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A B S T R A C T
We present a novel numerical integration method for non-periodic functions over the high-
dimensional unit cube [0, 1]𝑠 by a specially crafted (unequally-)weighted quadrature rule using
transformed lattice points, with the additional option of subsampling. The method is designed
for integrands whose mixed derivatives up to order 𝛼 are square-integrable with respect to a
product Chebyshev density. The ingredients are (i) periodizing the integrand, (ii) approximating
the smooth periodic function by a kernel interpolant at lattice points, (iii) integrating exactly
the product of the kernel interpolant and the nonsmooth density, together with subsampling
alternatives for (ii) and (iii). With |𝐽 | corresponding to the number of function evaluations,
we achieve the convergence rate close to the order |𝐽 |−(𝛼−1∕2) and |𝐽 |−𝛼 (1.110721)𝑠, where
the implied constants are independent of 𝑠 under favorable conditions. We can interpolate these
two results to trade between the convergence rate and the growth in 𝑠. We provide numerical
experiments to demonstrate our theory.

1. Introduction
In this paper we present a novel approach to the numerical computation of integrals of non-periodic functions over

the 𝑠-dimensional unit cube [0, 1]𝑠, with 𝑠 large, by a specially crafted weighted quadrature rule using transformed
(and optionally subsampled) lattice points:

𝐼(𝑓 ) ∶= ∫[0,1]𝑠
𝑓 (𝒙) d𝒙 ≈

∑

𝑘∈𝐽
𝑤𝑘 𝑓 (𝝍(𝒕𝑘)) =∶ 𝑄

𝑿𝐽
𝝍 (𝑓 ).

The ingredients are firstly a simple coordinate transformation 𝒙 = 𝝍(𝒚) that transforms the integrand to a smooth
periodic function 𝐹 (𝒚) ∶= 𝑓 (𝝍(𝒚)) multiplied by a non-smooth density; then approximation of the smooth function
𝐹 by a kernel approximation that uses the points 𝒕𝑘 of a carefully designed lattice; then exact integration of kernel
interpolant times density to determine the weights 𝑤𝑘; with the optional alternative of replacing the full lattice by a
randomly chosen subset 𝑿𝐽 .

The method is designed for functions 𝑓 that are somewhat smooth, having mixed derivatives up to order 𝛼 ∈ ℕ
that are well behaved at the cube boundaries, in the sense that

∫[0,1]𝑠
|

|

|

𝜕𝝂

𝜕𝒙𝝂
𝑓 (𝒙)||

|

2 𝑠
∏

𝑗=1

1
𝜋
√

𝑥𝑗(1 − 𝑥𝑗)
d𝒙 <∞ for all 𝝂 ∈ {0,… , 𝛼}𝑠,

which is satisfied if for instance all the partial derivatives of 𝑓 are bounded on the unit cube.
1.1. Background

It is well known that, for functions in the classical Sobolev space𝐻𝛼([0, 1]𝑠)with smoothness 𝛼 ≥ 1, a deterministic
product quadrature with𝑁 points has an error of the order (𝑁−𝛼∕𝑠), thus one encounters the curse of dimensionality.
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Monte Carlo quadrature has a root-mean-square error of (𝑁−1∕2), which is independent of 𝑠 but suffers a slow rate
regardless of 𝛼.

To obtain improved convergence, one should consider the smaller Sobolev space 𝐻mix
𝛼 ([0, 1]𝑠) of functions with

bounded mixed derivatives of order 𝛼. Conventional Quasi-Monte Carlo (QMC) methods [38, 45] use well chosen
deterministic points to improve the rate close to (𝑁−1). Lattice rules [13, 12] can achieve close to (𝑁−𝛼) for
periodic integrands, while the same rate can be achieved by higher order digital nets [14] for general non-periodic
integrands. The same main rate is also achieved by sparse grid quadrature [4]. However, all these bounds include a
logarithmic factor in 𝑁 that grows exponentially with 𝑠, and often also exponentially with 𝛼. For example, for sparse
grids we encounter (log𝑁)(𝛼+1)(𝑠−1), and for higher order digital nets we encounter (log𝑁)𝛼⋅𝑠 or (log𝑁)𝛼+𝑠. The
optimal exponent here is (log𝑁)(𝑠−1)∕2, which is achieved by Frolov quadrature [50], but the curse of dimensionality
is still present in the log𝑁 term. Moreover, the implied constants all depend on 𝛼 and exponentially on 𝑠, limiting
these methods to moderate dimensions 𝑠 in practice.

To lift this curse, one may work with a weighted Sobolev space 𝐻mix
𝛼,𝜸 ([0, 1]

𝑠) and associated weighted norms, see
[48, 13], where the underlying weight sequence (𝜸 introduced below) satisfies a certain summability condition. Then
the aforementioned lattice rules and higher order QMC will converge with rate (𝑁−𝛼+𝛿) for arbitrarily small 𝛿 > 0,
without any log𝑁 term, and with the implied constant independent of 𝑠. (This is the essence of “strong tractability”
[39].) Similar results hold for anisotropically adapted sparse grid quadrature.

There are other related strategies such as periodization, tent transform, and cosine transform, and we will discuss
them briefly at the end of this paper. For now it is worth pointing out that the implied constants in the error bounds
for different methods with the same convergence rate can depend on 𝛼 in very different ways; some may grow super
exponentially in 𝛼, thus requiring a huge number of points in practice to resolve the preasymptotic regime for large 𝛼.

Our approach in this paper offers a different alternative to higher order QMC for the weighted Sobolev space. We
construct, in both theory and practice, non-QMC, i.e., unequally weighted, quadrature rules which aim to have at the
same time higher order convergence with respect to the number of function evaluations, and little or no growth with
respect to 𝑠. Specifically, with |𝐽 | denoting the number of subsampled lattice points, we achieve a convergence rate
close to the order

|𝐽 |−(𝛼−1∕2) and |𝐽 |−𝛼 (1.110721)𝑠,

where the implied constants are independent of 𝑠 under favorable conditions. Both results hold and we can interpolate
between them to trade between the convergence rate and the growth in 𝑠. This will be explained more precisely later
in the introduction. Here it makes sense to state the convergence rate with respect to |𝐽 |, which corresponds to the
number of function evaluations.
1.2. Our approach

Our approach with the full lattice 𝑿 = {𝒕0,… , 𝒕𝑁−1} can be described in three steps as follows:

𝐼(𝑓 ) = ∫[0,1]𝑠
𝑓 (𝒙) d𝒙 = ∫[0,1]𝑠

𝑓 (𝝍(𝒚))𝜇(𝒚) d𝒚 = ∫[0,1]𝑠
𝐹 (𝒚)𝜇(𝒚) d𝒚 (1)

≈ ∫[0,1]𝑠
(𝐴𝑿ker𝐹 )(𝒚)𝜇(𝒚) d𝒚 = ∫[0,1]𝑠

(𝑁−1
∑

𝑘=0
𝑎𝑘(𝐹 )𝐾(𝒕𝑘, 𝒚)

)

𝜇(𝒚) d𝒚 (2)

=
𝑁−1
∑

𝑘=0
𝑎𝑘(𝐹 ) 𝜅(𝒕𝑘) =

𝑁−1
∑

𝑘=0
𝑤𝑘 𝐹 (𝒕𝑘) =

𝑁−1
∑

𝑘=0
𝑤𝑘 𝑓 (𝝍(𝒕𝑘)) = 𝑄𝑿𝝍 (𝑓 ), (3)

where all of the ingredients 𝐹 , 𝜇, 𝐴𝑿ker , 𝐾 , 𝑎𝑘, 𝒕𝑘, 𝜅, 𝑤𝑘 will be defined and explained step by step below. Later we
may replace 𝑿 by a randomly subsampled lattice 𝑿𝐽 = {𝒕𝑘 ∶ 𝑘 ∈ 𝐽}.
Step 1. Periodising the integrand

The first step is to make a change of variable,
(𝑥1,… , 𝑥𝑠) =∶ 𝒙 = 𝝍(𝒚) ∶= (𝜓(𝑦1),… , 𝜓(𝑦𝑠)),

𝜓(𝑦) ∶= sin2(𝜋𝑦) = 1
2
(1 − cos(2𝜋𝑦)) for 𝑦 ∈ [0, 1], (4)
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Figure 1: Univariate transformation 𝑥 = 𝜓(𝑦) = sin2(𝜋𝑦) = 1
2
(1 − cos(2𝜋𝑦)) and associated density 𝜇(𝑦) = 1

2
|𝜓 ′(𝑦)| =

𝜋
2
| sin(2𝜋𝑦)|.

to convert the problem to a different integration problem over the unit cube with respect to the 𝒚 variable as shown in
(1). Our choice of the univariate mapping function 𝜓 ∶ 𝑦 ∈ [0, 1] → 𝑥 ∈ [0, 1] traverses the interval [0, 1] twice, see
Figure 1 (left), and has the effect of making the transformed function

𝐹 (𝒚) ∶= 𝑓 (𝝍(𝒚)), 𝒚 ∈ [0, 1]𝑠, (5)
a smooth 1-periodic function in each coordinate direction. By the usual change of variable rules we then obtain a new
expression for the integral in (1), with the product density

𝜇(𝒚) ∶=
𝑠

∏

𝑗=1

|𝜓 ′(𝑦𝑗)|
2

=
𝑠

∏

𝑗=1

𝜋 | sin(2𝜋𝑦𝑗)|
2

. (6)

Note that the univariate density is 1∕2 times the Jacobian, see Figure 1 (right). This possibly unexpected result is
a consequence of the double traverse of 𝜓 over the interval [0, 1]. To verify this for 𝑠 = 1, we transform the integral
of 𝑓 by making two duplicates, adding half of each, and then applying the one-to-one mappings 𝜓 ∶ [0, 12 ] → [0, 1]
and 𝜓 ∶ [ 12 , 1] → [0, 1] to each piece, noting that 𝜓 increases from 0 to 1 on the first piece (so 𝜓 ′ is positive), and
decreases from 1 to 0 on the second piece (so 𝜓 ′ is negative): this gives

∫

1

0
𝑓 (𝑥) d𝑥 = 1

2 ∫

1

0
𝑓 (𝑥) d𝑥 + 1

2 ∫

1

0
𝑓 (𝑥) d𝑥 = 1

2 ∫

1
2

0
𝑓 (𝜓(𝑦))𝜓 ′(𝑦) d𝑦 + 1

2 ∫

1
2

1
𝑓 (𝜓(𝑦))𝜓 ′(𝑦) d𝑦

= 1
2 ∫

1
2

0
𝑓 (𝜓(𝑦))𝜓 ′(𝑦) d𝑦 − 1

2 ∫

1

1
2

𝑓 (𝜓(𝑦))𝜓 ′(𝑦) d𝑦 = ∫

1

0
𝑓 (𝜓(𝑦))

|𝜓 ′(𝑦)|
2

d𝑦.

Step 2. Kernel approximation of the function 𝐹
The second step is to approximate the smooth periodic function 𝐹 in (5) by a kernel interpolant using the values

of 𝐹 at the points 𝑿 = {𝒕0,… , 𝒕𝑁−1} ⊂ [0, 1]𝑠, as shown in (2). This approximation takes the form

(𝐴𝑿ker𝐹 )(𝒚) ∶=
𝑁−1
∑

𝑘=0
𝑎𝑘(𝐹 )𝐾(𝒕𝑘, 𝒚), 𝒚 ∈ [0, 1]𝑠, (7)

for a known kernel function 𝐾 ∶ [0, 1]𝑠 × [0, 1]𝑠 → ℝ, where the coefficients 𝑎𝑘(𝐹 ) ∈ ℝ are determined by
the interpolation condition (𝐴𝑿ker𝐹 )(𝒕𝑘′ ) = 𝐹 (𝒕𝑘′ ) for all 𝑘′ = 0,… , 𝑁 − 1. Defining the vectors 𝒂 = [𝑎𝑘]𝑁−1

𝑘=0 ,
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𝑭 = [𝐹 (𝒕𝑘)]𝑁−1
𝑘=0 and the matrix  = [𝐾(𝒕𝑘, 𝒕𝑘′ )]𝑁−1

𝑘,𝑘′=0, the interpolation condition can be written as the linear system
in matrix-vector form

𝒂 = 𝑭 ⟹ 𝒂 = −1𝑭 . (8)
We assume that the transformed function 𝐹 belongs to the weighted Korobov space which is a reproducing kernel

Hilbert space (see Subsection 2.1), and we will use its kernel 𝐾 in (7). For now it suffices to say that the kernel is
shift-invariant so that 𝐾(𝒕𝑘, 𝒕𝑘′ ) = 𝐾(𝒕𝑘 − 𝒕𝑘′ , 𝟎), i.e., it depends only on the difference between the two points. For
the points 𝒕𝑘 in (7) we will use lattice points

𝒕𝑘 =
𝑘𝒛
𝑁

mod 1, 𝑘 = 0,… , 𝑁 − 1, (9)

with generating vector 𝒛 ∈ {1,… , 𝑁 − 1}𝑠. This pairing of a shift-invariant kernel and a lattice pointset yields a
linear system with a circulant matrix , which can be solved to obtain 𝒂 = −1𝑭 very efficiently using the Fast
Fourier transform (FFT) in (𝑁 log𝑁) operations. We also have well established theory on the convergence of the
approximation error, see Section 4.
Step 3. Exact integration of the approximate integrand

The next step of our method is to integrate the product of the kernel interpolant and the density 𝐴𝑿ker𝐹 (𝒚)𝜇(𝒚)exactly to arrive at (3), with

𝜅(𝒕) ∶= ∫[0,1]𝑠
𝐾(𝒕, 𝒚)𝜇(𝒚) d𝒚, 𝒕 ∈ [0, 1]𝑠. (10)

If the kernel is a product of univariate kernels (when we have product weights for the weighted Korobov space, see
Subsection 2.1) then this last step requires the accurate computation of only 𝑠 one-dimensional integrals.

Combining 𝜿 ∶= [𝜅(𝒕𝑘)]𝑁−1
𝑘=0 with 𝒂 = −1𝑭 in (3), we will show in Section 3 that the quadrature weights 𝑤𝑘

are given collectively by 𝒘 = −1 𝜿, which depends on the kernel and the points, but conveniently is independent of
𝐹 . Hence, in practice we can compute the weights 𝑤𝑘 once and then use the quadrature rule (3) to approximate the
integral, without the need to actually compute the kernel approximation (7). In fact, we will explain in Section 3 that
the weights given by 𝒘 = −1 𝜿 are “optimal” for the reproducing kernel Hilbert space corresponding to the kernel
𝐾 , in the sense that they minimise the worst case error for weighted integration with respect to the density 𝝁 in that
space.
Step 2′ and Step 3′. The subsampling alternative

Steps 1–3 explained our method for a full lattice pointset 𝑿. However, it is well-known [5] that for kernel
interpolation with lattice points and Korobov kernels the worst case approximation error achieves only half the optimal
convergence rate, i.e., close to (𝑁−𝛼∕2) instead of (𝑁−𝛼).

This issue can be addressed by using only a small subset of the lattice points. Instead of the full lattice pointset
𝑿, we could work with a randomly subsampled lattice 𝑿𝐽 for 𝐽 ⊂ {0,… , 𝑁 − 1} of size |𝐽 | ∼

√

𝑁 log𝑁 (see
Section 4). To this end, we also need to replace the kernel matrix  by the |𝐽 | × |𝐽 | sub-matrix 𝐽 and solve instead
the linear system

𝐽 𝒂𝐽 = 𝑭 𝐽 .

