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Abstract

Configuration spaces of many-particle systems represent a generic class of high-dimensional
problems where various types of singularities appear at coalescence points of particles. These
singularities can be classified into conic, edge and higher order corner singularities depending
on the number of particles involved. Within the present work, we consider the configuration
space of quantum many-particle Coulomb systems as a generic example with a wide range of
applications in physics, chemistry and material sciences. Singularities at coalescence points have
a severe impact on regularity issues and approximation properties of mathematical models for
numerial simulations.

Our focus is on the functional analytic setting including stratification, function spaces and a
pseudo-differential calculus that enables parametrix constructions for elliptic operators. In par-
ticular, we discuss explicit local coordinates systems that are adapted to the canonical stratifica-
tion of the configuration space and the corresponding degenerate strucure of Hamilton operators.
Furthermore, we provide an explicit construction of approriately weighted Sobolev type func-
tion spaces which incorporate asymptotic information in the neighbourhood of the singularities
of the Hamilton operator. The construction involves a recursive scheme from singular analysis
based on so called order reducing operators. Explicit formulas are given which connect different
asymptotics and Sobolev scales to a common reference space.

1 Introduction

Let us briefly introduce the concept of a configuration space. Given a set X, for example the domain
R3, whose elements x € X represent possible positions of a particle. For a system of N particles, we
take the product X%, where each N-tuple x := (z1,...,2ny) € X N represents a possible arrangement
of the considered particles. In physics, the configuration space of all N particles is taken to be XV,
whereas in mathematics X (N) := XV \ A,, with

A= {XEXN|1,‘¢:£UJ' for some i # j, i,j=1,...,N},

is employed.! In the following, we refer to Ay as the large diagonal of X~ which simply consists of
every element of the XV where two or more of the components coincide. The study of topological and
geometrical properties of the configuration space X (V) is a well etablished mathematical subject,
see e.g. [8] and the references cited therein.

Despite its origin in statistical and many-particle physics, the concept of a configuration space
can be considered as a paradigm for a much larger class of problems. To this end, we might think
of the Cartesian product of domains of a multivariate quantity. Whenever the variables of a mul-
tivariate quantity are defined on a collective domain, we might think of the Cartesian product of

XN and X (V) are also called unconstrained and constrained configuration space, respectively.



the domain as the underlying configuration space. It is quite common that the considered quantity
shows a special behaviour if two or more variables conincide. In terms of configuration space, it
means that the large diagonal should be considered as a singularity. In general, the large diagonal
has a rather complex geometrical structure which must be appropriately resolved for example by a
stratification of the configuration space. Then, as a next step, tensor product approximations can be
employed on top of such a stratification. Their potential ability to circumvent the curse of dimen-
sion in numerical simulations makes them particularly attractive for higher dimensional problems.
However the presence of singularities on the large diagonal might cause a severe deterioration of
the convergence rates of tensor product approximations compared to models where such ”singular
behaviour” is absent. It is the purpose of the present work to set the ground for a singular asymp-
totic analysis that can be used to mitigate this problem. From the computational point of view it is
important to note that singular behaviour does not necessarily require the presence of a real world
singularity, whatever it means, or even of an analytic singularity of the mathematical model. What
only matters is the presence of a singular asymptotic behaviour on the length scales of the model
which are to be resolved in a simulation. This asymptotic behaviour determines the computational
complexity with respect to a given approximation scheme. Therefore it is often beneficial to consider
a mathematical model with analytic singularities that correctly describes the asymptotic behaviour
instead of a regularized variant without analytic singularities. The latter has just the same type of
asymptotic behaviour and therefore the same computational complexity on the scale of interest but
conceals this information by using regularized quantities.

To get a better understanding of possible bottlenecks for tensor product approximations, it is
important to have analytical tools available that provide explict information concerning the asymp-
totic behaviour of the quantity of interest in the neigbourhood of a singularity. Especially for higher
order singularities such tools are not commonly available and a universally applicable scheme to deal
with singular high-dimensional quantities seems presently out of reach. Instead, we want to focus
on a particular example which appears sufficiently significant to us and exhibits some characteristic
features that might also be of interest in a broader context. Thus, we restrict our discussion to a
physical model that has been devised to describe the behaviour of many-particle systems and allows
the computation of its characteristic properties. To be specific, we consider Schrodinger s equa-
tion for Coulomb systems which represents the fundamental model of electronic structure theory.
The treatment of such a specific application has a long and fruitful tradition in numerical analysis
where in particular quantum many-particle theory delivered important concepts that had been later
generalized to a broader class of problems.

The remainder of the paper is organized as follows: In Section 2, we provide a detailed discussion
of our particular stratification for many-particle Coulomb systems and introduce a special kind of
hyperspherical coordinates which are adapted to the stratification. We show that the Hamilton
operator for a Coulomb systems, expressed in terms of these hyperspherical coordinates, has the
proper degeneracies required by our approach for its singular analysis. The main part of the paper,
contained in Section 3, deals with appropriatly weighted Sobolev spaces. They can be employed
to study the asymptotic behaviour of solutions of Schrédinger “s equation in the neighbourhood of
strata. In particular, we explicitly construct so called order reducing operators which are used to
refer these function spaces to a common reference space.? Finally, we close with a brief outlook on
future research.

2This concept is standard for ordinary Sobolev spaces H* (R™), s € R, which can be related by such operators to
Ly (R™).



2 Configuration space of quantum many-particle Coulomb systems

At the fundamental level, quantum many-particle systems can be described by Schrodinger’s equa-
tion. In this context, we consider a system of N identical particles governed by the stationary
Schrodinger equation within the Born-Oppenheimer approximation

HY(zy,...,z5) = EV(2q,...,2y) 2, €R3 i=1,...,N (2.1)
with Hamilton operator?
N 1 N K 7
H=—-13"A, _ ok 2.2
2.2 1+Z|xi—xj\ szk—xi]’ (2:2)
i=1 1<J =1 k=1

where the K nuclei of charge Z are fixed and located at a; € R3, k = 1,..., K. Thus, the
set V := {a1,...,ax} C R3 specifies the locations of point-like singularities originating from the
Coulomb potentials of the nuclei. These many-particle Coulomb systems represent for example
electrons in atoms, molecules, cluster or solids?. We consider many-particle Coulomb systems as the
generic case because Coulomb potentials fit all the requirements of the pseudo-differential calculus
which our approach relies on. In principle any potential with r2v(r) € C°°(Ry) that belongs to the
Rollnik class [26], like the Yukawa potential, would be suitable. To simplify our presentation, unless
otherwise mentioned, we suppress possible spin degrees of freedom. In the absence of spin-dependent
operators, e.g. spin-orbit couplings, one can chose a spin free formalism, where the wavefunction and
related quantities belong to an irreducible representation of the symmetric group Sy that reflects
the spin state of the system.

Let us consider the configuration space of N particles M[N] := R3N \ My, with Mg := A,U S,
where A is the large diagonal of R3V and

S={zeR?¥ |z eV, forsomei=1,...,N}

contains additional point like singularities due to the singular behaviour of the one-particle potential.
In other words My contains all points of R3" where the potential part of the Hamiltonian H
becomes singular. The set of coalescence points has an obvious hierarchical structure in terms of
two-, three- ,. .., N-particle coalescence points, which can be represented by a stratified space defined
by intersecting subspaces.

The Hamilton operator of an interacting many-particle systems corresponds to an elliptic partial
differential operator under rather general assumptions concerning its local potential. However, in
order to apply the singular pseudo-differential calculus that guarantees existence of a corresponding
parametrix and Green operator, further restrictions have to be imposed. Thus, it is necessary to
introduce appropriate local coordinate systems in configuration space which reflect the hierarchy
of singularities to be discussed below. In these particular local coordinates, the coefficients of the
Hamiltonian have to satisfy certain smoothness conditions up to the singularities and in addition
it’s hierarchy of symbols has to fulfill appropriate ellpticity conditions which reflect the hierarchi-
cal structure of the underlying stratified configuration space. Moreover, the choice of coordinates
determines the structure of the weighted Sobolev spaces on which the singular operator algebras
act.

