@), r(exp, (tf (2)))) + t7 ' Ad(exp, (tf(2)), 9(2))
+ 7 Ad(exp, (tf(2)), g'(2)) + 7 d(h(w, M), 7:(N)
< t713Lds(exp, (tf(2))) + 7 Lds(v2(N) < ¢ (4L + 3L?)ds (exp, (tf(x))).
By Theorem 3.6, there is y, € B(f(x),¢) such that
t7H(3L* + L) ds(exp, (tf(2)))
< t71(3L% + 4L)(ds (exp, (tys) + d(exp, (tf (). exp, (tyz))))
< t71(3L% + 4L)ds (exp, (ty,)) + (3L* +AL)C| f () — yall
< (BL* +4L)(C + 1)e.

+ Xt Yd(g (z), g(x)) + t 7 d(h(2, N), 72 (X))

Thus one can deduce that z € B(Z(®),d) and h provides a homotopy between
g and ¢'.

THEOREM 3.7. The degree defined by (3.1) has the following properties;
o (Ezistence) If deg(®,Q) # 0, then Z(®) # 0.
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o (additivity) If 1, Qs C Q are open in S and Z(P®) C (21UN)\ (Q21NQ),
then

deg(®, Q) = deg(P|q,, 1) + deg(P|q,, 21).

e (Normalization) deg(®,S) = x(.5).

e (Homotopy invariance) Assume that g, ®1 : Q@ = TM are homotopic
in the sense that there is an upper semicontinuous map ® : Q = TM
with compact convezx values such that ®(.,i) = ®;, i =0,1, for all z €
and X € [0,1], ®(z,\) € T, M and ®(x,\)NTs(x) #0 and {z € Q| z €
O(z, A) for some X\ € [0,1]} is compact.

PRrROOF. We only need to prove the first property, because other statements
can be proved along the same lines as Proposition 2.10 in [10]. To prove the first
property; assume that deg(®, ) # 0, then for ¢, ¢ small enough, i(gf,V) # 0.
Therefore, there is x € clV such that z = r(exp,(tf(x))). Assume that y, €
B(f(z),e) such that dg(exp,(tys)) < te, then

1 (@)l =t~ d(exp, (tf(x)), 2) =t~ d(exp, (tfr(2)), r(exp, (tf(x))))

<t 'Lds(exp,(tf(z))) <t ' Lds(exp,(ty.)) +t~*Ld(exp, (ty.), exp, (tf(z)))
<t Lds(exp,(tya)) + LC|ly. — f(2)l]

<(C+1)Le.

Using the compactness of clV and the upper semicontinuity of ®, we have Z(®) #
0.

It is now obvious by the existence and normalization properties of the degree
that if S is a compact L-retract and x(S) is nontrivial, then ® has an equilibrium.

THEOREM 3.8. Let S be a compact L-retract subset of a complete Riemannian
manifold M with nontrivial Euler characteristic. Suppose that ® : S = TM is

an upper semicontinuous map with compact conver values such that
O(z) C TuM, ®(x)NTs(z) #D  for allz € S.

Then ® has an equilibrium.
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