Again, combining 𝜿𝐽 ∶= [𝜅(𝒕𝑘)]𝑘∈𝐽 with 𝒂𝐽 = −1
𝐽 𝑭 𝐽 , it can be shown that that the quadrature weights 𝑤𝑘,𝐽 are

given collectively by𝒘𝐽 = −1
𝐽 𝜿𝐽 , which depends on the kernel and the subsampled points, but conveniently is again

independent of 𝐹 . Full details will be explained in Section 3. Subsampling allows us to use fewer function values, and
in turn improves the overall convergence rate of our method to be close to (|𝐽 |−𝛼), see below.
Error analysis

The only step to incur an error in our method (1)–(3) is the kernel interpolation, and thus

|𝐼(𝑓 ) −𝑄𝑿𝝍 (𝑓 )| =
|

|

|

|

∫[0,1]𝑠
(

𝐹 (𝒚) − (𝐴𝑿ker𝐹 )(𝒚)
)

𝜇(𝒚) d𝒚
|

|

|

|
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≤ inf
𝑝∈[2,∞]

{

‖𝐹 − 𝐴𝑿ker𝐹‖𝐿𝑝([0,1]𝑠) ‖𝜇‖𝐿𝑝′ ([0,1]𝑠)
}

, (11)

where we used Hölder’s inequality with the conjugate pair 1∕𝑝 + 1∕𝑝′ = 1. An analogous error bound holds if we
replace the full lattice 𝑿 by a subsampled lattice 𝑿𝐽 .

Both𝐿2 and𝐿∞ approximation have been analyzed in the literature for lattice-based kernel interpolant in weighted
Korobov spaces [7, 8, 34]. The corresponding result for𝐿2 approximation with subsampled lattice was recently proved
in [1], and we extend this to 𝐿∞ approximation in this paper. We then interpolate the 𝐿2 and 𝐿∞ results to obtain the
𝐿𝑝 approximation result for all 𝑝 ∈ [2,∞]. Here we need one single lattice generating vector which is suited for
all values of 𝑝, thus we need some adaptations of existing results. For the same lattice we obtain upper bounds on
‖𝐹 − 𝐴𝑿ker𝐹‖𝐿𝑝([0,1]𝑠) and ‖𝐹 − 𝐴𝑿𝐽

ker𝐹‖𝐿𝑝([0,1]𝑠) in the first factor of (11) for all 𝑝, and they depend on the norm of 𝐹
in the weighted Korobov space.

We then relate this Korobov norm of the transformed𝐹 to a special mixed Sobolev norm of the original integrand 𝑓 :
‖𝐹‖Kor,𝑠,𝛼,𝜸 ≤ ‖𝑓‖Sob,𝑠,𝛼,𝜷,𝜔.

Details of our two function spaces will be given in Section 2. For now it suffices to know that 𝜸 is a rescaling of the
weights 𝜷 (see (21) ahead), and 𝜔 is a weight function that appears in the Sobolev norm (see (17) ahead).

For the second factor in (11) we have (see (56) ahead)
‖𝜇‖𝐿𝑝′ ([0,1]𝑠) = 𝜉𝑠𝑝, with 1 = 𝜉∞ ≤ 𝜉𝑝 ≤ 𝜉2 =

𝜋
√

8
≤ 1.110721.

Thus, if 𝑝 = ∞ then there is no dependence on 𝑠; otherwise there is a mild exponential growth of at worst (1.110721)𝑠,
which occurs when 𝑝 = 2.

In summary, we obtain the error bounds

|𝐼(𝑓 ) −𝑄𝑿𝝍 (𝑓 )| ≤ inf
𝑝∈[2,∞]

{

𝐶𝑝 𝑁
−𝜃𝑝 𝜉𝑠𝑝

}

‖𝑓‖Sob,𝑠,𝛼,𝜷,𝜔, 𝜃𝑝 →
𝛼
2
− 1

4
+ 1

2𝑝
,

|𝐼(𝑓 ) −𝑄𝑿𝐽
𝝍 (𝑓 )| ≤ inf

𝑝∈[2,∞]

{

𝐶𝑝 |𝐽 |
−𝜃𝑝 𝜉𝑠𝑝

}

‖𝑓‖Sob,𝑠,𝛼,𝜷,𝜔, 𝜃𝑝 → 𝛼 − 1
2
+ 1
𝑝
,

with different constants 𝐶𝑝 and rates 𝜃𝑝 for the two cases, and they all depend on some arbitrarily small parameter
𝜖 > 0. We have shown the limits of the rates as 𝜖 → 0, but the constants go to infinity as 𝜖 → 0. The constants 𝐶𝑝 and
the norm of 𝑓 can be bounded independently of 𝑠 under appropriate conditions on the weights 𝜸 and 𝜷. The only error
dependence on 𝑠 is then through 𝜉𝑠𝑝. The value of 𝑝 which yields the infimum will change depending on the size of 𝑁
or |𝐽 | relative to 𝑠.

Moreover, if the function 𝑓 is twice as smooth compared to the reproducing kernel with smoothness 𝛼, then a
generalization of the recent work [46] yields double the rates:

|𝐼(𝑓 ) −𝑄𝑿𝝍 (𝑓 )| ≤ inf
𝑝∈[2,∞]

{

𝐶𝑝 𝑁
−𝜃𝑝 𝜉𝑠𝑝

}

‖𝑓‖Sob,𝑠,2𝛼,𝜼2,𝜔, 𝜃𝑝 → 𝛼 − 1
4
+ 1

2𝑝
,

|𝐼(𝑓 ) −𝑄𝑿𝐽
𝝍 (𝑓 )| ≤ inf

𝑝∈[2,∞]

{

𝐶𝑝 |𝐽 |
−𝜃𝑝 𝜉𝑠𝑝

}

‖𝑓‖Sob,𝑠,2𝛼,𝜼2,𝜔, 𝜃𝑝 → 2𝛼 − 1
2
+ 1
𝑝
,

with new constants 𝐶𝑝, noting that the norm is now with smoothness 2𝛼 and squared and rescaled weights 𝜼2. Full
details are given in Section 5.

The different convergence rates for 𝑝 = 2 and 𝑝 = ∞ are summarized in Table 1, with interpolated results for
the values of 𝑝 ∈ (2,∞). We stress that our method does not depend on the value of 𝑝 and we do not need to specify
a value of 𝑝 for the error bound to hold. We will automatically get the smallest error bound over all possible values
of 𝑝 ∈ [2,∞]. There is a trade-off between the polynomial rate in 𝑁 or |𝐽 | and the exponential dependence on 𝑠.
1.3. Structure of this paper

In Section 2 we define a weighted Korobov space and a special weighted Sobolev space, then relate the Korobov
norm of 𝐹 to the Sobolev norm of 𝑓 . In Section 3 we provide further details on kernel interpolation and associated
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𝑓 with smoothness 𝛼 𝑓 with smoothness 2𝛼
𝑝 = 2 𝑝 = ∞ 𝑝 = 2 𝑝 = ∞

full lattice 𝑿 𝑁−𝛼∕2 (1.110721)𝑠 𝑁−(𝛼∕2−1∕4) 𝑁−𝛼 (1.110721)𝑠 𝑁−(𝛼−1∕4)

subsampled lattice 𝑿𝐽 |𝐽 |−𝛼 (1.110721)𝑠 |𝐽 |−(𝛼−1∕2) |𝐽 |−2𝛼 (1.110721)𝑠 |𝐽 |−(2𝛼−1∕2)

Table 1
Summary of convergence results for quadrature rule using full and subsampled lattices.

cost, as well as the exact integration to obtain our final quadrature weights𝑤𝑘. In Section 4 we provide error analysis to
construct one single lattice generating vector for kernel interpolation, with a full lattice and a subsampled lattice, under
both the 𝐿2 and 𝐿∞ approximation settings, and with results interpolated for 𝐿𝑝 approximation for all 𝑝 ∈ [2,∞]. In
Section 5 we apply these approximation error bounds to obtain the final error bound for our method, given in our main
result, Theorem 8, and we also obtain doubling the rates in Corollary 10 if the integrand 𝑓 is twice as smooth compared
to the kernel. In Section 6 we present numerical results. In Section 7 we compare our method with related strategies
and give some concluding remarks.

2. Function spaces
In Step 1 of our method (see (1)) we introduced a transformation function 𝐹 = 𝑓◦𝝍 in (5). We now define two

Hilbert spaces needed for our analysis: a weighted Korobov space of periodic functions for our transformed function
𝐹 , and a special weighted mixed Sobolev space for our original integrand 𝑓 . We then relate the Korobov norm of 𝐹
to the Sobolev norm of 𝑓 .
2.1. Weighted Korobov space of periodic functions

Consider all periodic functions defined on [0, 1]𝑠 with absolutely convergent Fourier series

𝐹 (𝒚) =
∑

𝒉∈ℤ𝑠
𝐹𝒉 𝑒

2𝜋i𝒉⋅𝒚 , where 𝐹𝒉 = ∫[0,1]𝑠
𝐹 (𝒚) 𝑒−2𝜋i𝒉⋅𝒚 d𝒚. (12)

We define the weighted Korobov space 𝐻Kor
𝑠,𝛼,𝜸 with dimension 𝑠 ∈ ℕ, smoothness parameter 𝛼 > 1∕2 and positive

weights 𝜸 = {𝛾𝔲}𝔲⊂ℕ to be the space of such functions with finite norm defined by
‖𝐹‖2Kor,𝑠,𝛼,𝜸 ∶=

∑

𝒉∈ℤ𝑠
𝑟𝑠,𝛼,𝜸(𝒉) |𝐹𝒉|2, 𝑟𝑠,𝛼,𝜸(𝒉) ∶= 𝛾−1supp(𝒉)

∏

𝑗∈supp(𝒉)
|ℎ𝑗|

2𝛼 , (13)

where supp(𝒉) ∶= {𝑗 ∈ {1 ∶ 𝑠} ∶ ℎ𝑗 ≠ 0} and {1 ∶ 𝑠} ∶= {1,… , 𝑠}. The user-defined weight 𝛾𝔲 controls the
importance of the part of the function 𝑓 that depends only on the variables 𝒚𝔲 ∶= (𝑦𝑗)𝑗∈𝔲. We fix 𝛾∅ ∶= 1. For integer
𝛼 ∈ ℕ it is known that

‖𝐹‖2Kor,𝑠,𝛼,𝜸 =
∑

𝔲⊆{1∶𝑠}

1
(2𝜋)2𝛼|𝔲|

1
𝛾𝔲 ∫[0,1]|𝔲|

|

|

|

|

∫[0,1]𝑠−|𝔲|

(

∏

𝑗∈𝔲

𝜕𝛼

𝜕𝑦𝛼𝑗

)

𝐹 (𝒚) d𝒚{1∶𝑠}⧵𝔲
|

|

|

|

2
d𝒚𝔲. (14)

The space 𝐻Kor
𝑠,𝛼,𝜸 is a reproducing kernel Hilbert space, with inner product

⟨𝐹 ,𝐺⟩Kor,𝑠,𝛼,𝜸 ∶=
∑

𝒉∈ℤ𝑠
𝑟𝑠,𝛼,𝜸(𝒉)𝐹𝒉𝐺𝒉

and the reproducing kernel

𝐾Kor
𝑠,𝛼,𝜸(𝒚, 𝒚

′) ∶=
∑

𝔲⊆{1∶𝑠}
𝛾𝔲

∏

𝑗∈𝔲
ker𝛼(𝑦𝑗 , 𝑦′𝑗), ker𝛼(𝑦, 𝑦′) ∶=

∑

ℎ∈ℤ⧵{0}

𝑒2𝜋iℎ(𝑦−𝑦′)

|ℎ|2𝛼
. (15)

In general, a reproducing kernel 𝐾(⋅, ⋅) for a Hilbert space 𝐻 over a domain 𝐷 satisfies 𝐾(𝒚, ⋅) ∈ 𝐻 for all 𝒚 ∈ 𝐷,
and ⟨𝐾(𝒚, ⋅), 𝐹 ⟩𝐻 = 𝐹 (𝒚) for all 𝐹 ∈ 𝐻 and 𝒚 ∈ 𝐷; the latter is known as the reproducing property.
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For integer 𝛼 we can write

ker𝛼(𝑦, 𝑦′) =
(2𝜋)2𝛼

(−1)𝛼+1(2𝛼)!
𝐵2𝛼({𝑦 − 𝑦′}), 𝑦, 𝑦′ ∈ [0, 1], (16)

where the braces indicate that 𝑦 − 𝑦′ is to be replaced by its fractional part in [0, 1), and 𝐵2𝛼(𝑦) is the Bernoulli
polynomial of even degree 2𝛼. For example, for 𝛼 = 1, 2, 3 we have

𝐵2(𝑦) = 𝑦2 − 𝑦 + 1
6
, 𝐵4(𝑦) = 𝑦4 − 2𝑦3 + 𝑦2 − 1

30
, 𝐵6(𝑦) = 𝑦6 − 3𝑦5 +

5𝑦4

2
−
𝑦2

2
+ 1

42
.

In the special case of product weights, i.e., 𝛾𝔲 =
∏

𝑗∈𝔲 𝛾𝑗 for some positive sequence (𝛾𝑗)𝑗≥1, the kernel takes a
particularly simple form

𝐾Kor
𝑠,𝛼,𝜸(𝒚, 𝒚

′) =
𝑠

∏

𝑗=1
(1 + 𝛾𝑗 ker𝛼(𝑦𝑗 , 𝑦′𝑗)).

2.2. Weighted Sobolev space of non-periodic functions
For an integer 𝛼 ≥ 1, we define a special weighted Sobolev space of 𝐻Sob

𝑠,𝛼,𝜷,𝜔 to be the class of functions on [0, 1]𝑠

with mixed square-integrable derivatives up to order 𝛼 in each coordinate, equipped with the norm

‖𝑓‖2Sob,𝑠,𝛼,𝜷,𝜔 ∶=
∑

𝔲⊆{1∶𝑠}

1
𝛽𝔲

∑

𝝂∈{0∶𝛼}𝑠
supp(𝝂)=𝔲

∫[0,1]𝑠
|

|

|

𝜕𝝂

𝜕𝒙𝝂
𝑓 (𝒙)||

|

2 𝑠
∏

𝑗=1
𝜔(𝑥𝑗) d𝒙, 𝜔(𝑥) ∶= 1

𝜋
√

𝑥(1 − 𝑥)
. (17)

Analogously to the weighted Korobov space, here the positive weight 𝛽𝔲 controls the importance of the part of 𝑓 with
respect to the variables 𝒙𝔲 = (𝑥𝑗)𝑗∈𝔲, with 𝛽∅ ∶= 1. In addition, there is now a univariate weight function 𝜔, i.e., the
Chebyshev density on [0, 1], which controls the behaviour of 𝑓 at the boundaries of the cube. This special space is a
subspace of the Sobolev space without weight function. The particular choice of the weight function will be seen to
arise naturally in the next subsection, see Lemma 3.

With weights 𝛽𝔲 = 1 and weight function𝜔 ≡ 1, the norm (17) is exactly the classical mixed Sobolev norm. In other
words, our special norm (17) is closer to the mixed Sobolev norm than the “anchored” norms and the “unanchored”
or “ANOVA” norms typically appearing the QMC literature.
2.3. Relating the Korobov norm of 𝐹 to the Sobolev norm of 𝑓

In order to utilise error bounds in the weighted Korobov space, we need to relate the Korobov norm of the
transformed periodic function 𝐹 = 𝑓◦𝝍 to the Sobolev norm of the original (non-periodic) function 𝑓 , where we
recall that 𝝍(𝒚) = (𝜓(𝑦1),… , 𝜓(𝑦𝑠)) is defined in (4).