2.1 Hyperspherical coordinates and the stratified Laplace operator

In the following, we discuss a particular choice of hyperspherical coordinates which seem to be
appropriate for our purpose. The general definition for the N-particle case has been given by

3In the present work all equations are given in atomic units.
4Solids require periodic boundary conditions and a modified treatment of the Coulomb potentials. This can be
achieved, e.g., by replacing the Coulomb by periodic Ewald potentials.



Granzow [18], a special case of these coordinates appeared already in [21]. The case of two particles
and a fixed nucleus has been treated in [9, 12, 13]. Let us therefore focus on the three-particle
case, which is general enough to be easily carried over to a larger number of particles and is still
simple enough to avoid a combersome notation. In the following discussion we want to consider the
unconstrained configuration space R? of three particles as a stratified manifold with embedded edge
and corner singularities. The singularities, to be specified below, correspond to coalescence points
of particles plus the origin.® Let us define a point in R® by x := (21, x2,23), where z;, i = 1,2, 3,
denote the 3d Cartesian coordinates of the particles. The coalescence points of particles (including
the origin) give rise to the following hierarchy of strata, cf. Fig. 1:

e 59(R?) (dimsg = 9):

1. Here the stratum is the constrained configuration space M|3] which corresponds to R?
minus all coalescence points of particles and the origin.

e 51(RY) := 51 4(R%) Usy4(R%) (dims; = 6):

1. Strata in slya(Rg) and sl,b(Rg) correspond to coalescence points of two particles and of
one particle with the origin, respectively.

51.4(R?) = {S12, 513, Sa3}, Sy i={x € R | x; = x; # xp # 0}, (2.3)
s15(R”) = {51, 52, S3}, Sii={x e R’ | &; =0,z # ), # O}. (2.4)
2. Model space of a neighbourhood of a stratum: Y7 x CA(SQ), with
C2(5?) =R, x §?/{0} x 52,
and Y; C R® open, where Y7 has embedded singularities.
e 59(RY) := 594 (RY) Us94(RY) U s (RY) (dim sy = 3):

1. Strata in s2,4(R?), s25(RY) and s2,.(R?) correspond to coalescence points of three parti-
cles, of two particles with the origin and of two particles when the third particle is at the
origin, respectively.

SQ,Q(RQ) = {glgg}, Siog 1= {x e R? | x1 = g = 3 # 0}, (2.5)
s9.5(R%) = {S12, S13, S23}, Sij ={xeR? | z; =x; =0,x # 0}, (2.6)
$2.6(R?) = {Sa2)3, Suzy2s S b Sgijye = X €R? [y = # 0,2, =0} (2.7)
2. Model space of a neighbourhood of a stratum: Y5 x BIA, with
Bf =Ry x (8% x CA(5%))/{0} x (S? x C2(S?)).
with Y5 C R? open.©

e 53(RY) (dims3 = 0):

°It is convenient to consider the origin as a stratum of its own, either for formal reasons, or due to the fact
that the origin is occupied by another particle which is kept fixed, like an atomic nucleus in the Born-Oppenheimer
approximation.

S Alternatively, the model space can be expressed as: Ys x (@Jr x §%/{0} x 5'5), where Y> and S® have embedded
singularities.



1. The only stratum Sp € s3(R?) corresponds to the coalescence point of all three particles
with the origin.

2. Model space of a neighbourhood of a stratum: B2 := Ry x (5% x Bf*)/{0} x (5% x Bf*).
3. Global singular model space: Ry x S%/{0} x S8 where S® has embedded singularities.
To each stratum, let us assign a distance variable, i.e., r1, 72 and ¢ to the strata in s1(R?), so(RY)

and s3(RY), respectively. These distance variables reflect the degree of degeneracy of a singularity.
The hyperspherical coordinate system of Granzow [18] for R? is given by

x1 = tsin(re) sin(ry)®(01, p1), w2 = tsin(ry) cos(r1)P (02, p2), x3 = tcos(ra)®(fs,p3), (2.8)

with radial variable ¢ := \/|z1[2 + |z2]2 + |z3]? and standard spherical coordinates

sin(#) cos(yp)

D0, ) := | sin(f) sin(p) |,
cos(6)

where the range of variables is given by 0 < ¢t < 0o, 0 < 71,re < 7w/2and 0 < 0; < m, 0 < ; < 27
fori=1,2,3.

To apply these coordinates to our stratified space, it becomes necessary to introduce an atlas
with specific local charts in the neighbourhoods of the strata. Let us exemplify this for the case of
the stratum Sy € s1,(RY) where the first particle is located at the origin, i.e., [z1] = 0. The stratum
Sy meets a stratum Stz € s94(R?) in a corner singularity, if e.g. |z2| also vanishes and eventually
these strata merge at the stratum Sp € s3(R?) with the stratum S5 € s1,(R?) given by |z3| = 0.
This particular part of configuration space is appropriately described in a local chart, cf. Fig. 2,
denoted Chart-1 in the following, by the hyperspherical coordinates

. sin(?‘l)(I)(Gl, @1)7
sin(rs),
Chart-1: (1'1,.%'2,1'3) =1 Cos<r1)@(02,(p2)7 (29)

cos(ra) (03, 03),

where 71, ro and t control the distance to the strata Si, Si2 and Sp, respectively.

Similar considerations apply if particles meet each other. It is only the initial set of Cartesian
coordinates which has to be modified. Let us exemplify this for a specific stratum Sia € sl,a(Rg)
which represents the coalescence points of the first and second particle. To handle this case with
our hyperspherical coordinates, we have to switch to the Cartesian coordinates

212 1= %(331 - xg), uUs 1= \/%(%(.%’1 -+ .I'Q) — :L‘3), § = %(ml + x99 + 1'3), (2.10)
which satisfy
212 + [ug|?* + [s]* = a1 ]* + |2o]? + |3,

and therefore

Axl + A:BQ + Az3 = Azm + Aug + AS7

where Ay, with y = x1, 22,23, 212, u3, s, denotes the Laplace operator in R3. Once appropriate
Cartesian coordinates have been defined, we can consider the corresponding hyperspherical coordi-
nates

z12 = tsin(rz) sin(r)® (01, 1), us = tsin(rz) cos(r1)® (02, p2), s=tcos(ra)®(f3,v3). (2.11)



The stratum Syo € 51.4(RY) meets the stratum Sia3 € 52.4(RY) in an edge type singularity if x3
approaches the center of mass of the first and second particle and eventually these two strata
aproach the stratum Sp € s3(R?) at the origin. The correpsonding part of configuration space can
be described in a local chart, denoted as Chart-2 in the following, by hyperspherical coordinates
replacing (z1, z2, x3) by (212, us, s) in (2.9), where 71, r2 and ¢ now control the distance to the strata
5'12, 5'123 and Sp, respectively.

2.1.1 Stratified Laplace operator

We are now prepared to consider the Laplace operator in hyperspherical coordinates [18] from the
point of view of singular analysis. The Laplace operator in any of the local charts is given by

due = {00 100 4 2
1 ) 9 ' a,
") “‘ sin(r2)0r, )" = ha(ra) (= sin(r2)y, ) + 2«1)} (2.12)
+sin21(r2) sin21(r1) [(_ sin(rl)arl)Q — ha(r1)(—sin(r1)0y, ) + Ql} }

with
cos?(r1) — 2sin?(r)

cos(r1)

4 cos?(ry) — 2sin?(ryp)

h(ry) = cos(r2)

, ha(r) =

)

where €;, i = 1,2,3 denotes the Laplace-Beltrami operator on corresponding copies of S2. To sim-
plify our further discussion, (2.12) has been already brought into a form suitable for the singular
calculus. Following the recursive approach of [3, 4], it can be easily seen that it has the right degen-
erate behaviour near the singular strata. Let us start with the highest order corner singularity So.
The Laplace operator (2.12) locally belongs to Diff deg( ), which consists of degenerate differential
operators of the form

=12 a;(t (—t0y)’ (2.13)

J<2

with coefficients a;(t) € C* (R+,Diff§;; (8% x BIA)) The recursive approach for higher order sin-
gularities requires coefficients of the form

a;(t) = sin"%(ry) Z bjk,a(tﬂ"%93,903)(—Sin(m)ara)k(Sin(TQ)‘O"Dgs,cps)7
k+|o|<2—j

with bjjo € C (R4 x 52, lef?legj ‘a|(52 x C2(5?)) and edge variables 5, 3. In the case of (2.12),

we can use a slightly simplified representation, namely

a;(t) = sin™>(ry) Z bik,(2p) (t, 72, 03, 03) (— Sin(w)am)k(Sin2(7“2)93)p-
k+2p<2—j

According to it, as and a; are constant coefficients, whereas ag has the nonvanishing coefficients

t2

bo2o =1, boio(re) = —ha(rz), booz2(t,m2) = cos2(r3)

and
t2 sin2 (7“1 ) QQ

boo,g(t) = Sin_2(7‘1) (— Sin(T1)8r1>2 — hl(Tl)(_ Sin(rl)arl) + tQQl + COS2(T1)

(2.14)



Finally, the latter has to be an element of Diffgeg(S2 X C’A(SQ)), with edge variables 6o, 9, i.e.,

boop(t) = Sin_Z(Tl) Z 617(2}7) (t, T1,7T2, 93, (pg) (* sin(rl)&l)l (SinQ(Tl)Qg)p,
1+2p<2

with ¢ (5,) € C(S?, Diff>/~1/($2)). Inspection of (2.14) gives

t2

co0=1, cio(r1)=—hi(r1), coo(t) =1, coalt,r)= cos2(r1)’

and completes our recursive discussion of the stratified Laplace operator.

