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CONVERGENCE OF A DISCONTINUOUS GALERKIN
MULTISCALE METHOD*
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Abstract. We present a discontinuous Galerkin multiscale method for second order elliptic
problems and prove convergence. We consider a heterogeneous and highly varying diffusion coeffi-
cient in L (£, Rg;fi) with uniform spectral bounds without any assumption on scale separation or
periodicity. The multiscale method uses a corrected basis that is computed on patches/subdomains.
The error, due to truncation of the corrected basis, decreases exponentially with the size of the
patches. Hence, to achieve an algebraic convergence rate of the multiscale solution on a uniform
mesh with mesh size H to a reference solution, it is sufficient to choose the patch sizes O(H|log H]).
We also discuss a way to further localize the corrected basis to elementwise support. Improved con-
vergence rate can be achieved depending on the piecewise regularity of the forcing function. Linear
convergence in energy norm and quadratic convergence in the L?-norm is obtained independently of
the forcing function. A series of numerical experiments confirms the theoretical rates of convergence.

Key words. multiscale method, discontinuous Galerkin, a priori error estimate, convergence
AMS subject classifications. 65N12, 656N30

DOI. 10.1137/120900113

1. Introduction. This work considers the numerical solution of second order
elliptic problems with a heterogeneous and highly varying (nonperiodic) diffusion co-
efficient. The heterogeneities and oscillations of the coefficient may appear on several
nonseparated scales. More specifically, let @ C R? be a bounded Lipschitz domain
with polygonal boundary I'. The boundary I' may be partitioned into some subset
I'p (the Dirichlet boundary) with positive measure and its complement I'y :=T'\T'p
(the, possibly empty, Neumann boundary). We assume that the diffusion matrix
A e L™ (Q,RE<Y) has uniform spectral bounds 0 < a, 8 < oo, defined by

sym
(1.1) 0 < av:=essinf inf A) v < esssup sup (A@)v) -v

=: 3 < o0.
z€Q veRI\{0} V-V z€Q veRd\{0} VU

Given f € L?(Q), we seek the weak solution to the boundary-value problem

-V -AVu=f inQ,
u=0 onlIp,
v-AVu=0 only,

*Received by the editors November 26, 2012; accepted for publication (in revised form) October
3, 2013; published electronically December 11, 2013.

http://www.siam.org/journals/sinum/51-6,/90011.html

fInformation Technology, Uppsala University, Uppsala, SE-751 05, Sweden (daniel.elfverson@it.
uu.se, axel.malqvist@.it.uu.se). These authors were supported by the Swedish Research Council and
the Goran Gustafsson Foundation.

fDepartment of Mathematics, University of Leicester, Leicester, LE1 7TRH, UK (emmanuil.
georgoulis@le.ac.uk).

$Institut fiir Mathematik, Humboldt-Universitit zu Berlin, Berlin 10099, Germany (peterseim@
math.hu-berlin.de). This author was supported by the DFG Research Center Matheon Berlin
through project C33.

3351



3352 ELFVERSON, GEORGOULIS, MALQVIST, AND PETERSEIM

ie., we seek u € HH(Q) := {v e H(Q) | v|r, = 0} such that
(1.2) a (u,v) := / AVu - Vodz = / fvdz =: F(v) forall v € HH(Q).
Q Q

Many methods have been developed in recent years to overcome the lack of per-
formance of classical finite element methods when A is rough, meaning that A has
discontinuities and/or high variation; we refer to [6, 4, 19, 8, 1, 2], among others. Com-
mon to all the aforementioned approaches is the idea to solve problems on small sub-
domains and to use the results to construct a better basis for some Galerkin method
or to modify the coarse scale operator. However, apart from the one-dimensional
setting, the performance of those methods correlates strongly with periodicity and
scale separation of the diffusion coefficient. There has also been work to design a
hierarchical basis such that the multigrid convergence rate does not depended on the
variation in the coefficients, e.g., [29], where they assume that the diffusion coefficient
fulfills a so-called quasi-monotone property.

Other approaches [7, 28, 5, 11, 12] perform well without any assumptions on
periodicity or scale separation in the diffusion coefficient at the price of a high com-
putational cost: in [7, 28] the support of the modified basis functions is large and
in [5, 11, 12] the computation of the basis functions involves the solutions of local
eigenvalue problems.