First, we show how the derivatives are related by using the Faà di Bruno formula for computing the multivariate
chain rule. In what follows, we write the order 𝝂 mixed derivative of a function using the shorthand notation 𝑓 (𝝂).
Lemma 1. Let 𝑓 ∈ 𝐻Sob

𝑠,𝛼,𝜷,𝜔 for integer 𝛼 ≥ 1 and weights 𝜷. For any multiindex 𝝂 ∈ {0 ∶ 𝛼}𝑠 the mixed derivative
of the transformed function 𝐹 = 𝑓◦𝝍 satisfies

|𝐹 (𝝂)(𝒚)| ≤ (2𝜋)|𝝂|
∑

𝝀≤𝝂
supp(𝝀)=supp(𝝂)

|𝑓 (𝝀)(𝝍(𝒚))|
𝑠

∏

𝑗=1
𝑆(𝜈𝑗 , 𝜆𝑗), (18)

where 𝑆(𝜈, 𝜆) denotes the Stirling number of the second kind.

PROOF. We follow [27, Appendix B], which analysed similar periodising transformations in the context of PDEs with
random coefficients. The recursive Faà di Bruno formula from [43] gives

𝐹 (𝝂)(𝒚) =
∑

𝝀∈ℕ𝑠0
1≤|𝝀|≤|𝝂

𝑓 (𝝀)(𝝍(𝒚)) 𝜅𝝂,𝝀(𝒚), (19)
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where, since𝝍 is a componentwise map, the sequence 𝜅𝝂,𝝀(𝒚) can be defined recursively as 𝜅𝝂,𝟎(𝒚) ≡ 𝛿𝝂,𝟎, 𝜅𝝂,𝝀(𝒚) ≡ 0
if |𝝂| < |𝝀| or 𝝀 ≱ 𝟎, and otherwise

𝜅𝝂+𝒆𝑗 ,𝝀(𝒚) =
𝜈𝑗
∑

𝑚=0
𝜓 (𝑚+1)(𝑦𝑗) 𝜅𝝂−𝑚𝒆𝑗 ,𝝀−𝒆𝑗 (𝒚).

Here 𝒆𝑗 ∈ ℕ𝑠0 is the 𝑗th unit basic vector. Note that the recursive formula also implies that 𝜅𝝂,𝝀 ≡ 0 if supp(𝝀) ≠
supp(𝝂).

For 𝑚 ≥ 1, the derivative of 𝜓 defined in (4) can be bounded by
|𝜓 (𝑚)(𝑦)| = |

|

|

d𝑚
d𝑦𝑚

(

sin2(𝜋𝑦)
)

|

|

|

= |

|

|

d𝑚
d𝑦𝑚

(1 − cos(2𝜋𝑦)
2

)

|

|

|

= |

|

|

(2𝜋)𝑚 cos
(

2𝜋𝑦 + 𝑚𝜋
2
)

|

|

|

≤ (2𝜋)𝑚,

which is the same bound as satisfied by the derivatives of the transformation in [27, Theorem B.1]. Hence, the sequence
𝜅𝝂,𝝀 satisfies the same bounds

|𝜅𝝂,𝝀(𝒚)| ≤ (2𝜋)|𝝂|
𝑠

∏

𝑗=1
𝑆(𝜈𝑗 , 𝜆𝑗).

Substituting this into (19) yields (18), where we have simplified the limits in the sum by using the property that
𝑆(𝜈, 𝜆) = 0 if 𝜈 < 𝜆 and 𝑆(𝜈, 0) = 𝛿𝜈,0.

Next, we need to know under what conditions the map 𝒙 = 𝝍(𝒚) can be inverted. To see this in one dimension,
let 𝑔 ∶ [0, 1] → ℝ be integrable and consider the periodised function 𝑔◦𝜓 . Since 𝑔◦𝜓 is even periodic, i.e.,
𝑔(𝜓(𝑦)) = 𝑔(𝜓(1 − 𝑦)), the integral of 𝑔◦𝜓 can be written as

∫

1

0
𝑔(𝜓(𝑦)) d𝑦 = ∫

1∕2

0
𝑔(𝜓(𝑦)) d𝑦 + ∫

1

1∕2
𝑔(𝜓(𝑦)) d𝑦 = 2∫

1∕2

0
𝑔(𝜓(𝑦)) d𝑦. (20)

The mapping 𝜓 is now monotone on the smaller interval [0, 12 ], and so we can make the change of variables

𝑥 = 𝜓(𝑦) = sin2(𝜋𝑦) = 1
2
(1 − cos(2𝜋𝑦)), d𝑥 = 𝜋 sin(2𝜋𝑦) d𝑦, 𝑦 = 1

2𝜋
cos−1(1 − 2𝑥),

to obtain

∫

1∕2

0
𝑔(𝜓(𝑦)) d𝑦 = ∫

1

0

𝑔(𝑥)
𝜋 sin(cos−1(1 − 2𝑥))

d𝑥 = 1
2𝜋 ∫

1

0

𝑔(𝑥)
√

𝑥(1 − 𝑥)
d𝑥,

where we used the identity sin(cos−1(𝑧)) =
√

1 − 𝑧2 for 𝑧 ∈ (−1, 1). Substituting this into (20) leads to

∫

1

0
𝑔(𝜓(𝑦)) d𝑦 = ∫

1

0
𝑔(𝑥)𝜔(𝑥) d𝑥,

where 𝜔 is the weight function defined in (17). Thus the inverse mapping is defined provided that 𝑔 is integrable with
respect to the weight function 𝜔.

Since 𝝍 is a componentwise mapping, this can be generalised to higher dimensions to give the following lemma.
Here we define the weighted 𝐿1 space by

𝐿1
𝜔([0, 1]

𝑠) ∶=
{

𝑔 ∶ [0, 1]𝑠 → ℝ ∶ ∫[0,1]𝑠
|𝑔(𝒙)|

𝑠
∏

𝑗=1
𝜔(𝑥𝑗) d𝒙 < ∞

}

.

Lemma 2. Let 𝑔 ∈ 𝐿1
𝜔([0, 1]

𝑠). Then the mapping 𝝍 can be “inverted” in the following sense

∫[0,1]𝑠
𝑔(𝝍(𝒚)) d𝒚 = ∫[0,1]𝑠

𝑔(𝒙)
𝑠

∏

𝑗=1
𝜔(𝑥𝑗) d𝒙,

and the integral on the right is finite.
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Now we can bound the Korobov norm of 𝐹 = 𝑓◦𝝍 by the Sobolev norm of 𝑓 .
Lemma 3. Let 𝑓 ∈ 𝐻Sob

𝑠,𝛼,𝜷,𝜔 for integer 𝛼 ≥ 1 and positive weights 𝜷 = {𝛽𝔲}𝔲⊂ℕ. Then the Korobov norm of𝐹 = 𝑓◦𝝍
satisfies

‖𝐹‖Kor,𝑠,𝛼,𝜸 ≤ ‖𝑓‖Sob,𝑠,𝛼,𝜷,𝜔,

where 𝜸 = {𝛾𝔲}𝔲⊂ℕ are scaled weights given by

𝛾𝔲 ∶= 𝑐|𝔲|𝛼 𝛽𝔲, with 𝑐𝛼 ∶=
𝛼
∑

𝜆=1
𝑆(𝛼, 𝜆)2. (21)

PROOF. Applying the Cauchy–Schwarz inequality to the (squared) Korobov norm (14) then substituting in the bound
(18) for each 𝝂 = 𝛼

∑

𝑗∈𝔲 𝒆𝑗 gives

‖𝐹‖2Kor,𝑠,𝛼,𝜸 ≤
∑

𝔲⊆{1∶𝑠}

1
(2𝜋)2𝛼|𝔲|

1
𝛾𝔲 ∫[0,1]𝑠

|

|

|

|

(

∏

𝑗∈𝔲

𝜕𝛼

𝜕𝑦𝛼𝑗

)

𝐹 (𝒚)
|

|

|

|

2
d𝒚

≤
∑

𝔲⊆{1∶𝑠}

1
𝛾𝔲 ∫[0,1]𝑠

|

|

|

|

∑

𝝀∈{1∶𝛼}𝑠
supp(𝝀)=𝔲

𝑓 (𝝀)(𝝍(𝒚))
∏

𝑗∈𝔲
𝑆(𝛼, 𝜆𝑗)

|

|

|

|

2
d𝒚,

where we have simplified the inner sum using 𝑆(𝛼, 0) = 1.
Applying the Cauchy–Schwarz inequality to the sum over 𝝀, we can bound this by

‖𝐹‖2Kor,𝑠,𝛼,𝜸 ≤
∑

𝔲⊆{1∶𝑠}

1
𝛾𝔲 ∫[0,1]𝑠

(

∑

𝝀∈{1∶𝛼}𝑠
supp(𝝀)=𝔲

|𝑓 (𝝀)(𝝍(𝒚))|2
)(

∑

𝝀∈{1∶𝛼}𝑠
supp(𝝀)=𝔲

∏

𝑗∈𝔲
𝑆(𝛼, 𝜆𝑗)2

)

d𝒚

=
∑

𝔲⊆{1∶𝑠}

1
𝛾𝔲

( 𝛼
∑

𝜆=1
𝑆(𝛼, 𝜆)2

)

|𝔲|
∑

𝝀∈{1∶𝛼}𝑠
supp(𝝀)=𝔲

∫[0,1]𝑠
|𝑓 (𝝀)(𝝍(𝒚))|2 d𝒚

=
∑

𝔲⊆{1∶𝑠}

1
𝛽𝔲

∑

𝝀∈{1∶𝛼}𝑠
supp(𝜆)=𝔲

∫[0,1]𝑠
|𝑓 (𝝀)(𝒙)|2

𝑠
∏

𝑗=1
𝜔(𝑥𝑗) d𝒙 = ‖𝑓‖2Sob,𝑠,𝛼,𝜷,𝜔,

where we used the connection between weights given in (21), as well as Lemma 2, which is valid since 𝑓 ∈ 𝐻Sob
𝑠,𝛼,𝜷,𝜔

implies that |𝑓 (𝝀)(⋅)|2 ∈ 𝐿1
𝜔([0, 1]

𝑠) for all 𝝀 ∈ {0 ∶ 𝛼}𝑠.
Note that the norm inequality in Lemma 3 is sharp for the constant function.

3. Kernel interpolation and integration
Here we provide further details for Steps 2 and 3 of our method.

3.1. Kernel interpolation
In Step 2 of our method (see (2)) we approximated the transformed function 𝐹 by its kernel interpolant

(𝐴𝑿ker𝐹 )(𝒚) ∶=
𝑁−1
∑

𝑘=0
𝑎𝑘(𝐹 )𝐾(𝒕𝑘, 𝒚).

Defining 𝒂 = [𝑎𝑘(𝐹 )]𝑁−1
𝑘=0 , 𝑭 = [𝐹 (𝒕𝑘)]𝑁−1

𝑘=0 , and  = [𝐾(𝒕𝑘, 𝒕𝑘′ )]𝑁−1
𝑘,𝑘′=0, we already explained that the coefficients

𝑎𝑘(𝐹 ) are given by solving the linear system 𝒂 = 𝑭 to obtain 𝒂 = −1𝑭 .
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In the case of a Korobov kernel and a full lattice𝑿, we have𝐾(𝒙, 𝒚) = 𝐾(𝒙−𝒚, 𝟎) and thus  is a circulant matrix
 =

[

𝐾(𝒕𝑘, 𝒕𝑘′ )
]𝑁−1
𝑘,𝑘′=0 =

[

𝐾(𝒕(𝑘−𝑘′) mod 𝑁 , 𝟎)
]𝑁−1
𝑘,𝑘′=0,

i.e., each entry only depends on the difference of the row and column indices. Thus, it is possible to diagonalize it by a
discrete Fourier transform, which can be performed in almost linear cost using the fast Fourier transform (FFT). The
kernel approximation with lattices is therefore computable using three FFTs in (𝑁 log𝑁) arithmetic operations,

𝒂 = −1𝑭 = 𝚒𝚏𝚏𝚝(𝚏𝚏𝚝(𝑭 ).∕𝚏𝚏𝚝(𝒄)),

where 𝒄 = [𝐾(𝒕𝑘, 𝟎)]𝑁−1
𝑘=0 is the first column of , and .∕ denotes componentwise division, and where 𝚏𝚏𝚝 and 𝚒𝚏𝚏𝚝

denote the FFT and inverse FFT, respectively.
The cost for evaluating the kernel will depend on the structure of the weights 𝛾𝔲, ranging from linear in 𝑠 for product

weights to quadratic in 𝑠 for POD and SPOD weights, see [25, Table 1].
Kernel methods have a long history, tracing back to Wahba’s seminal work on splines [51]. They have an

important role in radial basis functions [52], and have recently been used in high dimensional approximation, see,
e.g., [56, 55, 22, 25, 26]. We will provide error analysis for lattice-based kernel methods in Section 4.
3.2. The numerical integration step

In Step 3 of our method (see (3)) we integrated the product of the kernel interpolant 𝐴𝑿ker𝐹 and the density 𝝁
exactly. Thus our initial integral 𝐼(𝑓 ) has been approximated by

𝐼𝝁(𝐹 ) ∶= ∫[0,1]𝑠
𝐹 (𝒚)𝜇(𝒚) d𝒚 ≈

𝑁−1
∑

𝑘=0
𝑎𝑘(𝐹 ) 𝜅(𝒕𝑘), 𝜅(𝒕𝑘) = ∫[0,1]𝑠

𝐾(𝒕𝑘, 𝒚)𝜇(𝒚) d𝒚. (22)

In our case, since the Korobov kernel 𝐾 = 𝐾Kor,𝑠,𝛼,𝜸 can be written explicitly in terms of Bernoulli polynomials (see
(16)), the integrals 𝜅(𝒕𝑘) can be evaluated analytically at essentially no cost.

Since the interpolant coefficients are linear in the function evaluations, by defining 𝜿 = [𝜅(𝒕𝑘)]𝑁−1
𝑘=0 , we can write

𝑁−1
∑

𝑘=0
𝑎𝑘(𝐹 ) 𝜅(𝒕𝑘) = 𝒂⊤𝜿 = 𝑭 ⊤−1𝜿 =

𝑁−1
∑

𝑘=0
[−1𝜿]𝑘 𝐹 (𝒕𝑘).

Hence the approximation (22) is equivalent to a weighted quadrature rule

𝑄𝑿𝝍 (𝑓 ) ∶=
𝑁−1
∑

𝑘=0
𝑤𝑘 𝑓 (𝝍(𝒕𝑘)) =

𝑁−1
∑

𝑘=0
𝑤𝑘 𝐹 (𝒕𝑘), with 𝑤𝑘 ∶= [−1𝜿]𝑘. (23)

Since the points 𝒕𝑘 are lattice points (see (9)), the transformed points 𝜓(𝒕𝑘) of the weighted quadrature rule are
related to a Chebyshev lattice [10], see Section 7.4. The effect of the transformation is to concentrate the points near
the boundary and since 𝜓 traverses the interval twice there is a duplication of points. A 2-dimensional example of a
lattice and the corresponding transformed lattice points are shown in Figure 2.

The weights 𝒘 = [𝑤𝑘]𝑁−1
𝑘=0 given by (23) are in fact optimal weights for 𝝁-weighted integration in the Korobov

space 𝐻Kor
𝑠,𝛼,𝜸 with the pointset 𝑿 ∶= {𝒕0,… , 𝒕𝑁−1} as studied in [23, 40]. By “optimal” we refer here to the weights

that minimise the worst case integration error of the quadrature rule for weighted integration with respect to 𝝁 in the
space 𝐻Kor

𝑠,𝛼,𝜸 ,

𝑒int,𝝁(𝑄𝑿𝝁 ,𝐻
Kor
𝑠,𝛼,𝜸) ∶= sup

𝐹∈𝐻Kor
𝑠,𝛼,𝜸 , ‖𝐹‖Kor,𝑠,𝛼,𝜸≤1

|

|

|

|

𝐼𝝁(𝐹 ) −
𝑁−1
∑

𝑘=0
𝑤𝑘 𝐹 (𝒕𝑘)

|

|

|

|

.
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Figure 2: Two-dimensional lattice rule with 𝑁 = 144 and 𝒛 = (1, 89)⊤ on the left, and the same lattice points after applying
the transformation 𝝍 on the right, showing ⌊144∕2 + 1⌋ = 73 distinct points.