2.1.2 Stratified Hamilton operator

To demonstrate the existence of a stratified Hamilton operator in the singular calculus, we have

to consider the behaviour of the Coulomb potential in the neighbourhoods of the strata. Let us

consider the generic case of three electrons and a nucleus, where the Coulomb potential is given by
Z Z Z 1 1 1

Vi(ay,zo,03) = - — 2 — 24 T + . (2.15)
lz1]  |we] @3] |wr— x| |1 —w3| |2 — 3]

The Coulomb potential (2.15) has in Chart-1 the following form

A A A4
Ve _1(t L) = = — — 2.16
Chart=1(t:71, 72 ) tsin(ry)sin(ry)  tcos(ry)sin(re)  tcos(rs) (2.16)
———
S1, S12, So Sa, S12, So So
+ ! + !
tsin(rg)|sin(ry)®; — cos(r1)P2|  t|sin(ry)sin(re) P — cos(rz) P3|
512‘7,50 So
1

t| cos(ry) sin(ry)®o — cos(rq) P3|’

So

where the strata on which Coulomb potentials becomes singular have been indicated under the
parentheses, cf. (2.4) and (2.6). Because of |®;| =1, i = 1,2,3, we get for r1, ro sufficiently small,
the estimates

0 < |sin(ry) — (7“1)\ | sin(r1)®1 — cos(ry)Pal,
0 < |sin(ry)sin(re) — cos(r2)| < |sin(rq) sin(rg)®1 — cos(re) P3|,
0 < |cos(r1)sin(re) — cos 7’2)\ | cos(r1) sin(re)Po — cos(ra) ).

Taking into account these estimates and the respective degenaricies of the strata, we can bring (2.16)
into the form

v (t ) 1 zZt n t
(ke = = |-
Chart=11% 11> T2, t2 | cos(ry)  |sin(ry)sin(ry)®; — cos(ry) P3|

t
* | cos(r1) sin(re)®o — cos(ra) Ps|
1 <_ Ztsin(rs) N tsin(rq) >
sin?(ro) cos(r1) | sin(rq)®1 — cos(r1) Py
1

~ sin? (r1) sin2(rs) (Zt sin(ry) Sin(rg))} ’

7



which demonstrates that the corresponding Hamiltonian with Coulomb interactions in the local
chart belongs to the class Diﬂ‘%eg(BQA).

Let us also briefly discuss the Coulomb potential in Chart-2, where it is sufficient to consider
the interaction part, i.e., the last three terms in (2.15). We have, cf. (2.10),
|21 — 22| = V2212, |z1 — 23] = %\\/guza +z12|, w2 —w3| = %!\/gma — 212/,

which yields the interaction potential

Vc(’i,)art—2<t7 1,72, .. ) = L . ! . + . 2 .
V2 | tsin(ry) sin(re) tsm(rg)\\/gcos(rl)cbg + sin(ry )P |
Si2, S123, So 512:: So
. 2
tsin(ry)|v/3 cos(r )Py — sin(r)®y| |’
S123, So

where the strata have been indicated on which Coulomb potentials become singular, cf. (2.3) and
(2.5). Taking into account the corresponding degeneracies and the estimate

0 < |V3cos(ry) — sin(r1)| < |V3cos(r)®y + sin(r ) |

for r1 sufficiently small, it shows that the Coulomb potential satisfies the requirements of the singular
calculus.

Si $2(0,0)

S%(0,0)

S% (8309 S,

Figure 1: Global and local structure of a stratified three-particle configuration space. a) Net of
connectivity for strata of the configuration space, cf. (2.3), (2.4), (2.5), (2.6) and (2.7) for definitions.
b) Stratification of configuration space in the local coordinates (2.9). Here S? submanifolds are
represented by circles for reasons of graphical representability.



Sy

S3

S13

Figure 2: Strata of the configuration space represented as arrangements of intersecting hyperplanes.
a) Strata of s1,(R?) and s34(RY). b) Strata of s1,(R?) and sg4(R?).

3 Function spaces on corner manifolds

To take advantage of the stratification of the configuration space it is necessary to use an appropriate
functional analytic set up that enables us to extract the desired asymptotic information of solutions
of PDEs related to the stratified Hamilton operator discussed in Subsections 2.1.1 and 2.1.2. The
tools we want to employ have been developed over decades by Schulze and collaborators, see for
example the monographs [6, 19, 23, 24] and references therein. In the present work, we use the most
recent approach to higher singularities outlined in [3, 4]. The characterisic feature of this approach
is the recursive construction of new function spaces via non-direct sums of Hilbert spaces and by
taking projective limits. For the convenience of the reader, we provide in Appendix A some facts
about non-direct sums that will be used in the following.

3.1 Kegel spaces on corner manifolds and wedge spaces along their strata

Within the present work, we want to study triple asymptotics with respect to edge and corner sin-
gularities corresponding to coalescence points of two, three and four” particles, respectively. This
requires weighted Sobolev spaces with three different asymptotic directions given by the hyper-
spherical coordinates t,r1,r2. The recursive construction of function spaces for higher order corner
singularities has been given in [3, 4] which we follow with minor modifications.

Our focus on the asymptotic behaviour leads us to Kegel spaces with asymptotics. These spaces
are subspaces of larger Kegel spaces where only the weights but no explicitly given asymptotic type
have been presumed. For the sake of a concise presentation, we consider only Kegel spaces with
asymptotics. However, we refer in the following presentation to norms of underlying Kegel spaces
without asymptotics. For the convenience of the reader, we summarized the construction of these
norms in Appendix C. For further details we refer to [3, 4].

Due to the fact that the highest order corner singularity corresponds to a single point, we have
some simplifications in contrast to the general case where the corner represents a higher dimensional
stratum in configuration space. According to the stratification discussed in Subsection 2.1, we start

"Here the fourth particle is considered to be a nucleus at rest.



on the highest level with the Kegel space

KTy (BY) = € i h (BY) + Kl (BY), (3.1)

which is of triple asymptotic type® and represents a direct sum of the flattened Kegel space of
double asymptotic type Kp"5%* (B5) with the asymptotic space 5((;1’732))73(32) Both spaces are
defined in a recursive manner with respect to function spaces of lower asymptotic type. The Kegel
space (3.1) has to be considered as a subspace of the Kegel space K772 ( BS) with norm (C.3),
c.f. Appendix C for further details.