In the framework of the variational multiscale method (VMS), introduced in [21,
22], the space for which the solution is sought is split into a coarse and a fine scale
contribution. Writing the fine scale contribution in terms of the coarse scale residuals
eliminates it from the coarse scale equation. This was first employed in an adaptive
setting in the adaptive VMS [24], where the basic idea is to split the fine scale residuals
into localized contributions solved on element patches, possibly larger than a single
element, with the Dirichlet boundary condition. Using the solution from the fine scale
patches a modified nonsymmetric (Petrov—Galerkin) formulation is obtained on the
coarse scale. An a posteriori error bound is derived and used within an adaptive
algorithm to automatically tune the coarse and fine mesh size as well as the size of
the patches.

An abstract framework for constructing multiscale methods for elliptic partial
differential equations using the VMS framework is derived in [27]. Both symmetric
and nonsymmetric (Petrov-Galerkin) formulations are considered and an a posteriori
error bound is derived both for convection-diffusion-reaction problems and for the
Poisson’s equations on mixed form.

Ounly recently in [25] the first rigorous a priori error bound for a VMS was
derived, which allows for textbook convergence with respect to the mesh size H,
v —vul g1 o) < Crp/oH with a constant Cy 5/, that depends on f and the global
bounds of the diffusion coefficient but not on its variations. This result, which is a nat-
ural extension of [24, 27], is achieved using a local orthogonal decomposition technique,
where an operator dependent modification of the classical nodal basis is constructed
using the solution of local problems on vertex patches of diameter O(H|log H|). In
the error analysis, the size of the patches depends on the global bound of the diffusion
coefficient. This indicates that it may not be suited for high contrast (or degenerate)
problems; however, numerical experiments show promising results also for these cases
[25]. The methodology has been extended to semilinear elliptic problems [16] and
(non)linear eigenvalue problems [26, 15]. In [17] it is shown that the approach may



CONVERGENCE OF A DG MULTISCALE METHOD 3353

also be interpreted as a multiscale finite element method, in the sense of [18], with
some novel oversampling strategy.

In this work, we present a discontinuous Galerkin (dG) multiscale method with
similar performance as [25]. We show that the error between the exact solution and
the solution obtained by the dG multiscale method converge as C +,8/oH in standard
dG energy norm for f € L?(Q). Higher convergence rates (up to C'f75/aH3) can be
obtained depending on the elementwise regularity of f. We also give an error bound
for a quantity of interest (a linear functional of the solution) and the convergence rate

}HBMHQ (up to C}”B/QH“) in the L?-norm follows. Adaptivity for the dG multiscale
method is considered in [13] and an extension of the a priori analysis to convection
dominated convection-diffusion-reaction problems is considered in [14]. Since the dG
method seeks the solution in a nonconforming space, the elementwise L2-projection
as the split between the coarse and fine contribution is now admissible. This is a more
natural choice than, e.g., the nodal interpolant used in [24] for multiscale applications
and may lead to better performance of the dG-based multiscale method (compared
to conforming variants) for eigenvalue computations [26, 15].

The dG finite element method admits good conservation properties of the state
variable and also offers the use of very general meshes due to the lack of interelement
continuity requirements, e.g., meshes that contain several different types of elements
and/or hanging nodes. Both these features are crucial in many multiscale applications.

Although the error analysis presented in this work is restricted to regular simpli-
cial or quadrilateral/hexahedral meshes, we stress that all the results appear to be
extendable for the case of irregular meshes (i.e., meshes containing hanging nodes).
We refrained from presenting these extensions here for simplicity of the current pre-
sentation. Under these assumptions, we provide a complete a priori error analysis of
this method including errors caused by the approximation of basis functions.

In this dG multiscale method and in previous related methods [25, 13], the ac-
curacy is ensured by enlarging the support of basis functions appropriately. Hence,
supports of basis functions overlap and the communication is no longer restricted to
neighboring elements but is present also between elements at a certain distance. This
overlap leads to a slight decrease of sparsity of the coarse stiffness matrix. We will
show that the overhead is acceptable in the sense that it scales only logarithmically
with respect to the coarse mesh size.

In order to retain the dG-typical sparse structure of the stiffness matrix with
communication restricted to neighboring elements only, we discuss the possibility of
localizing the multiscale basis functions to single elements. Instead of having O(1)
basis functions per element with O(H|log H|) support, we would then have O(| log H)
basis functions per element with element support. The elementwise application of
an eigenvalue decomposition easily prevents ill-conditioning of the element stiffness
matrices, while simultaneously offering further compression of the multiscale basis.