Step ∖ Weights 𝜸 product POD SPOD
CBC 𝑠𝑁 log(𝑁) 𝑠𝑁 log(𝑁) + 𝑠2 log(𝑠)𝑁 𝑠𝑁 log(𝑁) + 𝑠3𝛼2𝑁
Compute 𝐾(𝒕𝑘, 𝟎), 𝜅(𝒕𝑘) for all 𝑘 𝑠𝑁 𝑠𝑁 + 𝑠2 log(𝑠)𝑁 𝑠2𝛼2𝑁
Compute weights 𝒘 𝑁 log(𝑁) 𝑁 log(𝑁) 𝑁 log(𝑁)
Total 𝑠𝑁 log(𝑁) 𝑠𝑁 log(𝑁) + 𝑠2 log(𝑠)𝑁 𝑠𝑁 log(𝑁) + 𝑠3𝛼2𝑁

Table 2
Cost of steps to construct quadrature rule for full lattice (23) for different weights 𝜸.

3.3. Implementation for full lattice
To construct the quadrature rule (23) for the full lattice𝑿 = {𝒕0,… , 𝒕𝑁−1}, we must choose the generating vector

𝒛 to obtain the lattice points {𝒕𝑘} by (9) and then compute the weights {𝑤𝑘}. The error analysis and construction
for 𝒛 will be given in Section 4 below. For now it suffices to say that 𝒛 can be constructed efficiently using the fast
component-by-component (CBC) algorithm for approximation, which for product, POD and SPOD weights is outlined
in [7]. The cost of the CBC construction depends on the weights and is summarised in Table 2.

Then, given lattice points, to compute the corresponding weights {𝑤𝑘} we first compute the kernel integrals 𝜅(𝒕𝑘)
from (22). Expanding the kernel as in (15) and using the fact that ∫ 1

0 𝜇(𝑦) d𝑦 = 1, we have

𝜅(𝒕𝑘) =
∑

𝔲⊆{1∶𝑠}
𝛾𝔲

∏

𝑗∈𝔲 ∫

1

0
ker𝛼(𝑡𝑘,𝑗 , 𝑦𝑗)𝜇(𝑦𝑗) d𝑦𝑗 =

∑

𝔲⊆{1∶𝑠}
𝛾𝔲

∏

𝑗∈𝔲
Λ𝛼(𝑡𝑘,𝑗), (24)

where for 𝑡 ∈ [0, 1) we define the one-dimensional integral

Λ𝛼(𝑡) ∶= ∫

1

0
ker𝛼(𝑡, 𝑦)𝜇(𝑦) d𝑦 =

𝜋(2𝜋)2𝛼

2(−1)𝛼+1(2𝛼)! ∫

1

0
𝐵2𝛼({𝑡 − 𝑦}) | sin(2𝜋𝑦)| d𝑦, (25)

which can be computed exactly. In particular,

∫

1

0
𝐵2𝛼({𝑡 − 𝑦}) | sin(2𝜋𝑦)| d𝑦

=

⎧

⎪

⎪

⎨

⎪

⎪

⎩

∫ 𝑡0 𝐵2𝛼(𝑡 − 𝑦) sin(2𝜋𝑦) d𝑦 + ∫ 1∕2
𝑡 𝐵2𝛼(𝑡 − 𝑦 + 1) sin(2𝜋𝑦) d𝑦 − ∫ 1

1∕2 𝐵2𝛼(𝑡 − 𝑦 + 1) sin(2𝜋𝑦) d𝑦
if 𝑡 ∈ [0, 1∕2],

∫ 1∕2
0 𝐵2𝛼(𝑡 − 𝑦) sin(2𝜋𝑦) d𝑦 − ∫ 𝑡1∕2 𝐵2𝛼(𝑡 − 𝑦) sin(2𝜋𝑦) d𝑦 − ∫ 1

𝑡 𝐵2𝛼(𝑡 − 𝑦 + 1) sin(2𝜋𝑦) d𝑦
if 𝑡 ∈ [1∕2, 1).

For 𝛼 = 1, 2, 3 and 𝑡 ∈ [0, 1) these integrals are given by
Λ1(𝑡) =

𝜋2

3
+ 𝜋

2
| sin(2𝜋𝑡)| + 𝜋2

2

(

4𝑡2 − 4𝑡 − 2 ||
|

𝑡 − 1
2
|

|

|

+ 1
2
− 2
𝜋2

)

,
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Algorithm 1 Constructing the quadrature points and weights for the full (or subsampled) lattice
Input: 𝛼, 𝜸, 𝑁 (and 𝐽 for the subsampled variant)
Output: 𝒛, 𝑿 = {𝒕𝑘}𝑁−1

𝑘=0 , 𝒘 = [𝑤𝑘]𝑁−1
𝑘=01: construct 𝒛 using (fast) CBC algorithm

2: for 𝑡 ∈ {0, 1
𝑁 ,

2
𝑁 ,… , 𝑁−1

𝑁 } do compute Λ𝛼(𝑡) in (25)
3: for 𝑘 = 0, 1, 2,… , 𝑁 − 1 do
4: compute 𝒕𝑘 = 𝑘𝒛

𝑁
mod 1

5: compute 𝐾(𝒕𝑘, 𝟎) using (15)
6: compute 𝜅(𝒕𝑘) using (24)
7: end for
8: for the full lattice compute the weights 𝒘 via fast FFT using (26) (for the subsample variant compute the weights
𝒘𝐽 in (28) via one of three methods)

Λ2(𝑡) =
−𝜋4
3

[

2𝑡4 − 4𝑡3 +
(7
2
− 6
𝜋2

)

𝑡2 −
(3
2
− 6
𝜋2

)

𝑡 − 2 ||
|

𝑡 − 1
2
|

|

|

3
+ 3
𝜋2

|

|

|

𝑡 − 1
2
|

|

|

+ 59
240

− 7
4𝜋2

+ 3
𝜋4

− 3
2𝜋3

| sin(2𝜋𝑡)|
]

,

and, denoting the indicator function by 1(⋅),

Λ3(𝑡) =
2
45

(

2𝜋6𝑡6 − 6𝜋6𝑡5 +
(

65
4
𝜋6 − 15𝜋4

)

𝑡4 +
(

−45
2
𝜋6 + 30𝜋4

)

𝑡3 +
(

299
16

𝜋6 − 195
4
𝜋4 + 45𝜋2

)

𝑡2

+
(

−135
16

𝜋6 + 135
4
𝜋4 − 45𝜋2

)

𝑡 + 2143
1344

𝜋6 − 299
32

𝜋4 + 195
8
𝜋2 − 45

2

− 3𝜋
(

1(𝑡 ≤ 1
2 )
[

−15
4

sin(2𝜋𝑡) − 𝜋5𝑡5 + 5𝜋5𝑡4 +
(

5𝜋3 − 15
2
𝜋5

)

𝑡3 +
(

− 15𝜋3 + 25
4
𝜋5

)

𝑡2

+
(

−15
2
𝜋 + 45

4
𝜋3 − 45

16
𝜋5

)

𝑡 + 15
2
𝜋 − 25

8
𝜋3 + 17

32
𝜋5

]

+ 1(𝑡 > 1
2 )
[

15
4

sin(2𝜋𝑡) + 𝜋5𝑡5 +
(

− 5𝜋3 − 5
2
𝜋5

)

𝑡3 + 15
4
𝜋5𝑡2

+
(

15
2
𝜋 + 15

4
𝜋3 − 35

16
𝜋5

)

𝑡 − 15
8
𝜋3 + 15

32
𝜋5

)]))

.

Thus the integrals 𝜅(𝒕𝑘) can be computed via (24), where depending on the type of weights 𝜸 the sum over 𝔲 can
be computed efficiently in the same way as evaluating the kernel (see Table 2 for the cost). Note that all components
of the lattice points 𝒕𝑘 are multiples of 1∕𝑁 , so we only need to compute Λ𝛼(𝑡) for 𝑡 ∈ {0, 1

𝑁 ,
2
𝑁 ,… , 𝑁−1

𝑁 }.
Next we compute the weights𝒘 = [𝑤𝑘]𝑁−1

𝑘=0 by solving the system 𝒘 = 𝜿, which since  is circulant can be done
in (almost) linear time using the FFT. Let 𝒄 = [𝐾(𝒕𝑘, 𝟎)]𝑁−1

𝑘=0 denote the first column of the kernel matrix as above,
then we can also solve the linear system for the quadrature weights using the FFT,

𝒘 = ifft
(

fft(𝜿).∕fft(𝒄)
)

, (26)
with cost (𝑁 log𝑁).

The procedure to compute the points and weights for the quadrature rule (23) is summarised in Algorithm 1. Since
the linear system can be solved in (𝑁 log𝑁) the cost of constructing the quadrature rule is dominated by the CBC
construction cost. The cost breakdown is summarised in Table 2.
3.4. Implementation for subsampled lattice

For a subset 𝐽 ⊂ {0, 1,… , 𝑁 − 1}, the quadrature rule for the subsampled lattice 𝑿𝐽 = {𝒕𝑘}𝑘∈𝐽 is
𝑄𝑿𝐽
𝝍 (𝑓 ) ∶=

∑

𝑘∈𝐽
𝑤𝐽 ,𝑘 𝑓 (𝝍(𝒕𝑘)), with 𝑤𝐽 ,𝑘 ∶= [−1

𝐽 𝜿𝐽 ]𝑘, (27)
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Method Cost in |𝐽 | Cost in 𝑁
1. direct |𝐽 |3 𝑁

3
2 (1+𝛿) log(𝑁)3

2. iterative # iter. × |𝐽 |2 # iter. ×𝑁1+𝛿(log𝑁)2
3. iterative with FFT N/A # iter. ×𝑁 log𝑁

Table 3
Summary of cost of different methods for solving the subsampled system (28) in terms of size of the subsampled lattice
|𝐽 | and full lattice 𝑁 . In practice we take |𝐽 | =

√

𝑁 log𝑁 so 𝛿 = 0.

where now the weights 𝒘𝐽 = [𝑤𝐽 ,𝑘]𝑘∈𝐽 come from the subsampled kernel approximation and we denote 𝐽 =
[𝐾(𝒕𝑘, 𝒕𝑘′ )]𝑘,𝑘′∈𝐽 and 𝜿𝐽 = [𝜅(𝒕𝑘)]𝑘∈𝐽 . Here we have followed the same steps as in (23) to obtain the subsampled
weights.

Algorithm 1 Steps 1–7 remain the same for the subsampled lattice, however, Step 8 is now replaced by solving
𝐽 𝒘𝐽 = 𝜿𝐽 , (28)

using one of three methods:
1. Solve (28) directly with cost (|𝐽 |3).
2. Solve (28) using an iterative method, such as conjugate gradient, with a cost (|𝐽 |2) times the number of

iterations. Note that for an iterative method the number of iterations will depend on the condition number of
the matrix 𝐽 , which can be large in practice.

3. Solve (28) using an iterative method but to perform the matrix vector multiplications at each iteration by
embedding 𝐽 back into the full kernel matrix  and then exploiting the FFT. For 𝒗 ∈ ℝ|𝐽 |, we can perform
the matrix-vector multiplication 𝐽 𝒗 by embedding 𝐽 into  and padding 𝒗 with zeroes, performing the
multiplication with the full matrix  (using the FFT) then selecting the entries corresponding to the set 𝐽 .
Mathematically, we compute

𝐽 𝒗 = [ (𝒗; 𝟎−𝐽 )]𝐽 = [ifft(fft(𝒄).∗ fft((𝒗; 𝟎−𝐽 ))]𝐽

where . ∗ denotes componentwise multiplication and (𝒗; 𝟎−𝐽 )𝑘 = 𝑣𝑘 if 𝑘 ∈ 𝐽 and 0 otherwise. Performing the
matrix-vector multiplication in this way costs (𝑁 log𝑁) due to the FFT and so the overall cost of solving (28)
is the same order as computing the weights for the full lattice via (26). Note again, however, that this cost will
still depend on the number of iterations, which can be high in practice.

To compare the cost of the three methods in terms of both the size of the subsampled lattice |𝐽 | and the size
of the full lattice 𝑁 , we use the property that the subsampling theory in Section 4 below implies the upper bound
|𝐽 | ≲ 𝑁

1+𝛿
2 log𝑁 for some 𝛿 > 0. Specifically, from Theorem 7 below it follows that 𝛿 = 𝜖∕(𝛼− 𝜖) for 𝜖 > 0 from the

convergence rate. Using this upper bound on |𝐽 | the cost of each method for solving (28) is summarised in Table 3.
Note that in practice, similar to [1] we take |𝐽 | = ⌈

√

𝑁 log𝑁⌉, i.e., we treat 𝛿 as 0.
Thus, depending on the method used to solve (28) the cost of constructing the quadrature rule will be the same

as the full lattice outlined in Table 2 with Method 3 or possibly higher with Methods 1 and 2. The benefit of using
the subsampled rule is that, after the quadrature rule is constructed, only |𝐽 | =

√

𝑁 log𝑁 function evaluations are
required which is much less.

4. Theory for lattice-based kernel interpolant and subsampling
In Step 2 of our method (see (2)) we approximated the transformed function 𝐹 by its kernel interpolant 𝐴𝑿ker𝐹 ,

while the alternative Step 2′ replaced 𝑿 by a subsampled lattice 𝑿𝐽 . In this section we provide the full error analysis
for both.

To obtain error bounds for a kernel interpolant with a full lattice, we make use of error bounds from a “classical
lattice algorithm”. To obtain error bounds for a kernel interpolant with a subsampled lattice, we need error bounds
from a “least squares approximation”. We will discuss these in the next two subsections. We will need to adapt the
existing theory to have one single lattice generating vector for all values of 𝑝 ∈ [2,∞] in (11).
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We will start with a general function space setting, and later specialize to the weighted Korobov space. For functions
defined on [0, 1]𝑠 with absolutely convergent Fourier series (12), we consider a general function space 𝐻 equipped
with the norm

‖𝐹‖2𝐻 ∶=
∑

𝒉∈ℤ𝑠
𝑟(𝒉) |𝐹𝒉|2, (29)

where the “radius” function 𝑟(𝒉) enforces a decay in the Fourier coefficients, with 𝑟(𝒉) → ∞ for ‖𝒉‖2 → ∞. The
specific choice of 𝑟(𝒉) = 𝑟𝑠,𝛼,𝜸(𝒉) defined in (13) yields the weighted Korobov space.
4.1. Classical lattice algorithm and kernel interpolant

For a given frequency index set  ⊂ ℤ𝑠 and a lattice 𝑿 = { 𝑘
𝑁 𝒛 mod 1}𝑁−1

𝑘=0 , a classical lattice algorithm
approximates 𝐹 by

(𝐴𝑿𝐹 )(𝒚) ∶=
∑

𝒉∈

(

1
𝑁

𝑁−1
∑

𝑘=0
𝐹 (𝒕𝑘) 𝑒−2𝜋i𝑘𝒉⋅𝒛∕𝑛

)

𝑒2𝜋i𝒉⋅𝒚 , 𝒕𝑘 =
𝑘
𝑁
𝒛 mod 1, (30)

see, e.g., [35, 29, 28, 41, 7, 12]. For the same lattice 𝑿 = { 𝑘
𝑁 𝒛 mod 1}𝑁−1

𝑘=0 , recall that a kernel interpolant 𝐴𝑿ker𝐹
approximates 𝐹 by (7), where the coefficients 𝑎𝑘(𝐹 ) are obtained by solving a linear system (𝐴𝑿ker𝐹 )(𝒕𝑘′ ) = 𝐹 (𝒕𝑘′ ) for
𝑘′ = 0,… , 𝑁 − 1.