The flattened Kegel space Kp'5%7" (BS) is given by the projective limit

771»72,73 871772773 93— 6 ,717727’73 Y3—e
’CP1,P2,@3 L mKp 32 ﬂ Ke (B2 )

Py,P;
>0 e>0

for the weight intervall ©3 = (¥3,0], —oco < ¥3 < 0, of Kegel spaces IC%E;;Qﬁ(Bé\) which are of
double asymptotic type. The latter can be defined via order reducing operators R!, t € R, cf. [3]
[Def. 3.8], i.e

b b b 07 b 9
3T (BY) = Ry (K207 (B), (3.2)

from the composite Kegel space

K337 71(BY) = wswnHOT Ry x %, KR35 (BY)) + (1 — ws)wnH (Ry x 52, /c%ﬁz’ (B))

+W3(17w2)ICP’71’7((2B2) ) + (1 fwg)(lfwg)lCPm’ ((2B2)")), (3.3)

where C§°(R.) cut-off functions w3 := w(t), wy = w(re) are choosen such that w(r) = 1 in a
neighbourhood of » = 0. The Kegel space (3.3) can be actually considered as a non-direct sum
of Frechet spaces, cf. [3] for further details. It should be mentioned that this function space does
not depend on the specific choice of the cut-off function w. In Subsection 3.2 below, we give a
more detailed discussion of order reducing operators and provide an explicit constructions of such
an operator for the Kegel space (3.3). At this point, let us just mention that these operators
map specific asymptotic types Py, P, into the asymptotic types Pi, P». The first two terms of the
composite Kegel space (3.3) consists of H*7 (R4 x 52, K3 SN2 (Bf)) spaces which can be considered

PP,
as the completion of C§° (R+ x 52 K ]5’711572 (B{\)) with respect to the norm
1,472
2
HUHHS,WRJFXS2’;CS,%1,%2) = <wv77>2s”“;}n)Mwﬁwaﬁﬁ(u)(w’77)”}2{85!1752(31\) dU}d’r’ ’ (3'4)

S2T3_5

where (w,n) = (1 + |w|* + |17]2)% and k), A € R, represents a group action on K ’WB;ZQ(B/\) with

rau(re,y) = Nu(Ara,y),  u € K3 71’72(31 )- (3.5)

In the definition (3.4), the integrand depends on the norm of the Kegel space K*7172(B7") which is
given by (C.2), c.f. Appendix C for further details. Moreover, M,,_,,, refers to a Mellin transform
of the cone coordinate 75 taken on the line I's_5 := {w € C | Rew = 3 — 7}, and F),_,, refers to a

8The subscripts v; and P;, i = 1,2,3, refer to weights and asymptotic types, respectively. They specify the
asymptotic behaviour of functions near strata. A complete definition of these parameters will be given in our discussion

of the asymptotic part 5((;1}3;;’(3@ below.
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partial Fourier transform® with respect to the sphere coordinates y € S2. Finally, the last two terms
in (3.3) represent Kegel spaces IC 0m ’7((2B2)A)) of single asymptotic type with respect to the base

2Bo which can be obtained by glulng together two copies of By := Bs \ s = S? x B along their
common boundaries which gives 2B, = R x S? x Bj.
The asymptotic space

TR = {3 bt e 0
7 k=0

is characterized by a sequence p; € C which is taken from a strip of the complex plane, i.e.,

9 9
pje{z:2—73+193<Rez<2—73},

where the width and location of this strip are determined by its weight data (73, ©3). Each substrip
of finite width contains only a finite number of p;. These asymptotic data are summarized in the
asymptotic type P3 := {(p;,m;)}jez. . The coeflicients b;; belong to a weighted corner Frechet space
of double asymptotic type

HE (5 = (VHi 0

with
HE R (Ba) = waW? (8%, KBl (BY)) + (1 — wa) H " (2By). (3.6)

Here, the spaces Hp"j3)* (Bz) are composed of the wedge Sobolev spaces W* (52, K3"2%(Bf')) which
represent the completion of C'*° (52, K P’l'” 2 (B/\)) with respect to the norm!®

1
2
lallys 52 o ) = { /S 2 <n>%un<:;>FM<u><n>u%mw“dn} ,

with group action (3.5), (n) := (1 + ]n\Q)% and weighted corner Sobolev spaces Hp"* (2B2) of single
asymptotic type

HpY (2B2) := wiW* (R x S, K1 (CM)) + (1 — wi) H* (2(2By)).

Moreover, the Sobolev space H*®(2(2Bz)) refers to the smooth manifold 2(2B;) obtained by gluing
together two copies of 2Bs\s; = S2 x R x (B;\s1) along their common boundaries which gives
2(2By) = R? x §2 x 82 x S2.
We can now continue our discussion on the next lower level with the Kegel space of double
asymptotic type
il (B) = €0 1 (BY) + Kl (BY), (3.7)

which shows up in (3.3), (3.6) and represents a direct sum of the flattened Kegel space K P"”G’)ZZ (B)

of single asymptotic type and the asymptotic space 5((731;’732 (B7)). The Kegel space (3.7) is a subspace
of the Kegel space K57172(B7') with norm (C.2), cf. Appendix C for further details. Once again,
both spaces are defined in a recursive manner with respect to function spaces of lower asymptotic
type. The flattened Kegel space with weight intervall @y = (¥2,0], —oo < ¥ < 0, is given by the
projective limit

K2 (B0 o= K4 ()

e>0

9For Fourier integrals, we use the common notation dn := (%)d dn.

"The integrand refers to the norm of the Kegel space ¥71"72(B{) which is given by (C.2), c.f. Appendix C for
further details.
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of Kegel spaces leg’lvl’w_%_e(B{\) which are of single asymptotic type. Again, these Kegel spaces
can be defined via an order reducing operator, cf. [3] [Def. 3.8],

Kl (BY) = Ry * (K —*77(BY)), (3.8)

from the composite Kegel space

7~ 7~ Y ’~ ’ O’~
/coﬁjl V(B := wow1 HOY (R x S2, ic%jl(oA)) + (1 —w2)ur HOO Ry x $%, KFH(CM))
+wa (1 — w)K7((2B1)")) + (1 — w2)(1 — wi)K*((2B1)")). (3.9)
Like the Kegel space (3.3), the Kegel space (3.9) can be also considered as a non-direct sum of Frechet

spaces. The composition consists of H*7 (}R+ X SQ,IC;X“(C/\)) spaces which can be considered as
1

the completion of C§° (R4 x S?%, ICj_:’ﬁl(C’/\)) with respect to the norm
1

g wseicny = 8 [ [ @I Moo Py (0 @00) oy oy duod 1 (310
52 T3/2—5

where the norm of the Kegel space K71 (C”) given by (C.1), with group action
rau(ry,y) = /\%u()\rl,y), u € ICS’;”(C'/\), (3.11)

and integrated along the line F%JY :={w € C| Rew = 3 —4}. The Kegel spaces K%7((2B;)") have

a smooth base 2B; that can be obtained by gluing together two copies of By := By \ 51 = S? x C"
along their common boundaries which gives 2B; = R x S? x S?. The asymptotic space

m;
55111;}’22(3{\) = {wg(rg) Zchkr;pj In*ro, cjx € H;?’M(Bl)}
j k=0

is characterized by a sequence p; € C taken from the strip

pj €{2:3 -2+ <Rez<3—}.

Therefore, 5((;3’;% (B?') is characterized by the asymptotic type P» := {(p;j, m;j)}jez, and weight

data (y2,02). The coefficients c;; in the asymptotic space belong to a weighted corner Sobolev
space of single asymptotic type
HE"(By) = (Hp" (By),
S
with
H" (By) := wi W (S, K51 (C)) + (1 — wi) H®(2By).

The space H;,’jl (Bj) represents a non-direct sum of the wedge Sobolev space W* (52,IC}§;171(C’/\)),
which represents the completion of C*° (52, Kyl (C")) with respect to the norm

1
2
[ullyys (52 0501y = /<77>25”“@%Fy—m(u)(n)HIQCSM(CA)dn y
S2
and the standard Sobolev space H*(2B;) which refers to the smooth manifold 2B;. On the lowest

level, we finally get
KB (Ch) = ER(CM) + Kg ] (BY), (3.12)
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which is of single asymptotic type and represents a direct sum of the flattened Kegel space

/C ,'71 (C/\) . @K&"{l—’ﬁl—e(c/\)
e>0

with weight intervall © = (¥1,0], —oo < 1 < 0, and the asymptotic space

g’y (C/\ :{wl 1 ZZd]le ]111 7“1}

7 k=0

is characterized by a sequence p; € C taken from the strip

3 3
pj € {z:2—71+191 <Rez<2—'yl}.
The asymptotic space is characterized by the asymptotic type P; := {(p;, m;)}jez, and weight data
(71,©1). Its coefficients djj belong to a finite dimensional subspaces of C°°(S5?). For further details
concerning Kegel spaces K%7 we refer to Appendix B.