The outline of the paper is as follows. In section 2, we recall the dG finite element
method. Section 3 defines our multiscale method, which is then analyzed in section 4.
Section 5 presents numerical experiments confirming the theoretical developments.
Finally, in section 6 we draw some conclusions.

Throughout this paper, standard notation for Lebesgue and Sobolev spaces is
employed. Let 0 < C' < oo be any generic constant that depends on neither the mesh
size nor the diffusion matrix A; a < b abbreviates an inequality a < Cb and a =~ b
abbreviates a < b < a. Also, let the constant Cz/, depend on the minimum and
maximum bounds (« and ) of the diffusion matrix A in (1.1).
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2. Fine scale discretization.

2.1. Finite element meshes and spaces. Let 7 denote a subdivision of
into (closed) regular simplices or into quadrilaterals (for d = 2) or hexahedra (for
d=3),ie., Q= UperT. We assume that 7 is conforming in the sense that any two
elements are either disjoint or share exactly one edge or vertex.

Let &€ denote the set of edges (or faces for d = 3) of T; £(Q) denotes the set of
interior edges; and £(T"), £(T'p), and E(T' ) refer to the set of edges on the boundary
of €2, on the Dirichlet, and on the Neumann boundary, respectively. Let T, denote
the reference simplex or (hyper)cube and let P,(T") and Q,(T) denote the spaces of
polynomials of degree less than or equal to p in all and on each variable, respectively.
We define the set of piecewise polynomials

P (T)={v:Q—=R|forallT € T,v|poFr € R,(T)}
with R, € {P,, Q,}, where Fr : T — T, T € T is a family of element maps. Let also
(2.1) IL,(T) : L*() = Po(T)

denote the L2-projection onto T-piecewise polynomial functions of order p. In par-
ticular, we have (Io(7T)f)|r = |T|™" [, fdz, T € T, for all f € L*(Q). Note that
v € P,(T) does not necessarily belong to H!(Q2). The T-piecewise gradient Vv,
with (V7v)|7 = V(v|7) for all T € T, is well-defined and Vv € (P,_1(T)).

For any interior edge/face e € £(Q) there are two adjacent elements 7~ and T
with e = 9T~ N JTT. We define v to be the normal vector of e that points from 7"~
to TF. For boundary edges/faces e € £(T) let v be the outward unit normal vector
of Q.

Define the jump of v € Py (T) across e € £(Q) by [v] := v|p- — v|p+ and define
[v] := v|. for e € E(T"). The average of v € P,(T) across e € £(Q) is defined by
{v} = (v|pr- + v|7+)/2 and for boundary edges e € E(T') by {v} := v|.. Also, we
make the shorthand notation E(QUT) = £(Q) U E(T).

In the remaining part of this work, we consider two different meshes: a coarse mesh
Tr and a fine mesh T, with respective definitions for the edges/faces £ and &,. We
denote the Tr-piecewise gradient by Vv := Vv and, respectively, Vyv := V1, v for
the Tp,-piecewise gradient. We assume that the fine mesh 7}, is the result of one or more
refinements of the coarse mesh Tgy. The subscripts h, H refer to the corresponding
mesh sizes; in particular, we have H € Py(Ty) with H|p = diam(T) =: Hy for all
T € Ty, H. = diame for all e € Ey, h € Py(Tp,) with h|r = diam(T') =: hy for all
T € Ty, and h, = diame for all e € &,. Obviously, h < H. For simplicity we assume
that the discontinuities in A are aligned with the fine mesh 7}.

2.2. Discretization by the symmetric interior penalty method. We con-
sider the symmetric interior penalty method (SIP) dG method [9, 3, 20]. We seek
an approximation in the space Vj, := P;1(7p). Given some positive penalty parameter
o > 0, we define the symmetric bilinear form ap : Vi, X Vi, — R by

(2.2) an(u,v) = (AVipu, Viv)r2) — Z <({1/ - AVu}, [v]) 2 (e

e€E (QUI'D)

g

+ ({v- AV}, [u]) p2(e) — h—e([u]a [U])L2(6)>'
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The jump-seminorm associated with the space V}, is defined by

(2.3) o= Y hi€||[-]||%2<e>,

eefh(QUFD)
while the energy norm in V}, is then given by
(2.4) 1@ [lln == (1AY2V5 @ |72 + | o 7).