The worst case 𝐿𝑝 approximation error of any algorithm 𝐴 in the space 𝐻 is defined as
𝑒app(𝐴,𝐻,𝐿𝑝) ∶= sup

‖𝐹‖𝐻≤1
‖𝐹 − 𝐴𝐹‖𝐿𝑝 .

Recall that the kernel interpolant is optimal among all algorithms using the same function evaluations, see e.g., [25,
Theorem 2.2]. We have the following approximation error bounds.
Theorem 4. For a frequency index set  ∶= {𝒉 ∈ ℤ𝑠 ∶ 𝑟(𝒉) ≤𝑀} with 𝑀 > 0 and a lattice𝑿 = { 𝑘

𝑁 𝒛 mod 1}𝑁−1
𝑘=0 ,

we have

𝑒app(𝐴𝑿ker ,𝐻,𝐿2) ≤ 𝑒app(𝐴𝑿,𝐻,𝐿2) <
(

1
𝑀

+𝑀 𝑁 (𝒛)
)1∕2

, (31)

𝑒app(𝐴𝑿ker ,𝐻,𝐿∞) ≤ 𝑒app(𝐴𝑿,𝐻,𝐿∞) <
(

∑

𝒉∉

1
𝑟(𝒉)

)1∕2
+
√

||

√

𝑀 𝑁 (𝒛), (32)

where

𝑁 (𝒛) ∶=
∑

𝒉∈ℤ𝑠

1
𝑟(𝒉)

∑

𝓵∈ℤ𝑠⧵{𝟎}
𝓵⋅𝒛≡0 (mod 𝑁)

1
𝑟(𝒉 + 𝓵)

. (33)

In particular, the choice 𝑀 = 1∕
√

𝑁 (𝒛) minimizes the right-hand side of (31) and yields

𝑒app(𝐴𝑿ker ,𝐻,𝐿2) ≤ 𝑒app(𝐴𝑿,𝐻,𝐿2) <
√

2
𝑀

=
√

2 (𝑁 (𝒛))1∕4. (34)

PROOF. For 𝐹 ∈ 𝐻 we write 𝐹 − 𝐴𝑿𝐹 = (𝐹 − 𝑃𝐹 ) + (𝑃𝐹 − 𝐴𝑿𝐹 ), where (𝑃𝐹 )(𝒚) =
∑

𝒉∈ 𝐹𝒉𝑒
2𝜋i𝒉⋅𝒚 is

the 𝐿2-projection of 𝐹 onto span{𝑒2𝜋i𝒉⋅𝒚 ∶ 𝒉 ∈ }. The 𝐿2 bound (31) was derived in [7, Section 2.4]. We have
‖𝐹 − 𝐴𝑿𝐹‖

2
𝐿2

= ‖𝐹 − 𝑃𝐹‖2𝐿2
+ ‖𝑃𝐹 −𝑿

‖
2
𝐿2

, with

‖𝐹 − 𝑃𝐹‖2𝐿2
=

∑

𝒉∉

𝑟(𝒉)
𝑟(𝒉)

|𝐹𝒉|
2 ≤ 1

𝑀
‖𝐹‖2𝐻 and ‖𝑃𝐹 −𝑿

‖
2
𝐿2
< 𝑀 𝑁 (𝒛) ‖𝐹‖2𝐻 . (35)
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We state the latter as a strict inequality, because in the derivation of the quantity 𝑁 (𝒛), see e.g., [7, Formula (2.7)],
infinitely many positive terms with index 𝒉 ∉  were added.

We now proceed to derive the 𝐿∞ bound (32). For 𝐹 ∈ 𝐻 , by the triangle inequality we have
‖𝐹 − 𝐴𝑿𝐹‖𝐿∞

≤ ‖𝐹 − 𝑃𝐹‖𝐿∞
+ ‖𝑃𝐹 − 𝐴𝑿𝐹‖𝐿∞

. (36)
For the first term on the right-hand side of (36), we use the Cauchy–Schwarz inequality to obtain

‖𝐹 − 𝑃𝐹‖𝐿∞
≤

∑

𝒉∉

√

𝑟(𝒉)
𝑟(𝒉)

|𝐹𝒉| ≤
(

∑

𝒉∉

1
𝑟(𝒉)

)1∕2
‖𝐹‖𝐻 .

For the second term on the right-hand side of (36), we write (𝑃𝐹 − 𝐴𝑿𝐹 ) (𝒚) =∶
∑

𝒉∈ 𝑞𝒉 𝑒
2𝜋i𝒉⋅𝒚 and apply the

Cauchy–Schwarz inequality again to obtain

‖𝑃𝐹 − 𝐴𝑿𝐹‖𝐿∞
≤

∑

𝒉∈
|𝑞𝒉| ≤

√

||

(

∑

𝒉∈
|𝑞𝒉|

2
)1∕2

=
√

|| ‖𝑃𝐹 − 𝐴𝑿𝐹‖𝐿2
,

which can be bounded using (35). Combining the two estimates gives (32) as required.
We remark that [34, Lemma 5.1 and Lemma 5.4] included two alternative upper bounds for (32). The first bound

there is similar to (32) (there is an extra factor 3 but the square root is outside the sum which is tighter). The second
bound there makes use of the precise definition of 𝑟(𝒉) in weighted Korobov spaces and requires a reparametrization
of the quantity 𝑁 (𝒛) with respect to the weights 𝜸 and the smoothness parameter 𝛼, and it yields a slightly better
overall convergence rate when 𝛼 > 1. We do not consider this approach in this paper, because later we need both the
𝐿2 and 𝐿∞ bounds to hold for the same lattice generating vector 𝒛 obtained from the criterion 𝑁 (𝒛), rather than two
different ones obtained from different criteria.

A lattice𝑿 = { 𝑘
𝑁 𝒛 mod 1}𝑁−1

𝑘=0 is said to have the reconstructing property on a frequency index set  ⊆ ℤ𝑠 if and
only if

𝒉 ⋅ 𝒛 ≢ 𝒉′ ⋅ 𝒛 (mod 𝑁) for all 𝒉,𝒉′ ∈  with 𝒉 ≠ 𝒉′. (37)
In other words, every index has a unique value of dot product with 𝒛 modulo 𝑁 . We say that there are “no aliasing
frequencies” in the index set. When this holds, the classical lattice algorithm 𝐴𝑿 is a projection onto span{𝑒2𝜋i𝒉⋅𝒚 ∶
𝒉 ∈ }, see e.g., [1, Theorem 3.2]. In the following, we will write  for an index set when we have the reconstruction
property and  for a generic index set.

It is known from [1, Theorem 3.3] that any lattice 𝑿 has the reconstructing property on {𝒉 ∈ ℤ𝑠 ∶ 𝑟(𝒉) <
𝑒app(𝐴𝑿 ,𝐻,𝐿2)−2}, where 𝐴𝑿 can be any linear or nonlinear algorithm using 𝑿. In particular, [1, Corollary 3.4]
applied this result to the algorithm 𝐴𝑿 satisfying (34), implying that the lattice 𝑿 = { 𝑘

𝑁 𝒛 mod 1}𝑁−1
𝑘=0 has the

reconstructing property on

 ∶=
{

𝒉 ∈ ℤ𝑠 ∶ 𝑟(𝒉) ≤ 1
2
√

𝑁 (𝒛)

}

, (38)

where 𝑁 (𝒛) is defined by (33). This index set  has half the radius of the index set  satisfying (34). From (31) with
this half radius 𝑀 = 1∕(2

√

𝑁 (𝒛)), we obtain for the index set (38),

𝑒app(𝐴𝑿ker ,𝐻,𝐿2) ≤ 𝑒app(𝐴𝑿 ,𝐻,𝐿2) <
√

1.25
𝑀

=
√

2.5 (𝑁 (𝒛))1∕4,

which differs from (34) only by a constant scaling factor, as expected.
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4.2. Subsampled least squares approximation and subsampled kernel interpolant
Next we use a subset of the lattice points 𝑿𝐽 = { 𝑘

𝑁 𝒛 mod 1}𝑘∈𝐽 for 𝐽 ⊆ {0,… , 𝑁 − 1} and consider a least
squares approximation on a frequency index set  ⊆ ℤ𝑠,

(𝑆𝑿𝐽
 𝐹 )(𝒚) ∶= 𝑔(𝒚) =

∑

𝒉∈
𝑔𝒉 𝑒

2𝜋i𝒉⋅𝒚 , (39)

where the coefficients [𝑔𝒉]𝒉∈ are obtained by minimizing ∑

𝑘∈𝐽 |𝑔(𝒕𝑘) − 𝐹 (𝒕𝑘)|2.
Theorem 5. Let  ⊆ ℤ𝑠 be a nonempty frequency index set (not necessarily defined by (38)) for which the lattice
𝑿 = { 𝑘

𝑁 𝒛 mod 1}𝑁−1
𝑘=0 has the reconstructing property. For 𝐽 ⊆ {0,… , 𝑁 − 1} a multiset with |𝐽 | ≥ ||, define the

matrices

𝑳𝐽 , ∶=
[

𝑒2𝜋i𝑘𝒉⋅𝒛∕𝑛
]

𝑘∈𝐽 ,𝒉∈ and 𝚽𝐽 , ∶=
[

𝑒2𝜋i𝑘𝒉⋅𝒛∕𝑛
√

𝑟(𝒉)

]

𝑘∈𝐽 ,𝒉∈
. (40)

Suppose 𝑳𝐽 , has full rank ||. Then the least squares approximation 𝑆𝑿𝐽
 𝐹 with the subsampled lattice 𝑿𝐽 =

{ 𝑘
𝑁 𝒛 mod 1}𝑘∈𝐽 is a projection onto span{𝑒2𝜋i𝒉⋅𝒚 ∶ 𝒉 ∈ }, with [𝑔𝒉]𝒉∈ = (𝑳∗

𝐽 ,𝑳𝐽 ,)
−1𝑳∗

𝐽 , [𝐹 (𝒕𝑘)]𝑘∈𝐽 .
Moreover, we have

𝑒app(𝐴𝑿𝐽
ker ,𝐻,𝐿2) ≤ 𝑒app(𝑆𝑿𝐽

 ,𝐻,𝐿2) <
(

sup
𝒉∉

1
𝑟(𝒉)

+
‖𝚽𝐽 ,‖

2
2

𝜎2min(𝑳𝐽 ,)

)1∕2
, (41)

𝑒app(𝐴𝑿𝐽
ker ,𝐻,𝐿∞) ≤ 𝑒app(𝑆𝑿𝐽

 ,𝐻,𝐿∞) <
(

∑

𝒉∉

1
𝑟(𝒉)

)1∕2
+
√

||
‖𝚽𝐽 ,‖2

𝜎min(𝑳𝐽 ,)
, (42)

where 𝜎min(𝑳𝐽 ,) denotes the smallest singular value of 𝑳𝐽 ,.

PROOF. The 𝐿2 bound (41) was derived in [1, Lemma 4.1, Lemma 4.2, and Theorem 4.3]. The 𝐿∞ bound (42) can be
obtained analogously to the proof of Theorem 4.
Theorem 6. For a lattice 𝑿 = { 𝑘

𝑁 𝒛 mod 1}𝑁−1
𝑘=0 , define the frequency index set  ⊆ ℤ𝑠 by (38) (thus 𝑿 has the

reconstructing property on ). For 𝑡 ≥ 4, let 𝐽 ⊆ {0,… , 𝑁 − 1} be a multiset of uniformly i.i.d. drawn integers with

|𝐽 | ∶= ⌈12 || (log || + 𝑡)⌉.

Then for the subsampled lattice 𝑿𝐽 = { 𝑘
𝑁 𝒛 mod 1}𝑘∈𝐽 , with probability exceeding 1 − 3 exp(−𝑡) we have

𝑒app(𝐴𝑿𝐽
ker ,𝐻,𝐿2) ≤ 𝑒app(𝑆𝑿𝐽

 ,𝐻,𝐿2) ≤
(

7
||

∑

𝒉∉

1
𝑟(𝒉)

+ 14
√

𝑁 (𝒛)
)1∕2

, (43)

𝑒app(𝐴𝑿𝐽
ker ,𝐻,𝐿∞) ≤ 𝑒app(𝑆𝑿𝐽

 ,𝐻,𝐿∞) ≤ (1 +
√

7)
(

∑

𝒉∉

1
𝑟(𝒉)

)1∕2
+
√

12
√

|| (𝑁 (𝒛))1∕4. (44)

PROOF. The 𝐿2 bound (43) was derived in [1, Theorem 4.7] using [1, Lemma 4.4, Theorem 4.5, and Lemma 4.6].
We now derive the 𝐿∞ bound (44). From the proof of [1, Theorem 4.7], we conclude with probability exceeding
1 − 3 exp(−𝑡) that

‖𝚽𝐽 ,‖2

𝜎min(𝑳𝐽 ,)
≤
(

7
||

∑

𝒉∉

1
𝑟(𝒉)

+ 4
(

sup
𝒉∉

1
𝑟(𝒉)

+
√

𝑁 (𝒛)
)

)1∕2

≤
(

7
||

∑

𝒉∉

1
𝑟(𝒉)

+ 12
√

𝑁 (𝒛)
)1∕2

≤
√

7
√

||

(

∑

𝒉∉

1
𝑟(𝒉)

)1∕2
+
√

12 (𝑁 (𝒛))1∕4.

Substituting this bound into (42) yields (44) as required.
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Remark 1. The random techniques used in Theorem 6 enforce a logarithmic oversampling, i.e., the number of points
|𝐽 | is larger than the number of frequencies || by a logarithmic factor. This logarithmic gap was decreased in [37] in
a non-constructive way and later in [2] in a constructive way. Shortly after it was shown that the logarithmic gap can be
eliminated altogether in [15], again in a non-constructive way. Recently, this was also made constructive in [6]. Note
that all mentioned constructive approaches rely on the so-called BSS algorithm, which has arithmetic complexity of
(||3𝑁). For this reason we favor the random approach and concede the loss in error decay.
4.3. Specializing to weighted Korobov space

We now make use of the specific definition of 𝑟(𝒉) = 𝑟𝑠,𝛼,𝜸(𝒉) in (13) for the weighted Korobov space and apply
known results from [34] for all the required quantities. Note that the smoothness parameter 𝛼 in [34] corresponds to
our 2𝛼 here.