3.2 Explicit construction of order reducing operators

The definition of Kegel spaces for higher order singularities in [3, 4] is based on order reducing
operators which induce isomorphisms between Kegel spaces of different Sobolev regularities, cf. (3.2)
and (3.8).

The basic idea can be simply illustrated for ordinary Sobolev spaces H*(R"™), where the pseudo-

differential operator
// (=D (1 4 €2) 2 u(E) didg.

induces an isomorphism P : HY(R") — H!'"*(R") for s,t € R. We denote such isomorphism
inducing operators as order reducmg operators. It is obvious that this concept is compatible with
the Hilbert space structure of Sobolev spaces H*(R™) which are induced by the Lo scalar product
via

(w1, u2) ms = (V1,v2) Ly,
for U; = 'PS Vi, 1= 1,2.

The construction of order reducing operators for the Kegel spaces of Subsection 3.1 can be done
in a recursive manner. Let us first consider the Kegel spaces K*7(X”) with a smooth base manifold
X = 5™ According to the recipe of Schulze, cf. [3, 24], one has to consider an elliptic operator in
the space

2(S™RE X Tasa_ xRE), with Tops_ = {w € C| Rew = % — 4},

of classical parameter-dependent pseudo-differential operators on S™. We deliberately choose an
elliptic pseudo-differential operator with symbol

where Qgn denotes the Laplace-Beltrami operator on S™ and p € RP, 7j € R? represent auxiliary
parameters and additional covariables, respectively. Taking w = ”—H Y+ip € Fn+1 the symbol

becomes!!

. _ 2 A
(o) = (07 + (252 = )" = Qoo + [ + [72)

"'By a slight abuse of notation we write ds(p, i, ), instead of as(“* — v +ip, p, )
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The ellipticity condition for parameter dependent symbols, cf. [24] [Section 1.2.3], is obviously
satisfied, i.e., there exists a constant ¢ > 0 such that

15s(p, &, p, 71)| = (p + (2 — ) £ oen (€) + |uf? + !ﬁ\2)§ > c(1+p, &))",

for |p, &, 7| :== \/p? + |£]? + |7|? > ¢ with ¢ sufficently large. In the next step one has to perform a
kernel cut-off [24] [Section 2.2.2] in order to obtain a parameter dependent symbol in the class of

holomorphic symbols, cf. [3] [Defs. 2.2, 2.6], i.e
M (S™ R x R, ) := {h(w, p,r1) : h(w, p, 1) € A(Cu, L (™ RE x Rd))}
For the degenerate symbol as(r, w, u,n) := as(w, u, rn), we define the kernel function

ks(r, 0, pt,m) := /F 0 Yas(r,w, p,n)dw, (3.14)
n+1

o 7

which, for s < —1, represents an absolutely convergent integral and, for s > —1, has to be considered
in the distributional sense as an oscillatory integral. Choosing a cut-off function ¢ € C§°(R4.), which
takes the value 1 in a neighbourhood of 1, one defines the kernel cut-off operator

H(¢) : L (S™, RE x Pog1_, % RI) — MpH(S™;RE x RY,)
via the weighted Mellin transformation
hs (Ta W, [y 77) = va%,gﬂw (gb(g)ks(r’ o K, 77))

The symbol hy(r, w, u,1m) € M5H(S™; R}, x RY,) defines an order reducing Mellin pseudo-differential
operator

SE

R (uymu(r) :==r~op,; * (hs(r, 11,m))u,
with

. ) d7
opyy * (hs(r,pym)u = //R ha(r, 55t = +ip, . )U(f)ﬁ‘i; P (3.15)
+

for ||, |n| sufficiently large. The order reducing operators can be as well expressed by the kernel
function (3.14) via

(3.16)

ﬁ}‘ﬁz

oo
R (p,m)u(r) = Ts/ O (5) ks (r, s p,m)u()
0
It is instructive to see how the operator (3.16) acts on a function of specific aymptotic type
Upm (1) = w(r)r™" In™(r),

where w € C§°(R4) is equal to 1 in a neighbourhood of 0. Then an order reducing operator yields

=

R Gumpn(r) = 7 [ 0(hlr Eon) ()%
= / D) ks (r,t, 1, 0)upm (5) &
_ s+p/ () (1, 11 ) (2) 7 (1n(r) — In(8)) ™4

— p—(stp) 0( )™ ( >1n3 / o) ks(r,t, pm,m)w (%)tplnm*j(t)%.

j=
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For r sufficiently small, we can assume QS(t)w(%) = ¢(t), t € Ry, and therefore the asymptotic
behaviour does not depend on the explicit choice of the cut-off function w, i.e.,

B (. )t () ~ v P 3 (1) (’j) i) [ SO0, " ) O,
i=0 0

In the following we want to focus on explicit calculations of the kernel functions (3.14) for
s < sp < 0 where sp has been chosen small enough to handle the oscillatory integrals without
further regularization. This range is sufficient for our envisaged applications. If an order reducing
operator for s > sq is indeed required it can be easily contructed by composition

R® = R?™Rs—2m, (3.17)

with m € N large enough such that s — 2m < sg. The order reducing operators R*™, with m € N,
correspond to ordinary elliptic partial differential operators with holomorpic symbol, cf. (3.13), and
a kernel cut-off is therefore not necessary.

For s < 0, we can perform explicit calculations for the kernel function (3.14). It is convenient
to use a spectral resolution with respect to the Laplace-Beltrami operator €2g», which has a pure
point spectrum with eigenvalues \p = —¢({ +n —1), £ =0,1,2,... and multiplicities

(4 (n—1)/2) [T} €+ 5)

20+ 1 forn=2, and for n > 3,
(n=1)/2) - (n—2)! -
cf. [22] for further details. The spectral resolution becomes
o0
Qgn == L(l+n—-1)P, (3.18)
=0
where Py, £ = 0,1,2, ..., denotes projection operators from L?(S™) onto the corresponding eigenspaces

of the eigenvalues A\;. From it we get the spectral resolution of the symbol
oo
(15(7", w, [, 77) = Z am(r, w, [, n)PZ’
1=0
with
) s
ars(r,w,pmm) = (02 + (51 =)+ L0+ n = 1)+ |l + )

Finally, the spectral resolution of the kernel function becomes

o
kﬁ,s(ra 0, K, 77) = Z kﬁ,s(rv Qa/«bvn)P@ (319)
1=0
with
L= v ip (2 ntl 2 2 2) 2
bes(roon) = - [0 (2 (5 =) = ) [ ) dp.
—0oQ
Taking

Fulrs ) =\ (B8 = )+ €0+ n— 1)+ [f? + rn?
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with |g| > 0, the integral becomes

1 —nsl 5 g~
kes(ryo mm) = 502 fulr, p,m)? / Hrmp (52 41)2 dp
1 ntl

= 0" fulr,pm)™t / cos(In(o) fo(r, w,m)p) (3 +1)* dp
0T <2fe(r,u,n)) 2 .
Val(=35) \ [In(o)]

where we have used [1] [9.6.25] and K, (-) = K_,(-), v € R, in the last line. For o = r/7, we can
further decompose (3.20) using the series for modified Bessel functions, cf. [28] [p.365] and [7] [p.44f],

5 (|1n(9)]f4(7",,u, n))a (3.20)

Kl/ > Kl/ m II/ m
uS’U) =2"T'(v) mzz:o(l/ +m) Jguy(w) +UV(U) Ch (cos(p)), v#0,-1,-2,..., w>v >0,
(3.21)
with u := 1/v2 + w? — 2vw cos(p) and Gegenbauer polynomials, cf. [28] [p.363],
) lm/2] (_1)k2m72kr(y +m— k) cos™ 2k ()
Crn (cos(p)) = Z (m — 2k) KT (v)
k=0 e
Furthermore, let us note the special case
Ko(u) = Ko(w ) +2 Z K., v) cos(my), w >wv>0. (3.22)
For an application of (3.21) and (3.22) to (3.20) let us take
| ()| fe(r, p,m) = /02 + w? — 2vwcos(p),  cos(p) = %1,
with v := fé(ﬁ#ﬂ?” 111(7:)|, w = ff(ra,uan” 1H(7“)| For r <7, we get
) r 28+1r 1) & a1
beslrr i = (5) z LY (o4t 4 m)CiF (cost)
" (=3) =
Kesr o, (fe(r, pm) In(r )l) Lsgr oy (fo(r; o) | In(7)])
x 2 - - . s#0,-1,-3,-5,..., (3.23)
[ Tn(r)| 2 [ In(7)] 2

and

n+1 1

el /ron) = (5) 7 j [Ko(fm,u,nn I (r)[) o (fe(r, ) | In(7)])