If the penalty parameter is chosen sufficiently large, the dG bilinear form (2.2) is
coercive and bounded with respect to the energy norm (2.4).

Remark 1. The penalty parameter, o, depends of the arithmetic mean of diffusion
coefficient on edge e. If a SIP with a weighted average would be used [10], the
penalty parameter, o, would instead depend on the harmonic average of the diffusion
coefficient. For simplicity of the presentation and since this choice suffices for our
purposes, here we consider the standard SIP dG formulation. Hence, there exists a
(unique) dG approximation uy € Vy, satisfying

(2.5) ap(up,v) = F(v) forall v € V.

We assume that (2.5) is computationally intractable for practical problems, so we
shall never seek to solve for uy directly. Instead, uj will serve as a reference solution
to compare our low dimensional coarse grid multiscale dG approximation with. The
underlying assumption is that the mesh 7 is chosen sufficiently fine so that wy is
sufficiently accurate. The aim of this work is to devise and analyze a multiscale dG
discretization with coarse scale H in such a way that the accuracy of uy is preserved
up to an O(H) perturbation independent of the variation of the coefficient A.

3. Discontinuous Galerkin multiscale method. As mentioned above, the
choice of the reference mesh 7}, is not directly related to the desired accuracy but
is instead strongly affected by the roughness and variation of the coefficient A. The
corresponding coarse mesh Ty, with mesh width function H > h, is assumed to be
completely independent of A. In the spirit of [21, 22] the test space is divided into
coarse and fine components, where the fine scale components are computed on the
patches (submeshes) of the reference mesh. To encapsulate the fine scale information
in the coarse mesh, we shall design coarse generalized finite element spaces based
on Tg.

3.1. Multiscale decompositions. We introduce a two-scale splitting for the
space Vy,. To this end, let Iy := I11(7x), from (2.1), and define Vg := UxV, =
Pl (TH) and

V= (1=Tg)Vy ={v eV, | Igv=0}.
LEMMA 2 (L2-orthogonal multiscale decomposition). The decomposition
Vi =Vg &V

is orthogonal in L*(9).

Proof. The proof is immediate, as any v € V), can be decomposed uniquely into
a coarse finite element function vy := IIgv € Vg and a (possibly highly oscillatory)
remainder v! ;= (1 — Ilx)v € V! with HU||2L2(Q) = ||vH||2L2(Q) + HUfH%%Q)' a

We now orthogonalize the above splitting with respect to the dG scalar
product aj; we keep the space of fine scale oscillations V! and simply replace Vg
with the orthogonal complement of Vf in V). We define the fine scale projection
F:v, - M by
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(3.1) an(Fv,w) = ap(v,w) for all w € VE.
Using the fine scale projection, we can define the coarse scale approximation space by
Vi® = (1-5%)Vu.
LEMMA 3 (ap-orthogonal multiscale decomposition). The decomposition
Vi =V gVt

is orthogonal with respect to ap, i.e., any function v in Vy, can be decomposed uniquely
into some function v'* € VI plus vt € YV with C~||v[||2 < |[|lvme]|Z + |||[0f]]]? <
C|||v|||?, where the constant C only depends on the coercivity and continuity con-
stants of the bilinear form. The functions v'#* € V* and v € V' are the Galerkin
projections of v € Vi, onto the subspaces Vii° and Vi e,

ap(vy’,w) = ap(v,w)  for all w € Vi®,

an (W', w) = ap(v,w)  for all w € V'
The unique Galerkin approximation u7;® € Vi® of u € V solves
(3.2) ap(uf®,v) = F(v) for all v € Vi°.

We shall see in the error analysis (cf. Theorem 9) that the orthogonality yields error
estimates (with respect to a reference solution) for the Galerkin approximation u’}® €
Vip® of (3.2) that are independent of the regularity of the solution and of the variation
in the diffusion coefficient A. However, the space Vj}*® is not suitable for practical
computations as a local basis for this space is not easily available. Indeed, given a basis
of Vi, e.g., the elementwise Lagrange basis functions {Ar; | T € Ta, j=1,...,7},
where r = (1 + d) for regular simplices or 7 = 2¢ for quadrilaterals/hexahedra, the
space VJ}® is spanned by the corrected basis functions (1 — §)Ar,;, T € Ta, j =
1,...,r. Although A7 ; has local support supp Ar; = T, its corrected version (1 —
§)Ar,; has global support in €, as (3.1) is a variational problem on the whole domain
). Fortunately, as we shall prove below, the corrector functions ¢r ; decay quickly
away from T. (See previous numerical results in [13] and a similar observation for a
related conforming method [25].) This decay motivates the local approximation of the
corrector functions at the expense of introducing small perturbations in the method’s
accuracy.