Given 𝑁 ≥ 2, 𝑠 ∈ ℕ, 𝛼 > 1∕2 and weights 𝜸 = {𝛾𝔲}𝔲⊆ℕ, the generating vector 𝒛 ∈ ℤ𝑠 obtained from the CBC
construction following [34, Algorithm 3.2] satisfies [34, Theorem 3.3]:

2𝜁 (2𝛼)𝛾{1}
𝑁2𝛼

≤ 𝑁 (𝒛) ≤
( Φ1,𝜆

𝜑(𝑁)

)
1
𝜆 for all 𝜆 ∈ ( 1

2𝛼 , 1], (45)

where 𝜑(𝑁) = |{𝑧 ∈ {1,… , 𝑁} ∶ gcd(𝑧,𝑁) = 1}| is the Euler totient function (e.g., 𝜑(𝑁) = 𝑁 − 1 for 𝑁 prime),
𝜁 (𝑥) =

∑∞
ℎ=1 ℎ

−𝑥 is the Riemann zeta function, and

Φ1,𝜆 ∶= (24𝛼𝜆+1 + 1)
(

∑

∅≠𝔲⊆{1∶𝑠}
|𝔲| 𝛾𝜆𝔲 (2𝜁 (2𝛼𝜆))

|𝔲|
)(

∑

𝔲⊆{1∶𝑠}
𝛾𝜆𝔲 (2𝜁 (2𝛼𝜆))

|𝔲|
)

. (46)

For an index set defined by  ∶= {𝒉 ∈ ℤ𝑠 ∶ 𝑟𝑠,𝛼,𝜸(𝒉) ≤𝑀} with 𝑀 ≥ 1, it follows from [34, Lemma 5.2] and
[34, Lemma 5.3] that for all 𝜆 ∈ ( 1

2𝛼 , 1) we have

(𝛾{1}𝑀)
1
2𝛼 ≤ || ≤ (Φ2,𝜆𝑀)𝜆, Φ2,𝜆 ∶=

(

∑

𝔲⊆{1∶𝑠}
𝛾𝜆𝔲 (2𝜁 (2𝛼𝜆))

|𝔲|
)

1
𝜆
, (47)

∑

𝒉∉

1
𝑟𝑠,𝛼,𝜸(𝒉)

≤
(Φ3,𝜆

𝑀

)
1−𝜆
2𝛼𝜆 , Φ3,𝜆 ∶=

1
𝛾{1}

(

( 𝜆
1−𝜆 )

𝜆
∑

𝔲⊆{1∶𝑠}
𝛾𝜆𝔲 (2𝜁 (2𝛼𝜆))

|𝔲|
)

2𝛼
1−𝜆
. (48)

We combine all results in a unified theorem for one single lattice generating vector 𝒛 ∈ ℤ𝑠. For the full lattice in𝐿2and 𝐿∞ approximations we recover the convergence rates from [34]. For the subsampled lattice in 𝐿2 approximation
we recover the convergence rate from [1]. The constants here may differ from [34, 1] due to our need to ensure that
all bounds hold for the same 𝒛. The results for the subsampled lattice in 𝐿∞ approximation, and all results for 𝐿𝑝approximation for 𝑝 ∈ (2,∞) are new.

In comparison, it is known [32] that the optimal polynomial rate for any algorithm with 𝑁 function evaluations is
𝑁−𝛼 for 𝐿2 approximation and 𝑁−(𝛼−1∕2) for 𝐿∞ approximation.
Theorem 7. Let 𝐻Kor

𝑠,𝛼,𝜸 be the weighted Korobov space defined in Section 2.1 with 𝛼 > 1∕2 and positive weights
𝜸 = (𝛾𝔲)𝔲⊂ℕ. For 𝑁 ≥ 7 sufficiently large, obtain 𝒛 ∈ ℤ𝑠 by the component-by-component construction in [34,
Algorithm 3.2] so that 𝑁 (𝒛) = 𝑠,𝛼,𝜸,𝑁 (𝒛) ≤ 1∕4 satisfies (45). Define

 ∶=
{

𝒉 ∈ ℤ𝑠 ∶ 𝑟𝑠,𝛼,𝜸(𝒉) ≤
1

√

𝑁 (𝒛)

}

and  ∶=
{

𝒉 ∈ ℤ𝑠 ∶ 𝑟𝑠,𝛼,𝜸(𝒉) ≤
1

2
√

𝑁 (𝒛)

}

. (49)

Then, for all 𝑝 ∈ [2,∞] and arbitrarily small 𝜖 > 0, we have the following results:

(a) The full lattice 𝑿 = { 𝑘
𝑁 𝒛 mod 1}𝑁−1

𝑘=0 satisfies

𝑒app(𝐴𝑿ker ,𝐻
Kor
𝑠,𝛼,𝜸 , 𝐿𝑝) ≤ 𝑒app(𝐴𝑿,𝐻

Kor
𝑠,𝛼,𝜸 , 𝐿𝑝) ≤ 𝐶 full

𝑝,𝜖

( 1
𝜑(𝑁)

)𝜃full𝑝,𝜖 ,

F. Bartel, A.D. Gilbert, M. Griebel, F.Y. Kuo, I.H. Sloan: Preprint submitted to Elsevier Page 17 of 29



𝜃full𝑝,𝜖 =

⎧

⎪

⎨

⎪

⎩

1
2 (𝛼 − 𝜖) if 𝑝 = 2,
1
2 (𝛼 −

1
2 − 𝜖)(1 −

𝜖
𝛼 ) if 𝑝 = ∞,

1
2 (𝛼 −

1
2 +

1
𝑝 − 𝜖(1 −

2
𝑝 ))(1 −

𝜖
𝛼 ) if 𝑝 ∈ [2,∞].

(50)

(b) For 𝑡 ≥ 4, let 𝐽 ⊆ {0,… , 𝑁 − 1} be a multiset of uniformly i.i.d. drawn integers with

|𝐽 | ∶= ⌈12 || (log || + 𝑡)⌉.

The subsampled lattice 𝑿𝐽 = { 𝑘
𝑁 𝒛 mod 1}𝑘∈𝐽 satisfies, with probability exceeding 1 − 3 exp(−𝑡),

𝑒app(𝐴𝑿𝐽
ker ,𝐻

Kor
𝑠,𝛼,𝜸 , 𝐿𝑝) ≤ 𝑒app(𝑆𝑿𝐽

 ,𝐻Kor
𝑠,𝛼,𝜸 , 𝐿𝑝) ≤ 𝐶sub

𝑝,𝜖

( log |𝐽 | + 𝑡
|𝐽 |

)𝜃sub𝑝,𝜖 ,

𝜃sub𝑝,𝜖 =

⎧

⎪

⎨

⎪

⎩

(𝛼 − 𝜖)(1 − 𝜖
𝛼 ) if 𝑝 = 2,

(𝛼 − 1
2 − 𝜖)(1 −

𝜖
𝛼 ) if 𝑝 = ∞,

(𝛼 − 1
2 +

1
𝑝 − 𝜖)(1 −

𝜖
𝛼 ) if 𝑝 ∈ [2,∞].

(51)

If 𝑁 is a prime power, then we have

𝑁
1−𝜖∕𝛼

2 log𝑁 ≲ |𝐽 | ≲ 𝑁
1

2(1−𝜖∕𝛼) log𝑁 and
(

|𝐽 |
log |𝐽 |

)2(1−𝜖∕𝛼)
≲ 𝑁 ≲

(

|𝐽 |
log |𝐽 |

)
2

1−𝜖∕𝛼 .

All the constants 𝐶 full
𝑝,𝜖 and 𝐶sub

𝑝,𝜖 are bounded independently of 𝑠 if the weights 𝜸 satisfy

∑

𝔲⊂ℕ, |𝔲|<∞
𝛾

1
2(𝛼−𝜖)
𝔲

[

2 𝑒1∕𝑒 𝜁
( 2𝛼
2(𝛼−𝜖)

)]

|𝔲| <∞, (52)

and the constants go to infinity as 𝜖 → 0.

PROOF. For both the full lattice and the subsampled lattice, we consider the cases 𝑝 = 2 and 𝑝 = ∞ separately and
then use interpolation to obtain the result for general 𝑝 ∈ [2,∞]. In each case below, for the parameter 𝜆 in (45)–(48)
we substitute 𝜆 = 1

2(𝛼−𝜖) with arbitrarily small 𝜖 > 0.
• FULL LATTICE WITH 𝑝 = 2. We substitute the upper bound in (45) into (34) to obtain (50), with

√

2
( Φ1,𝜆

𝜑(𝑁)

)
1
4𝜆 =∶ 𝐶 full

2,𝜖

( 1
𝜑(𝑁)

)𝜃full2,𝜖 , 𝜃full2,𝜖 ∶= 1
4𝜆 = 1

2 (𝛼 − 𝜖).

• FULL LATTICE WITH 𝑝 = ∞. We use 𝑀 = 1∕
√

𝑁 (𝒛) ≥ 2, substitute (48) and the upper bound in (47) into
(32), and apply the upper bound in (45) to obtain (50), with

(Φ3,𝜆

𝑀

)
1−𝜆
4𝛼𝜆 + (Φ2,𝜆𝑀)

𝜆
2

(𝑀

𝑀2


)
1
2 ≤

(

Φ
1−𝜆
4𝛼𝜆
3,𝜆 + Φ

𝜆
2
2,𝜆

)

( 1
𝑀

)
1−𝜆
4𝛼𝜆

≤
(

Φ
1−𝜆
4𝛼𝜆
3,𝜆 + Φ

𝜆
2
2,𝜆

)

( Φ1,𝜆

𝜑(𝑁)

)
1
2𝜆

1−𝜆
4𝛼𝜆 =∶ 𝐶 full

∞,𝜖

( 1
𝜑(𝑁)

)𝜃full∞,𝜖 ,

where 𝜃full∞,𝜖 ∶=
1−𝜆
8𝛼𝜆2 = 1

2 (𝛼 −
1
2 − 𝜖)(1 −

𝜖
𝛼 ).

• FULL LATTICE WITH 𝑝 ∈ [2,∞]. We use the interpolation bound ‖𝑔‖𝐿𝑝 ≤ ‖𝑔‖
2
𝑝
𝐿2

‖𝑔‖
1− 2

𝑝
𝐿∞

to conclude that
𝐶 full
𝑝,𝜖 ∶= (𝐶 full

2,𝜖 )
2
𝑝 (𝐶 full

∞,𝜖)
1− 2

𝑝 , and
𝜃full𝑝,𝜖 ∶= 𝜃full2,𝜖 (

2
𝑝 ) + 𝜃

full
∞,𝜖(1 −

2
𝑝 ) =

1
2 (𝛼 − 𝜖)

2
𝑝 +

1
2 (𝛼 −

1
2 − 𝜖)(1 −

𝜖
𝛼 )(1 −

2
𝑝 )

= 1
2 (𝛼 −

1
2 +

1
𝑝 − 𝜖(1 −

2
𝑝 ))(1 −

𝜖
𝛼 ).
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• SUBSAMPLED LATTICE WITH 𝑝 = 2. For the set  we have from (47) and [1, Theorem 4.5] that
𝛾{1}
||2𝛼

≤ 1
𝑀

≤ Φ2,𝜆

( 1
||

)
1
𝜆 and 6 (log |𝐽 | + 𝑡)

|𝐽 |
≤ 1

||
≤

13 (log |𝐽 | + 𝑡)
|𝐽 |

. (53)

We use 𝑀 = 1∕(2
√

𝑁 (𝒛)) ≥ 1, substitute (48) and the lower bound in (47) into (43), and apply the upper
bounds in (53) to obtain (51), with

(

7

(𝛾{1}𝑀)
1
2𝛼

(Φ3,𝜆

𝑀

)
1−𝜆
2𝛼𝜆 + 7

𝑀

)
1
2
≤
(7Φ

1−𝜆
2𝛼𝜆
3,𝜆

𝛾
1
2𝛼
{1}

+ 7
)

1
2( 1
𝑀

)
1

4𝛼𝜆

≤
(7Φ

1−𝜆
2𝛼𝜆
3,𝜆

𝛾
1
2𝛼
{1}

+ 7
)

1
2
Φ

1
4𝛼𝜆
2,𝜆 13

1
4𝛼𝜆2

( log |𝐽 | + 𝑡
|𝐽 |

)
1

4𝛼𝜆2 =∶ 𝐶sub
2,𝜖

( log |𝐽 | + 𝑡
|𝐽 |

)𝜃sub2,𝜖 ,

where 𝜃sub2,𝜖 ∶= 1
4𝛼𝜆2 = (𝛼 − 𝜖)(1 − 𝜖

𝛼 ).
• SUBSAMPLED LATTICE WITH 𝑝 = ∞. We use 𝑀 = 1∕(2

√

𝑁 (𝒛)) ≥ 1, substitute (48) into (44), and apply
again the upper bounds in (53) to obtain (51), with

(1 +
√

7)
(Φ3,𝜆

𝑀

)
1−𝜆
4𝛼𝜆 +

√

12
√

||
( 1
2𝑀

)
1
2 ≤

(

(1 +
√

7)Φ
1−𝜆
4𝛼𝜆
3,𝜆 Φ

1−𝜆
4𝛼𝜆2
2,𝜆 +

√

6Φ
1
2𝜆
2,𝜆

)( 1
||

)
1−𝜆
4𝛼𝜆2

≤
(

(1 +
√

7)Φ
1−𝜆
4𝛼𝜆
3,𝜆 Φ

1−𝜆
4𝛼𝜆2
2,𝜆 +

√

6Φ
1
2𝜆
2,𝜆

)

13
1−𝜆
4𝛼𝜆2

( log |𝐽 | + 𝑡
|𝐽 |

)
1−𝜆
4𝛼𝜆2 =∶ 𝐶sub

∞,𝜖

( log |𝐽 | + 𝑡
|𝐽 |

)𝜃sub∞,𝜖 ,

where 𝜃sub∞,𝜖 ∶=
1−𝜆
4𝛼𝜆2 = (𝛼 − 1

2 − 𝜖)(1 −
𝜖
𝛼 ).

• SUBSAMPLED LATTICE WITH 𝑝 ∈ [2,∞]. Again we use interpolation to conclude that𝐶sub
𝑝,𝜖 ∶= (𝐶sub

2,𝜖 )
2
𝑝 (𝐶sub

∞,𝜖)
1− 2

𝑝 ,
and

𝜃sub𝑝,𝜖 ∶= 𝜃sub2,𝜖 (
2
𝑝 ) + 𝜃

sub
∞,𝜖(1 −

2
𝑝 ) = (𝛼 − 𝜖)(1 − 𝜖

𝛼 )
2
𝑝 + (𝛼 − 1

2 − 𝜖)(1 −
𝜖
𝛼 )(1 −

2
𝑝 )

= (𝛼 − 1
2 +

1
𝑝 − 𝜀)(1 −

𝜖
𝛼 ).

From the definition of 𝐽 and the upper and lower bounds in (47) and (45), we have the following connection between
|𝐽 | and 𝑁 :

12 || (log || + 𝑡) ≤ |𝐽 | ≤ 13 || (log || + 𝑡),
(𝜑(𝑁)
Φ1,𝜆

)
1

4𝛼𝜆
(𝛾{1}

2

)
1
2𝛼 ≤

( 𝛾{1}
2
√

𝑁 (𝒛)

)
1
2𝛼 ≤ || ≤

( Φ2,𝜆

2
√

𝑁 (𝒛)

)𝜆
≤

Φ𝜆
2,𝜆𝑁

𝛼𝜆

(8𝜁 (2𝛼)𝛾{1})
𝜆
2

.

This yields

(𝜑(𝑁))
1

4𝛼𝜆 log𝜑(𝑁) ≲ |𝐽 | ≲ 𝑁𝛼𝜆 log𝑁,
(

|𝐽 |
log |𝐽 |

)
1
𝛼𝜆 ≲ 𝑁 and 𝜑(𝑁) ≲

(

|𝐽 |
log |𝐽 |

)4𝛼𝜆
.