VT (3
+2% Ko (felry s m) [ 1(r)[) Lo (fe(r, )| (7)) cos(mep) | (3.24)
m=1

The formulas (3.23) and (3.24) greatly simplify explicit asymtotic calculations involving order re-
ducing operators. Using (3.16) and (3.19) together with an approriate cut-off function ¢, we obtain
an explicit expression of the order reducing operators for s < 0 in the form

Rutr) =13 [ 6l /) Prul) (3.25)
1=0 70
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which is suitable for our envisaged calculations.
Let us now turn to the general case of order reducing operators for Kegel spaces on corner
manifolds. We explicitly consider the three-particle case, where we start with the elliptic symbol

as(wi, w2, w3, r1,72, i) 1= <— (7“17‘2103)2 + 27“17“2(% - 73) (T1T2w3) - 7“%"593 - (7“111)2)2
S

2
+ 2r1 (3 — 72) (leg) — T%QQ — w% + (% — 'yl)wl — Oy + |,u|2> (3.26)

with ¢ € R being an auxiliary parameter. This symbol has been derived from the Laplace op-
erator (2.12) represented in hyperspherical coordinates and takes into account the characteristic
degeneracies with respect to the distances to various strata. The corresponding composed Mellin
pseudo-differential operator is given by

A= (rirgt) ™" op;@f% {op}f[ 3 {op;c[ (as)uH , (3.27)

with individual Mellin pseudo-differential operators given by (3.15). Taking ws = % — 3+ 1ip3 €
Fg_ﬁ/ , w2 =3 — "y +ip2 € '3, and w1 = Y1 +ip1 € Ps n (3.26), the pseudo-differential
operator (3.27) becomes

e [ LG UL G

o dr dr dt
XGS(TLT%PLP%P&N)U(T1»7“27)1d> 2 } dps,

711

with symbol

as(r1,72, P15 P2, P35 1) = <(T17’2P3)2 + (7“17‘2)2(% - 73)2 — rir3Qs + (Tlpz)z

2 2 2
+ 123 =) =2+ 2+ (3 =) —Ql+|ﬂ|2) . (3.28)

The corresponding kernel function is given by the oscillatory integral'?

1 - 3 7 j
ks(ri,72, 01, 02,03, 1t) = (27)301 : 0 oy e

X as(ﬁﬂ“Q, 01, 02, 03, 1t) dp1 dp2 dps, (3.29)

with o1 = Tl, 02 := 22 and p3 =

72
weighted Melhn transformations

Performing appropriate kernel cut-offs by a sequence of

BN

hs(r1,ma,wi, wa, ws, i) = Mo o {03(08) My, —3.00 0 [62(02)
X M’Yl_%u{)l—)wl ((bl(gl)ks(rh r2, 01, 02, 03, M))] }7
we obtain a holomorphic symbol hg in the class

M(%(SQXSQXS’Q;R“) = {h(wl,wg,wg,u) : h(wy, we, ws, 1) € .A(C3

w1, w2, w3 ?

(57 xS?x 5% R,)) b

12The integral is absolutely convergent only for s < —3.
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For sufficiently large values of |u|, the symbol hs € Mg (S5? x S? x S%;R,,) defines an order reducing

operator
3

Rou= (rirat) " opjy * [OPX}_?’ [OPL%hs)u” , (3.30)

which provides the isomorphism (3.2).

To evaluate the integral (3.29) and to obtain the kernel function in a form suitable for further
considerations, we perform spectral resolutions of the Laplace-Beltrami operators on the spheres
(3.18) and a Laplace transform of the whole symbol in order to separate the variables. First,
spectral resolutions give us the decomposition

oo 0 XX

kis(’l”]_,TQ, 01, 02, 03, Mﬂ?) = Z Z Z k€1,€2,€3,8(rlvr27 01, 02, 03, K, n)P€1P42Pf3a
£1=0£5=04¢3=0

and, second, a Laplace transform, cf. [17] [p.1110, Eq. (26)],
/ Mlema dx =T(8) a™?, B >0, Rea >0, (3.31)
0

enables a separation of variables for symbols with s < 0, i.e., we get

1 y1—3 vy2—3 Y3—3 —ip3 _—ip2 —ip
(QW)SF(_%)QI f0y" oy 7 A RQ3 oy o

s+2

X / AT exp [<bey 4,05 (11,72, 1, P2, p3, ) A] AN dpy dpa dps,  (3.32)
0

kfl,fz,fg,,s(rla 2,01, 02, 03, I, 77) =

with
bey 00,05 (T1, 725 P15, P2, P35 1) = (7"1?”2P3)2 + (7"17"2)2(% - 73)2 +riryls(ls + 1) + (Tlpz)z

123 = 42) 2yl + 1) + o2+ (B — ) + Ll + 1) + |l

To proceed with our calulations, let us tentatively assume s < —3. According to Fubini’s theorem,
we can interchange the order of integrations and calculate the separate integrals

w 2 _ In(ep)I?
/6 Zplln(gl)e PIA dpr = \/ge mo,
R
_ |1n(eo)|?

—q —r2,2 — T2\
/6 'Lpgln(gQ)e ripiA dps = \/§T1 Lo arfx ’
R

|1n(e3)|
i _ 2,2 =
/e ipsIn(es) o= (r1m2)*p3A g5 — \/%(7"17”2) LT a(r )2
R

Putting things together, we finally obtain

3 9
N3 y2—3 VT3
I oy %09 "o3 —2 -1

k pu—
El,fg,fg,s(rlar%QI7Q27Q37/J’) F(—%) 2ﬁ Qﬁ Qﬁ Ty Ty

o 2
+5 2 u®(ry1,r2,01,01,01)
x/ A5 e ity (MT2A Zoy d\,  (3.33)
0

with
2 s (11:72) = f7, + g2, (r1) + hi, (r1,72),

U‘Q(Tl; r2, 01, 01, Ql) = ’ IH(QI)‘Q + 7”1_2| IH(Q2)|2 + T1_2T2_2’ 1D(Q3)|2,
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and
=G -y) 0+ 1)+ mf,
go.(r1) == 12 (3 = 72)” + rila(la + 1) + |paf?,
B2, (r1,ma) = (r1ra) (2 — ys)” + r2r2la(ls + 1) + |ps] >

The integral in (3.33) corresponds to a modified Bessel function. This can be easily seen from the
following formula [5] [(10.32.10)]

o IQ
Kife) =3 (3) [ A0t ay

which yields

o0 2
_st5 _,2 _u®(r1,r9,01,02,03)
/ A2 e Pliitats (rl,rz)/\e ax d\
0

s+3
) : K (201,00,05 (11, T2) (71, 72, 01, 02, 03))

_ oS5 (Zntany (r1,r2)
u(r1,r2,01,02,03)

so that the final expression for the kernel function becomes

1 TP o Ly e
i 1 2 3 Sto +
k&,@g,fg,s(rbr%gla Q27Q37,u) - (_%) 2ﬁ 2ﬁ 2\[ T Ty 272 ZZ,Z%ES(TDT?)

K% (221762753 (T‘17 T2)u(r17 2, 01, 02, Q3))
s+3 °
(241,52743 (rla TQ)U(T]_, r2, 01, 02, Q3)) 2

X

(3.34)

It remains to verify (3.34) in the case —3 < s < 0. Here we must treat (3.32) as an oscillatory
integral, i.e.,

% oo oo 3 - dFy diy dt
~ ~ ~ o~ 1 2
/ / / kgl,fg,eg,s(TMTZa Tl/Tl,TQ/TQ,t/t,,u) uél,fg,ég (’rla T27t) p o —
0 T ro t
- - dfy dig dt
= lim kbo2s® (r1,re,m1/T1,m2/To t/t, 1) u F1,79,t) — —= —
e1,65.63—0 817427833 1,72, 1/ 1, 2/ 2 /7,“) fl,ﬁg,fg( 1,72, ) P T t?

with g, ¢,.0, € CF°(Ry x S? x Ry x 5% x Ry x S?) given by
Upy 5,05 (F1, T2, ) := Py, Po, Ppyu(Fy, 72, 1)

and regularized kernel function

1 _3
kZ’Z’ZS(Tlﬂ’Q,QLQQaQ?uﬂ) = m@?l : 32 s 73 2///03
2
0 s2
X Xer (P1)Xea (P2) Xes (P3) ; A7 exp [—byy 00,05 (T1,72, p1, P25 P35 )A] dX dpy dpy dps,  (3.35)

where x € C°(R), 0 < x <1, is equal to 1 in (—1,1) and x, (pi) := x(eipi), i = 1,2,3.