If 𝑁 = 𝑞𝑚 is a prime power, then 𝜑(𝑁) = 𝑞𝑚(1 − 1
𝑞 ) ≥ 𝑁

2 , so 1
𝑁 ≤ 1

𝜑(𝑁) ≤ 2
𝑁 , which simplifies the connection

between |𝐽 | and 𝑁 .
The constants Φ1,𝜆, Φ2,𝜆, Φ3,𝜆 all depend on 𝑠, 𝛼, 𝜸 and 𝜆 = 1

2(𝛼−𝜖) with arbitrarily small 𝜖 > 0. Consequently,
the constants 𝐶 full

2,𝜖 , 𝐶 full
∞,𝜖 , 𝐶sub

2,𝜖 , 𝐶sub
∞,𝜖 all depend on 𝑠, 𝛼, 𝜸 and 𝜖. For 𝑝 ∈ (2,∞), the constants 𝐶 full

𝑝,𝜖 , 𝐶sub
𝑝,𝜖 all

depend on 𝑠, 𝛼, 𝜸, 𝜖, and depend trivially on 𝑝. To ensure that all constants are bounded independently of 𝑠, we
use max(1, |𝔲|) ≤ (𝑒1∕𝑒)|𝔲| and then assume that the weights 𝜸 satisfy (52). This completes the proof.
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The estimate (log |𝐽 |+ 𝑡) ≤ 𝑐𝛿 |𝐽 |𝛿 holds for 𝑐𝛿 > 0 and arbitrarily small 𝛿 > 0 and |𝐽 | sufficiently large. This can
be used to simplify (51) into

𝑒app(𝐴𝑿𝐽
ker ,𝐻

Kor
𝑠,𝛼,𝜸 , 𝐿𝑝) ≤ 𝑒app(𝑆𝑿𝐽

 ,𝐻Kor
𝑠,𝛼,𝜸 , 𝐿𝑝) ≤ 𝑐𝛿 𝐶

sub
𝑝,𝜖

( 1
|𝐽 |

)𝜃sub𝑝,𝜖 (1−𝛿). (54)

5. Error analysis
The error for our method (1)–(3) with the full lattice 𝑿 is bounded as follows:

|𝐼(𝑓 ) −𝑄𝑿𝝍 (𝑓 )| =
|

|

|∫[0,1]𝑠
(

𝐹 (𝒚) − (𝐴𝑿ker𝐹 )(𝒚)
)

𝜇(𝒚) d𝒚||
|

≤ inf
𝑝∈[2,∞]

{

‖𝐹 − 𝐴𝑿ker𝐹‖𝐿𝑝([0,1]𝑠) ‖𝜇‖𝐿𝑝′ ([0,1]𝑠)
}

≤ inf
𝑝∈[2,∞]

{

𝑒app(𝐴𝑿ker ,𝐻
Kor
𝑠,𝛼,𝜸 , 𝐿𝑝) ‖𝐹‖Kor,𝑠,𝛼,𝜸 ‖𝜇‖𝐿𝑝′ ([0,1]𝑠)

}

≤ inf
𝑝∈[2,∞]

{

𝑒app(𝐴𝑿ker ,𝐻
Kor
𝑠,𝛼,𝜸 , 𝐿𝑝) ‖𝜇‖𝐿𝑝′ ([0,1]𝑠)

}

‖𝑓‖Sob,𝑠,𝛼,𝜷,𝜔, (55)

where we first use Hölder’s inequality with the conjugate pair 1∕𝑝 + 1∕𝑝′ = 1, and then apply the worst case 𝐿𝑝
approximation error bound assuming that 𝐹 ∈ 𝐻Kor

𝑠,𝛼,𝜸 , and finally we connect the Korobov norm of the transformed 𝐹
to the Sobolev norm of the original integrand 𝑓 with rescaled weights 𝜷 and a weight function 𝜔, see Lemma 3. An
analogous bound holds when the full lattice 𝑿 is replaced by a subsampled lattice 𝑿𝐽 .

With 1∕𝑝 + 1∕𝑝′ = 1, we have ‖𝜇‖𝐿𝑝′ ([0,1]𝑠) = 𝜉𝑠𝑝, where

𝜉𝑝 ∶=
𝜋
2

(

∫

1

0
| sin(2𝜋𝑦)|𝑝

′
d𝑦
)1∕𝑝′

= 𝜋
2

( Γ( 𝑝
′+1
2 )

√

𝜋 Γ( 𝑝
′+2
2 )

)1∕𝑝′

=

{ 𝜋
√

8
≤ 1.110721 if 𝑝 = 2,

1 if 𝑝 = ∞,
(56)

and Γ(⋅) is the Gamma function. For example, we have also 𝜉2.5 ≈ 1.07999, 𝜉3 ≈ 1.062643, 𝜉10 ≈ 1.01554,
𝜉20 ≈ 1.0075.
5.1. Main theorem

We can now substitute the 𝐿𝑝 approximation error bounds from Theorem 7 into (55) to arrive at our main theorem.
Theorem 8. Let the Korobov space 𝐻Kor

𝑠,𝛼,𝜸 and Sobolev space 𝐻Sob
𝑠,𝛼,𝜷,𝜔 with integer 𝛼 ≥ 1 be related by their weights

as defined in (21). For 𝑁 ≥ 7 sufficiently large, obtain 𝒛 ∈ ℤ𝑠 by the component-by-component construction in [34,
Algorithm 3.2] so that 𝑁 (𝒛) = 𝑠,𝛼,𝜸,𝑁 (𝒛) ≤ 1∕4 satisfies (45). Define the frequency index set  as in (49). Then, for
all 𝑓 ∈ 𝐻Sob

𝑠,𝛼,𝜷,𝜔 and arbitrarily small 𝜖 > 0, we have the following results:

(a) The method (1)–(3) with the full lattice 𝑿 = { 𝑘
𝑁 𝒛 mod 1}𝑁−1

𝑘=0 satisfies

|𝐼(𝑓 ) −𝑄𝑿𝝍 (𝑓 )| ≤ inf
𝑝∈[2,∞]

{

𝐶 full
𝑝,𝜖

( 1
𝜑(𝑁)

)𝜃full𝑝,𝜖 𝜉𝑠𝑝
}

‖𝑓‖Sob,𝑠,𝛼,𝜷,𝜔,

𝜃full𝑝,𝜖 → 𝛼
2 − 1

4 +
1
2𝑝 as 𝜀→ 0. (57)

(b) For 𝑡 ≥ 4, let 𝐽 ⊆ {0,… , 𝑁−1} be a multiset of uniformly i.i.d. drawn integers with |𝐽 | ∶= ⌈12 || (log ||+𝑡)⌉.
Then the method (1)–(3) with the subsampled lattice𝑿𝐽 = { 𝑘

𝑁 𝒛 mod 1}𝑘∈𝐽 satisfies, with probability exceeding
1 − 3 exp(−𝑡),

|𝐼(𝑓 ) −𝑄𝑿𝐽
𝝍 (𝑓 )| ≤ inf

𝑝∈[2,∞]

{

𝐶sub
𝑝,𝜖

( log |𝐽 | + 𝑡
|𝐽 |

)𝜃sub𝑝,𝜖 𝜉𝑠𝑝
}

‖𝑓‖Sob,𝑠,𝛼,𝜷,𝜔,

𝜃sub𝑝,𝜖 → 𝛼 − 1
2 +

1
𝑝 as 𝜀→ 0. (58)
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All the constants 𝐶 full
𝑝,𝜖 and 𝐶sub

𝑝,𝜖 are bounded independently of 𝑠 if the weights 𝜸 satisfy (52).
Hence, for the case of the subsampled lattice, at the two extremes we have close to the rate |𝐽 |−(𝛼−1∕2) for 𝑝 = ∞

and |𝐽 |−𝛼 (1.110721)𝑠 for 𝑝 = 2. Our result holds for the infimum over all values of 𝑝 ∈ [2,∞], with a trade-off
between the polynomial rate in |𝐽 | and the exponential dependence on 𝑠. We stress that our method does not depend
on the value of 𝑝 and we do not need to specify a value of 𝑝 for the error bound to hold. We will automatically get the
smallest error bound over all possible values of 𝑝.
5.2. Doubling the rate

In [46] a doubling of the rate effect was proven when the function has twice the smoothness of the Hilbert space
corresponding to the kernel, with no need to change the points or the method. Independently, this effect was investigated
in [30, 53] with the focus on classical Sobolev spaces, where also intermediate spaces (i.e., smoothness increased by
a factor between 1 and 2) were investigated and the sufficient condition for the increased rate effect was proven to be
also necessary. Specializing to the weighted Korobov space which is embedded in 𝐿2([0, 1]𝑠), the crucial property is,
for 𝜎 ∈ [1, 2], 𝐹 ∈ 𝐻Kor

𝑠,𝜎𝛼,𝜸𝜎 , and 𝐺 ∈ 𝐻Kor
𝑠,(2−𝜎)𝛼,𝜸2−𝜎

,

|⟨𝐹 ,𝐺⟩Kor,𝑠,𝛼,𝜸| =
∑

𝒉∈ℤ𝑠
(𝑟𝑠,𝛼,𝜸(𝒉))𝜎∕2 |𝐹𝒉| (𝑟𝑠,𝛼,𝜸(𝒉))(2−𝜎)∕2 |𝐺𝒉|

=
∑

𝒉∈ℤ𝑠
(𝑟𝑠,𝜎𝛼,𝜸𝜎 (𝒉))1∕2 |𝐹𝒉| (𝑟𝑠,(2−𝜎)𝛼,𝜸2−𝜎 (𝒉))1∕2 |𝐺𝒉|

≤ ‖𝐹‖Kor,𝑠,𝜎𝛼,𝜸𝜎 ‖𝐺‖Kor,𝑠,(2−𝜎)𝛼,𝜸2−𝜎 . (59)
In the following theorem we state the doubling of the rate effect and extend it on the one hand to intermediate

spaces 𝜎 ∈ [1, 2] using techniques from [53], and on the other hand to general 𝐿𝑝 approximation for 𝑝 ∈ [1,∞]. Note
that changing weights in a weighted Korobov space does not change the membership of the space; it only changes the
size of the unit ball.

The advantage compared with replacing the kernel of smoothness 𝛼 by the kernel of smoothness 𝜎𝛼 is that a lower
smoothness method is often more numerically stable and that lower order kernels are easier to compute.
Theorem 9. Let 𝐴𝑿ker be defined by the kernel of the weighted Korobov space 𝐻Kor

𝑠,𝛼,𝜸 with smoothness 𝛼 and weights
𝜸. For all 𝑝 ∈ [1,∞], 𝜎 ∈ [1, 2], and 𝐹 ∈ 𝐻Kor

𝑠,𝜎𝛼,𝜸𝜎 we have

‖𝐹 − 𝐴𝑿ker𝐹‖𝐿𝑝([0,1]𝑠) ≤ 𝑒app(𝐴𝑿ker ,𝐻
Kor
𝑠,𝛼,𝜸 , 𝐿𝑝)

(

𝑒app(𝐴𝑿ker ,𝐻
Kor
𝑠,𝛼,𝜸 , 𝐿2)

)𝜎−1
‖𝐹‖Kor,𝑠,𝜎𝛼,𝜸𝜎 . (60)

Equivalently, for all 𝑝 ∈ [1,∞] and 𝜎 ∈ [1, 2] we have

𝑒app(𝐴𝑿ker ,𝐻
Kor
𝑠,𝜎𝛼,𝜸𝜎 , 𝐿𝑝) ≤ 𝑒app(𝐴𝑿ker ,𝐻

Kor
𝑠,𝛼,𝜸 , 𝐿𝑝)

(

𝑒app(𝐴𝑿ker ,𝐻
Kor
𝑠,𝛼,𝜸 , 𝐿2)

)𝜎−1
.

Analogous results hold if the full lattice 𝑿 is replaced by a subsampled lattice 𝑿𝐽 .

PROOF. Throughout the proof let 𝐹 ∈ 𝐻Kor
𝑠,𝜎𝛼,𝜸𝜎 and 𝐺 ∈ 𝐻Kor

𝑠,(2−𝜎)𝛼,𝜸2−𝜎
. Using Hölder’s inequality with parameters

1∕(2 − 𝜎) and 1∕(𝜎 − 1) we have

‖𝐺‖Kor,𝑠,(2−𝜎)𝛼,𝜸2−𝜎 =
(

∑

𝒉∈ℤ𝑠
(𝑟𝑠,𝛼,𝜸(𝒉))2−𝜎|𝐺|4−2𝜎|𝐺|2𝜎−2

)1∕2

≤
((

∑

𝒉∈ℤ𝑠
𝑟𝑠,𝛼,𝜸(𝒉)|𝐺|2

)2−𝜎(
∑

𝒉∈ℤ𝑠
|𝐺|2

)𝜎−1)1∕2

= ‖𝐺‖2−𝜎Kor,𝑠,𝛼,𝜸‖𝐺‖
𝜎−1
𝐿2([0,1]𝑠)

. (61)
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Now we use the fact that 𝐴𝑿ker is an orthogonal projection from 𝐻Kor
𝑠,𝛼,𝜸 onto span{𝐾Kor

𝑠,𝛼,𝜸(𝒕𝑘, ⋅) ∶ 𝑘 = 0,… , 𝑁 − 1},
which follows from the reproducing property of the kernel and the interpolation property. Using also (59) and (61), we
then obtain

‖𝐹 − 𝐴𝑿ker𝐹‖
2
Kor,𝑠,𝛼,𝜸 = ⟨𝐹 , 𝐹 − 𝐴𝑿ker𝐹 ⟩Kor,𝑠,𝛼,𝜸

≤ ‖𝐹‖Kor,𝑠,𝜎𝛼,𝜸𝜎 ‖𝐹 − 𝐴𝑿ker𝐹‖Kor,𝑠,(2−𝜎)𝛼,𝜸2−𝜎

≤ ‖𝐹‖Kor,𝑠,𝜎𝛼,𝜸𝜎 ‖𝐹 − 𝐴𝑿ker𝐹‖
2−𝜎
Kor,𝑠,𝛼,𝜸‖𝐹 − 𝐴𝑿ker𝐹‖

𝜎−1
𝐿2([0,1]𝑠)

.

Canceling the common factor on both sides gives
‖𝐹 − 𝐴𝑿ker𝐹‖Kor,𝑠,𝛼,𝜸 ≤ ‖𝐹‖1∕𝜎Kor,𝑠,𝜎𝛼,𝜸𝜎 ‖𝐹 − 𝐴𝑿ker𝐹‖

(𝜎−1)∕𝜎
𝐿2([0,1]𝑠)

.

For all 𝑝 ∈ [1,∞] this yields
‖𝐹 − 𝐴𝑿ker𝐹‖𝐿𝑝([0,1]𝑠) = ‖(𝐹 − 𝐴𝑿ker𝐹 ) − 𝐴

𝑿
ker(𝐹 − 𝐴𝑿ker𝐹 )‖𝐿𝑝([0,1]𝑠)

≤ 𝑒app(𝐴𝑿ker ,𝐻
Kor
𝑠,𝛼,𝜸 , 𝐿𝑝) ‖𝐹 − 𝐴𝑿ker𝐹‖Kor,𝑠,𝛼,𝜸

≤ 𝑒app(𝐴𝑿ker ,𝐻
Kor
𝑠,𝛼,𝜸 , 𝐿𝑝) ‖𝐹‖

1∕𝜎
Kor,𝑠,𝜎𝛼,𝜸𝜎 ‖𝐹 − 𝐴𝑿ker𝐹‖

(𝜎−1)∕𝜎
𝐿2([0,1]𝑠)

. (62)

Taking 𝑝 = 2 in (62) and canceling a common factor gives ‖𝐹−𝐴𝑿ker𝐹‖1∕𝜎𝐿2([0,1]𝑠)
≤ 𝑒app(𝐴𝑿ker ,𝐻

Kor
𝑠,𝛼,𝜸 , 𝐿2) ‖𝐹‖

1∕𝜎
Kor,𝑠,𝜎𝛼,𝜸𝜎 .

Substituting this back into (62) for general 𝑝 gives (60).
We can now extend Theorem 8 to the case where 𝑓 is smoother compared to the reproducing kernel used in the

method. For the sake of simplicity we only state the result with double the smoothness, i.e, 𝜎 = 2.
Corollary 10. Consider the Korobov space𝐻Kor

𝑠,𝛼,𝜸 and Sobolev space𝐻Sob
𝑠,2𝛼,𝜼2,𝜔

with integer 𝛼 ≥ 1 and weights related
by

𝛾2𝔲 ∶= 𝑐|𝔲|2𝛼 𝜂
2
𝔲, with 𝑐2𝛼 =

2𝛼
∑

𝜆=1
𝑆(2𝛼, 𝜆)2.