Lemma 1. For s <0, the kernel function of the operator A, cf. (3.27), is given by (3.34).
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Proof. The case s < —3 of absolutely convergent integrals has been already discussed. Let us
therefore consider the limits ¢, — 0, ¢ 4+ 1,2, 3, in the case —3 < s < 0. Because of the regularized
integral (3.35), we can apply (3.31) and freely interchange in (3.35) the order of integration. Like
before, the integrand splits up into separated p-integrals. Here to avoid cumbersome notations, we
consider, instead of (3.32), a simplified oscillatory integral of the form

27 %
1 oo s oo )
T ? 2/0 T (/ o7 (1 = xe(p))e " dp> dA
2 o)
B o %51 Q%%ansgl (I1In(o))
Val(=3) n(o)| %
—ks(0)
1 n o R oo )
Toren? T P (/ 0~ (1= xe(p))e " dp> dA
2 —00
—hes (o)

We are left to consider the oscillatory integral acting in the distributional sense on a test function
u € C§°(Ry). For this let us first consider the oscillatory integral

where Mu denotes the Mellin transform of u. According to [20] [Theorem 3], we have for u €
C§°(R4), with suppu € [, a] (a > 0), the estimate

Mu| S (1+ |Z|)7ma|Rez|, 2z € C, for all m € N.
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With this, we can estimate (3.36) by using Holder’s inequality with & —|— = =1, and obtain

[ [ %] o
< [ )P Mu( i) dp

<llle, ( / ZI (1= xe(p))e " dp) q

1
=Y 11— xe(p//aN) e dﬁ)“
—00

) < /ﬁ S dﬁ>q
)re (\/37+\/‘§§+j;>_;

A
2

1
< e, (&)™ e,

S|

Jullz, 7% (qA)

Q=

< e, (s

Q=

< e, (A

ﬁ

where in the second to last line, we used the estimate, cf. [1] [7.1.13],

2

00 e—a
/ a1
a a4 +/a2+ 4

™

for the complementary error function. It remains to consider the limit € — 0, where we perform the

decomposition
Erfur~—~—— rfur~—~—|— c.(r/T
/OkS(/)()7~ /()]{:S(/)()~ /ok(/)()

r T

and use the estimate

) /0 h ka(?”/f)u(f)Cff‘ < Mol

~ 0(6757%) for s < —1.
q
For any s < 0, we can choose ¢ sufficiently small to fulfill this requirement and thus obtain the
desired result

tim [ k() )‘ff“:/ooo (/PP T

e—0 0

O]

With appropriately choosen cut-off functions ¢;, i = 1,2, 3, we can now define the order reducing
operator (3.30) for s < 0 by

oo o0 o0

Ru=Y Y% [T 7 [ etnsmentasmotsd

£1=002=0¢3=0

. - - dif diy dt
X Koy 0,05, (11,72, 71/ T1, 72 /T2, U/t 1) Ppy Ppy Ppyu(Ty, 72, 1) A
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with sufficiently large value of ||, where we have replaced the L%, (5’2 x S5? x S% R,) part of the
operator acting on the S? cone bases by spectral resolutions with respect to the correponding
Laplace-Beltrami operators. For the case of s > 0 we refer to (3.17) and the corresponding discussion.

Finally we want to remark that the expression (3.34) can be further separated by using the
expansion (3.21), taking

U= 24, 05 05(r1,m2)|0(r1, 72, ) — A(r1, 7o, 71, 7o, )],
V= 24, 0505 (11, m2) [0(T1, T2, 1, To, 1),

w:ZZI,Z%ZS(T )‘ (7’1,7’2, )‘7

with
In(ry) In(7)
u(ry,ro,t) := 7”1_1 In(ry) |, u(ry,re, ﬁ,fg,f) = 7“1_1 In(7) |,
7‘1_17“2_1 In(t) 1”1_17”2_1 ln(f)
and

u(T17T27t) : fl(’r‘l,T‘277:1, f27£)
lu(ry, ro, t)| (71, 72, )|

cos(p) =

By this, we have separated the ¢ and  variables as well as the In(r;) and In(7;), s = 1,2, terms. Such
kind of expressions are usefull for explicit asymptotic calculations.

4 Summary and outlook

The geometrical structure of a configuration space with its stratification is quite intricate and re-
quires a subtle resolution of singularities. This has been achieved by an appropriate choice of
hyperspherical coordinates which are compatible with the singular pseudo-differential calculus. An
alternative approach uses techniques from algebraic geometry [2, 16, 27], where a compactification
of configuration space'® is obtained by a sequence of blow ups along the strata. It turns out that
our approach based on hyperspherical coordinates is closely related to the algebraic approach and
can be considered as a special realization of the latter. We will elaborate on this connection in a
forthcoming paper.

The present work sets the stage for the asymptotic construction of parametrices for Hamilton
operators of many-particle Coulomb systems in the case of more than two particles. First of all, one
has to establish ellipticity conditions on the hierarchy of symbols corresponding to the underlying
stratification. The ellipticity conditions for these symbols provide isomorphisms between appropri-
ate function space on the strata which are required for the parametrix construction, cf. [9, 12] for
previous work in this direction. After ellipticity conditions have been established, parametrices and
corresponding Green operators can be constructed which provide explicit asymptotic information
concerning the eigenfunctions of Hamilton operators [10, 11, 13]. Finally, the constructed paramet-
rices can be further modified to yield classical Green’s functions on configuration space [14], which
provides insight into the singular structure of Green’s functions in quantum many-particle theory
[15].
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Appendices

A Equivalent norms of non-direct sums of Hilbert spaces.

The scenario we deal with consists of two complex Hilbert spaces H; and H merged by a non-direct
sum into a new space H := Hy @ Ha/A with A := {(w,—w) : w € Hy N Hy}. Again, the space
H is a Hilbert space with scalar product (-|-)g taken on Hy @ Hy orthogonal to A, see e.g., the
monograph [19] [Definition 2.1.4, Remark 2.1.5, Proposition 2.4.8] for more details. The induced
scalar product defines a norm which has the following equivalent expression.

Lemma 2. The norm defined by the induced scalar product (-|-) g on the non-direct sum H satisfies
the norm equivalence

<|>H ~ min{HU1HH1 + HU2HH2 | U =1up + Uz, Uy € Hl, Uy € HQ}.

Proof. =—: For a decomposition u© = uy + ug with u; € Hy, us € Hs, to be orthogonal to A, the
scalar product of the direct sum Hi & H» has to satisfy

Iy i s v
u2 —w H,1®H,

Any other equivalent representation satisfies the inequality

u; +w u +w
<(1 )\(1 )> = (urfur)an + (ushus)i, + (wlwha, + (wlw)a, > 0
ug — W ug —w Hy&Ho

for all w # 0 € Hy N Ho.
<—: Suppose we have given a decomposition v = u; + us with u; € Hy, us € Hs, such that

(R 1Y G D 9164

for all w € H; N Hy. By scaling w with A € R, i.e., w — Aw, we get
A(2Re(ut |u1) g, — 2Re(uslug) mr, ) + /\2(<w|w>H1 + (w|w)g,) >0,
which yields the following limits
AN 0 :Re(ui|w) g, — Re{ug|w) g, >0,
A0 :Re(ui|w) g, — Re{ug|w) g, <0,

and therefore Re(uj|w) g, — Re(uz|w) g, = 0. A similar argument, using the scaling w — iAw, gives
Im(uy |w) g, — Im(ua|w) g, = 0. 0

The non-direct sums of Hilbert spaces that we consider in the following are of a specific generic
form and can be related to an ordinary Lo scalar product on a function space. In particular, let us
assume that the scalar products have the form

Wm@=24mewm (A1)
=1
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with D; some differential operators, w; appropriate weights, and du a Lebesgue measure on  C R,
We are interested in non-direct sums of Hilbert spaces of the form

H:le—l—(l—w)HQ, (A2)

where Hy, Hy represent function spaces on a domain £ with scalar products of the form (A.1). For
a cut-off function w € C§°(R4), choosen such that w(|z|) = 1 in a neighbourhood of |z| = 0, we
decompose €2 as

Q=0 UQUQs,
where
Q= {z e Q|w(z]) =1},
Oy == {2 € Q[ w(lz))(1 —w(lzl)) # 0},
Q3 :={z € Q| w(|z|) =0}.
With respect to this decomposition, we require that the norms induced by the scalar products, e.g.,
I 1) = (e, =12,

14

satisfy two consistency conditions,™* namely

e norm equivalence in the subdomain {29, i.e.,

e boundedness of the cut-off function, i.e.,

Lemma 3. The scalar product of the non-direct sum (A.2) of the two Hilbert spaces Hy, Ha,
satisfying the consistency conditions (A.3), (A.4), induces a norm which is equivalent to the norm

ul|, = min{||wu1\|%{1(9) + |I(1 — w)u2||%12(m | u=wuy + (1 — w)ug, uy € Hy, up € Hy}.

Furthermore, we have norm equaivalence
[l min > ([l

with

Il = llwullF, ) + 11— w)ullFq)-

Proof. The first part of the lemma follows from Lemma 2. In the second part, the inequality
||t min < ||u||w is obvious. Given a representation u = wiiy + (1 —w)ag, 41 € Hy, G2 € Ha, such that

lullfoin = llwtinlIZy, o) + 11 = w)ti2] 7).

“Norms on subdomains, i.c., || - o0, ¢ = 1,2, k = 1,2,3, are given by restricting the integral in (A.1) to the
corresponding subdomain 2.
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we get the estimates

[l = el Fr, ) + 0@l p) + (1= @)zl @y + el )

2 Nullt, @ + lwially, oy + 11 = )il (o,
+ w17, (q,) + 11 = w)a2llf, g, + lull, @)
2 lallFy uuns) + 14l @a00s)
z HWUH%A(Q) + (1 - W)U||12L[1(Q),
where we have used in the second line the general norm property
o+ wll® < (lell + )< 2(]jol* + [lw]l?),

and in the second to last line the estimate (A.4). O

B Further terms and definitions from singular analysis

In this appendix, we recall some well known facts and definitions from singular analysis. In partic-
ular, we want to discuss Kegel spaces with a smooth bases X in more detail. These spaces are at
the bottom of the recursive construction of Kegel spaces for higher order singularities and deserve
a careful discussion. Let us consider the Kegel space K*7(X") with smooth base manifold X of
dimension n, for example S™. It is defined as a non-direct sum

KR = wHS N (X7) + (1 — w) Hegne(X) (B.1)
for a given cutoff function w, i.e. w € C§°(R4) such that w(r) = 1 near r = 0. It should be
mentioned that the norms are chosen in such a way that the topology of the spaces do not depend
on the particular choice of w. Let U; be an open, locally finite covering of X and y; an underlying
partition of unity. The charts of an atlas of X are given by homeomorphisms h; : U; — V; into open
subsets V; C R™. For a function u : Ry x X — R, let us consider local push forwards u|y, — Ry xR"
via

xiv = Y _(idr, xh;'), (xiu),

where idr, is the identity map on Ry. The weighted Sobolev space H*7(X") is the completion of
C5° (R4 x X) with respect to the norm

lallggsrxny =Y Il (idry xhi ), Ot s xkm),

where the weighted Sobolev space H*7(Ry x R") in turn is the completion of C§°(R4 x R™) with
respect to the norm

2

Lo gy duy
" n+1
2

For pratical purposes these rather elaborate definitions can be simplified for s € Ny where H57(X") =
rYHH0(X") and H*O(X") is defined as the set of all u(r,z) € r ' L2(R, x X) such that (r9,) Du €
r'L2(Ry x X) for all D € Diff*7/(X), 0 < j < s. The definition for s € R follows by duality and
complex interpolation. For a precise definition of HE ,(X") we refer to [24] [Remark 2.1.56]. Here
let us just mention that, beyond a certain distance from the singularity, X*7(X") spaces become
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ordinary Sobolev spaces, which means that, for u € K7(X"), the part (1 — w)u belongs, after
back-transformation from polar to Cartesian coordinates, to the ordinary Sobolev space H*(R"*1).

The Hilbert space structures on H*7 and HS ,(X") induce a Hilbert space structure on the non
direct sum H*7 + HE (X)), cf. [19] [Definition 2.1.4, Remark 2.1.5, Proposition 2.4.8] for further
details, and therefore on the Kegel space K*7(X”). This Hilbert space structure on %7(X") is

compatible with equivalent scalar products
(- hmogxn) = {2 baoogxn) = (2 a6 = ()-8 e, ey (B.2)

By means of order reducing operators, it is possible to relate the scalar products of K*7(X") spaces
to the common reference (-, -)xo0(xn), a concept that has been systematically employed in [3, 4].
For s € Ny it is obvious from the previous discussion that Lemma 3 can be applied to (B.1) which
yields the norm equivalence

[ullicsr(xny = llwullsr + (11 = w)ull g, (x)-

C Norms on Kegel spaces with higher order singularities

In Subsection 3.1, we referred to norms of various Kegel spaces with higher order singularities, i.e.,

|- sz sy, - sz pys I licsmonys

which again have to be defined in a recursive manner. It has been already mentioned that the
composite Kegel spaces (3.3) and (3.9) can be considered as non-direct sums of Frechet spaces.
These Frechet spaces have however a natural embedding into their corresponding Hilbert spaces. To
get these Hilbert spaces one just has to mimic [3] and to repeat our previous recursive construction
by replacing the Kegel spaces with asymptotics by their counterparts without specific asymptotic
behaviour. Such kind of construction yields the Kegel spaces K%71:72:33 (B4, K071:792(B)) and
K991 (CM), which represent non-direct sums of Hilbert spaces with simple Lo-type scalar products,
cf. [3] for details. Using the same order reducing operators (3.2), (3.8) as before, one finally obtains
the Kegel spaces

]Cs,vmzﬁs(Bé\) — Rgs]COﬁrSﬁz*S%*S(BQA)
]CSM,VQ(B{\) — RQ_SICO’%_S’%_S(B{\)
which are Hilbert spaces with the corresponding induced scalar products, e.g.,
<U13U2)/csmmms(3§) = <017Uz);com—sﬁg—sﬂg—s(BQA)a

for u; = R3°v;, i = 1,2. Further details concerning the non-direct sums of Hilbert spaces have
already been given in Appendix A.

Note that instead of induced Hilbert space norms on Kegel spaces, it is sometimes more con-
venient to use equivalent Banach space norms. This becomes possible due to the construction of
non-direct sums using cut-off functions in (3.3) and (3.9). Thanks to norm equivalences in the
overlapping regions it is possible to derive equivalent norms, cf. Lemma 3 in Appendix A. Starting
on the lowest level, we have the norm equivalence

lullicsv(ony = [lwvllgon +[[(1 = w)vl[go  (cry,  Wwith u = R *v. (C.1)
At the next higher level, we require the norm || - ||xcs71.92(pp) Which can be defined with (3.9) in an

analogous manner, i.e.,

[ullicsmnnz(pp) = llwawrv]] )t (1 — wa)wrv]|

H012=5 (Ry x §2,K071 =3 (CA 100 (R x 52, K0 =2(C))

+ ”w2(1 - wl)v”}c&w—S((QBl)/\)) + ”(1 - w2)(1 - wl)vHKo,o(@El)/\))7 (02)
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with v = R, ®v according to definition (3.8). Finally at the highest level, we require the norm
||+ 0172073 (5) Which can be derived from the decomposition (3.3) as

lellicsnazas(mg) 3= llwswavllyoo (g, o2 xom-sm2-s(mp)
+H(1 — w3)W2'UH,HO’,YB_S(R+X52’K0,71—S,VQ—S(B{\)) (CB)
=20, ()

I = 08) (L= 9200l g, 0

with u = R3*v according to definition (3.2).
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