Let𝐴𝑿ker be defined by the kernel of𝐻Kor
𝑠,𝛼,𝜸 . Suppose that 𝑓 ∈ 𝐻Sob

𝑠,2𝛼,𝜼2,𝜔
. Under the same remaining setup as Theorem 8,

the error bound (57) for the full lattice is replaced by

|𝐼(𝑓 ) −𝑄𝑿𝝍 (𝑓 )| ≤ inf
𝑝∈[2,∞]

{

𝐶 full
𝑝,𝜖 𝐶

full
2,𝜖

( 1
𝜑(𝑁)

)𝜃full𝑝,𝜖 +𝜃
full
2,𝜖 𝜉𝑠𝑝

}

‖𝑓‖Sob,𝑠,2𝛼,𝜼2,𝜔,

𝜃full𝑝,𝜖 + 𝜃full2,𝜖 → 𝛼 − 1
4 +

1
2𝑝 as 𝜀→ 0, (63)

while the error bound (58) for the subsampled lattice is replaced by

|𝐼(𝑓 ) −𝑄𝑿𝐽
𝝍 (𝑓 )| ≤ inf

𝑝∈[2,∞]

{

𝐶sub
𝑝,𝜖 𝐶

sub
2,𝜖

( log |𝐽 | + 𝑡
|𝐽 |

)𝜃sub𝑝,𝜖 +𝜃
sub
2,𝜖 𝜉𝑠𝑝

}

‖𝑓‖Sob,𝑠,2𝛼,𝜼2,𝜔,

𝜃sub𝑝,𝜖 + 𝜃sub2,𝜖 → 2𝛼 − 1
2 +

1
𝑝 as 𝜀 → 0. (64)

PROOF. Applying (60) with 𝜎 = 2 after the first inequality in (55) gives
|𝐼(𝑓 ) −𝑄𝑿𝝍 (𝑓 )| ≤ inf

𝑝∈[2,∞]

{

𝑒app(𝐴𝑿ker ,𝐻
Kor
𝑠,𝛼,𝜸 , 𝐿𝑝) 𝑒

app(𝐴𝑿ker ,𝐻
Kor
𝑠,𝛼,𝜸 , 𝐿2) 𝜉𝑠𝑝

}

‖𝐹‖Kor,𝑠,2𝛼,𝜸2 .

Using Lemma 3 with 𝛼 and 𝛾𝔲 replaced by 2𝛼 and 𝛾2𝔲, respectively, we obtain ‖𝐹‖Kor,𝑠,2𝛼,𝜸2 ≤ ‖𝑓‖Sob,𝑠,2𝛼,𝜼2,𝜔, where
the sequence 𝜼 = (𝜂𝔲)𝔲⊂ℕ is defined by 𝛾2𝔲 ∶= 𝑐|𝔲|2𝛼 𝜂

2
𝔲. The result now follows by applying the 𝐿𝑝 approximation error

bounds from Theorem 7.
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𝑠 𝐼(𝑓 ) with 𝑞 = 2.5 𝐼(𝑓 ) with 𝑞 = 6
2 1.1032908827 1.0986484606
4 1.1040739938 1.0986487483
64 1.1041644920 1.0986487490

Table 4
Computed reference value for integral of reciprocal function (66).

6. Numerical experiments
In this section we present results for the weighted quadrature rule for both the full and subsampled lattice for a

range of values 𝛼 ∈ {1, 2, 3} in dimensions up to 𝑠 = 64. The values of𝑁 tested are prime numbers (roughly doubling
at each step) in the range

𝑁 ∈ {131, 257, 521, 1031, 2053, 4099, 8209, 16411, 32771, 65537, 131101, 262147, 524309}

For the full lattice, the weights are computed using the FFT via (26) as described in Section 3.3 and for the subsampled
lattice the system (28) is solved using the conjugate gradient iterative method with FFT (Method 3) as described in
Section 3.4. The subsampling set 𝐽 is chosen randomly (with replacement) with size |𝐽 | = ⌈

√

𝑁 log𝑁⌉, as in [1].
The generating vector is constructed using the component-by-component construction for approximation [18] using
POD weights given by

𝛾𝔲 = Γ
|𝔲|

∏

𝑗∈𝔲
𝛾𝑗 with 𝛾𝑗 =

1
𝑗𝑞
, Γ𝓁 = 𝓁! , (65)

where 𝑞 > 1 is a parameter matched to the decay of the variables in each test integrand below.
All computations were performed on the computational cluster Katana [42] at UNSW Sydney.

6.1. Example 1: reciprocal function
First, we test our method for the reciprocal function, for 𝑞 ≥ 2 given by

𝑓 (𝒙) = 1
1 +

∑𝑠
𝑗=1(𝑥𝑗 −

1
2 )∕𝑗

𝑞
, (66)

which has been studied previously in, e.g., [17, 1]. We study the convergence of the new quadrature rule applied to 𝑓
for two different decays 𝑞 ∈ {2.5, 6} and dimension 𝑠 ∈ {2, 4, 64}.

The error is computed by comparing the weighted quadrature rules (23) and (27) to a reference integral, which was
computed to accuracy < 10−10 using a combination of explicitly integrating the first two dominant dimensions then
applying a randomly-shifted rank-1 lattice rule with 223 points and 64 random shifts (229 points in total). The computed
reference value of the integral is given in Table 4. Since the first two dimensions are integrated analytically, the value
of the integral is exact for 𝑠 = 2.

In Figure 3 we plot the error for the reciprocal function with the faster decay 𝑞 = 6 (more smooth). Subfigures
(a), (b), (c) give results in different dimensions for 𝛼 = 1, 2, 3, respectively, and subfigure (d) compares the full and
subsampled lattice for different 𝛼 in dimension 64. The two dashed lines indicate two rates we expect from our theory
as summarised in Table 1: green is the best possible rate with dimension dependence (𝑝 = 2) and doubling the rate
effect, whereas magenta is the slower dimension independent rate (𝑝 = ∞) without the doubling the rate effect. Note
that the number of function evaluations on the horizontal scale is not the same across the figures. For this faster decay
(i.e., more smooth) case, we observe the best possible rate 𝑁−𝛼 for the full lattice for all values of 𝛼, with even faster
convergence for 𝛼 = 1 or in lower dimensions for 𝛼 = 2, 3. Comparing the full lattice with the subsampled lattice for
dimension 𝑠 = 64 in Figure 3(d), we observe that the full and subsampled lattices exhibit similar behaviour, with both
the full and subsampled lattice converging at a rate of roughly 𝛼.

In Figure 4 we plot the results for the slower decay 𝑞 = 2.5 (less smooth), where again subfigures (a), (b), (c) give
results for 𝛼 = 1, 2, 3, respectively, and (d) compares the full and subsampled lattice. For this more difficult function,
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(d) Full vs subsampled lattice for 𝛼 = 1, 2, 3 (𝑠 = 64).
Figure 3: Convergence of error for reciprocal function (66) for decay 𝑞 = 6.

we only observe the best possible rate of𝑁−𝛼 for 𝛼 = 1 or for lower dimensions when 𝛼 = 2, 3. For 𝛼 = 2 in dimension
64, we only begin to observe close to the best rate of 2 for higher𝑁 , whereas for 𝛼 = 3 we only observe the slower rate
of 𝛼2 − 1

4 = 1.25, i.e., we do not observe the doubling the rate effect. Similar to the 𝑞 = 6 case, the full and subsampled
rules exhibit comparable behavior when using a comparable number of points overall.
6.2. Example 2: product function

For a given 𝛼 ≥ 1 and 𝑞 ≥ 1, we also consider the product function

𝑓 (𝒙) =
𝑠

∏

𝑗=1

1 + 𝑥𝛼+1∕2𝑗 ∕𝑗𝑞

1 + 1∕[(𝛼 + 3∕2)𝑗𝑞]
(67)

for which the integral is equal to 1 in all dimensions. Note that for a given 𝛼, we have that 𝑓 ∈ 𝐻Sob
𝑠,𝛼,𝜷,𝜔, but 𝑓 does

not belong to 𝐻Sob
𝑠,𝛼+1,𝜷,𝜔, and so we do not expect to see the full doubling the rate effect.

For this product function we again tested two decays 𝑞 ∈ {2.5, 6} and 𝛼 ∈ {1, 2, 3}. The results for 𝑞 = 6 are given
in Figure 5. We observe similar behavior as for the reciprocal function, however, since the product function is not in
𝐻Sob
𝑠,𝛼+1,𝜷,𝜔, for higher 𝛼 and decay (𝛼 = 3, 𝑞 = 6 in Figure 5(c)) we do not observe the full doubling the rate effect,
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(d) Full vs subsampled lattice for 𝛼 = 1, 2, 3 (𝑠 = 64).
Figure 4: Convergence of error for reciprocal function (66) for decay 𝑞 = 2.5.

but instead see an intermediate rate as predicted by Theorem 9. The results for 𝑞 = 2.5 are similar to the reciprocal
function and so have not been included.

7. Other related strategies
7.1. A common periodization method

Many papers (see for example [31] and [44]) have used a coordinate transformation to achieve a somewhat smooth
periodic integrand, as in (for the univariate case)

∫

1

0
𝑓 (𝑥) d𝑥 = ∫

1

0
𝑓 (𝜙(𝑦))𝜙′(𝑦) d𝑦.

Here 𝜙 is a smooth increasing function mapping [0, 1] onto [0, 1], with one or more vanishing derivatives at both 0
and 1. Examples are 𝜙(𝑡) ∶= 3𝑡2 −2𝑡3 due to Korobov [31] and 𝜙(𝑡) ∶= 𝑡− sin(2𝜋𝑡)∕(2𝜋) due to Sidi [44]. Because of
the vanishing derivatives at the end points the resulting integrand 𝑓 (𝜙(𝑦))𝜙′(𝑦) can be considered as a single period
of a somewhat smooth periodic function on ℝ, whose integral can then be approximated by the trapeziodal rule, which
from the Euler–Maclaurin expansion can be highly acccurate for integration over a full period of a periodic function.
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(d) Full vs subsampled lattice for 𝛼 = 1, 2, 3 (𝑠 = 64).
Figure 5: Convergence of error for product function (67) for decay 𝑞 = 6.

Since periodicity is enforced by requiring 𝜙′(0) = 0 = 𝜙′(1), the end result is a rule of the form

∫

1

0
𝑓 (𝑥) d𝑥 ≈ 1

𝑁

𝑁−1
∑

𝑘=1
𝑓 (𝜙(𝑡𝑘))𝜙′(𝑡𝑘), with 𝑡𝑘 = 𝑘

𝑁 for 𝑘 = 1,… , 𝑁 − 1.

Note that that this commonly used strategy (even with its lattice generalization to the multivariate case) is
completely different from the method introduced in this paper. Firstly, our function 𝜓 in (4) is not monotone. To
the contrary, our function 𝜓 traverses the interval [0, 1] twice with respect to 𝑥 (see Figure 1), first increasing from 0
to 1, then smoothly reversing. Secondly, our transformed integrand 𝑓 (𝜓(𝑦))𝜇(𝑦) makes no pretence to be smooth —
rather, the weight function 𝜇(𝑦) = |𝜓 ′(𝑦)|∕2 has a simple discontinuity in its first derivative.

Multivariate applications of Korobov’s periodization technique using lattice points have been considered since the
paper [31], but mostly not giving an error analysis in the setting of weighted mixed derivative Hilbert spaces, as in
the current paper. An exception is [36], whose main conclusion was that this periodization strategy may fail in high
dimensions, in that the error can grow exponentially with 𝑠 because the Sobolev space norm of the periodized integrand
𝑓 (𝜙(𝑦))𝜙′(𝑦) can be exponentially large compared to the Sobolev space norm of the original function 𝑓 . Finally, the
paper [3] explores a number of periodizing transformations in the multivariate-plus-lattice context, including a favoured
transcendental transformation.
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7.2. The method of product integration
The method of the present paper can be seen as a multivariate variant of the so-called method of product integration,

see [54, 16], which was designed to handle univariate integrals of the form ∫ 1
0 𝑓 (𝑥) 𝜈(𝑥) d𝑥, where 𝑓 is smooth and 𝜈

is (weakly) singular. The essence of the method is to approximate 𝑓 to high accuracy by polynomial interpolation at
suitable points 𝑡1, 𝑡2,… , 𝑡𝑁 ∈ [0, 1], and then to evaluate the integral of a polynomial basis set times 𝜈 numerically to
high accuracy. The approximate integral is expressed finally in the form

∫

1

0
𝑓 (𝑥) 𝜈(𝑥) d𝑥 ≈

𝑁
∑

𝑘=1
𝑤𝑘 𝑓 (𝑡𝑘),

where the weights𝑤𝑘 incorporate the influence of the weakly singular function 𝜈. In the present method the polynomial
basis is replaced by a set of translated kernel functions, and the weakly singular function 𝜈 is replaced by the weight
function 𝜇.

In some situations (for example interpolation at the Clenshaw–Curtis points or the zeros of Jacobi polynomials) the
computed product-integration weights 𝑤𝑘 are known to have a very desirable stability property if 𝜈 is non-negative,
namely that of “asymptotic positivity” [47], meaning that

lim
𝑁→∞

𝑁
∑

𝑘=1
𝑤𝑘 = lim

𝑁→∞

𝑁
∑

𝑘=1
|𝑤𝑘|.

This property implies that for 𝑁 sufficiently large the contribution of negative weights to the sum of absolute values
becomes vanishingly small. The asymptotic positivity property is not known to hold for the present multivariate
method.
7.3. Integrating the tent-transformed integrand

The method of integrating after application of the so-called tent transform, given in the univariate case by
𝑥 = 𝜙(𝑦) ∶= max{2𝑦, 1 − 2𝑦}, see e.g., [24, 20, 49, 9], can be seen as an extreme example of the periodization
method in Subsection 7.1, except that here 𝜙 is not monotone, instead (in the univariate case) traversing [0, 1] twice.
Because this 𝜙(𝑦) does not have any vanishing derivatives at the end points and is not smooth, the tent transform
method does not permit convergence of arbitrary order. However, it does have the advantage that the resulting density
is trivially equal to 1, and also, as shown in [24], that it can achieve the convergence order appropriate to smoothness
𝛼 = 2.

We note that this method can also be seen as an extreme example of the product-integration method from
Section 7.2, but with a periodizing function that, unlike 𝜓 given by (4), is very far from being smooth.
7.4. Chebyshev lattices

We have already mentioned in Subsection 3.2 that our transformed lattice points are related to Chebyshev lattices
[10]. These are typically defined for an even number of points 𝑁 . Also, the transformation 𝑥 = cos(𝜋𝑦) in [10,
Definition 1] differs from 𝜓 in (4) only to the extent of mapping [−1, 1] to [−1, 1] instead of [0, 1] to [0, 1], as here. An
alternative interpretation as described in [33] is that the points are first tent-transformed and then cosine-transformed,
which allows also for odd 𝑁 . For both odd and even 𝑁 , there is duplication of points due to the tent transform. There
will be exactly ⌊𝑁∕2 + 1⌋ distinct points if gcd(𝑧𝑗 , 𝑁) = 1 for at least one component 𝑧𝑗 of the lattice generating
vector 𝒛, see [33, Lemma 12 and Subsection 4.3].
7.5. Higher-order digital nets

A key competitor to the method presented in this paper is the method of high-order digital nets as initiated by Dick
[11]. These are methods of a completely different kind. They are quasi-Monte Carlo methods, that is, they are equal
weight rules, with𝑤𝑘 = 1∕𝑁 . For the integration problem they can achieve the full order of convergence for functions
in 𝐻mix

𝛼 [21] and can be computed by a component-by-component construction [19]. But order of convergence is
not the only consideration. Also of importance is the implied constant, including its rate of growth with respect to
dimensionality and order 𝛼. There are also reported difficulties in the implementation of higher-order digital nets, in
that high-precision arithmetic may be required. A detailed comparison is beyond the scope of this paper, but should
be carried out in the future.
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