3.2. Localization and computational method. The localized approxima-
tions of the corrector functions are supported on element patches in the coarse
mesh Ty.

DEFINITION 4. For all T € Ty, define element patches with size L as

wy = int(T),
wh = int(U{T € Ty | T'N@E" #0Y), L=1,2,....

We refer to Figure 3.1 for an illustration.
We introduce a new discretization parameter 0 < L € N and define localized
corrector functions ¢z ; € V'(wp) := {v € V' | v]gz = 0} by

(3.3) ah(%Lw)j, w) = ap(Arj,w) for all w € Vi(wk).
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F1c. 3.1. Ezample of a one-layer patch w%, a two-layer patch w%, and a three-layer patch w%
on a quadrilateral mesh.

Further, we define the multiscale approximation space

(3.4) Vit =span{Ar; —é7; | T €T, j=1,...,7}.
The dG multiscale method seeks u/7** € Vi'*'* such that

(3.5) an(u>" v) = F(v) for all v € Vi*r.

Since VZ,”’L C Vh, this method is a Galerkin method in the Hilbert space V;, (with
scalar product ay,) and hence inherits well-posedness from the reference discretization
(2.5).

Moreover, the proposed basis {\r; — gb:LpJ | T € Tu, j =1,...,r} is stable with
respect to the fine scale parameter h, as we shall see in Lemma 8 below.

3.3. Compressed dG multiscale method. The basis functions in the above
multiscale method have enlarged supports (element patches) when compared with
standard dG methods (elements). We can decompose the corrector functions into its
element contributions

L L
¢T,j = E ¢T,jXT',
T’GTH:T’Cw%

where y7- is the indicator function of the element T” € Ty.
This motivates the coarse approximation space

szs,L = Span({AT,j |T S TH, ] = 1, . ,T}
u {¢7L~)jXT/ T, T" € Ty, T' Cwf, j=1,...,1}).

This space offers the advantage of a known basis with elementwise support which
leads to improved (localized) connectivity in the corresponding stiffness matrix. This
is at the expense of a slight increase in the dimension of the space

(3.6) dim(Wi*") = LY dim(V*F).

The corresponding localized dG multiscale method seeks wzs’L € W;?S’L such
that

(3.7) an(wip* v) = F(v) for allv € Wi>".
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Since V&t ¢ Wit  V,, Galerkin orthogonality yields
(3.8) N = wig*Fn < lun = g [[]n,

i.e., the new localized version (3.7) is never worse than the previous multiscale approx-
imation in terms of accuracy. However, it may lead to very ill-conditioned element
stiffness matrices. (See Lemma 11, which shows that qS:Lp) ;X may be very small if
the distance between T" and T” relative to their sizes is large.)

To circumvent ill-conditioning, one may choose a reduced local approximation
space based on an eigendecomposition of the element stiffness matrix. The eigen-
functions which correspond to sufficiently large eigenvalues (principal components)
are used as basis functions for the reduced space. Since the dimension of the element
stiffness matrix is small (at most proportional to L% x L9), the cost of this addi-
tional preprocessing step is negligible when compared with the cost of solving the
local problems for the corrector functions.

To determine an acceptable level of truncation of the localized basis functions, we
can use the a posteriori error estimator contribution of the local problem from [13],
which is an estimation of the local fine scale error. Using an adaptive algorithm in
[13] to determine the size of the patches may additionally lead to large reduction of
the dimension of the local approximation spaces (3.6), since in (3.6) all the patches
are assumed to have the same size L.

4. Error analysis. We present an a priori error analysis for the proposed multi-
scale method (3.5). In view of (3.8), this analysis applies immediately to the modified
versions presented in section 3.3. The error analysis will be split into a number of
steps. First, in section 4.1, we present some properties of the coarse scale projection
operator IIy. In section 4.2, an error bound for dG multiscale method u’%;® from
(3.2) (Theorem 9) is shown, whereby the corrected basis functions are solved glob-
ally. Results for the decay of the localized corrected basis function (Lemmas 11 and
12) are shown, along with an error bound for the dG multiscale method uf™" from
(3.5) (Theorem 13), where the corrected basis functions are solved locally on element
patches. Finally, in section 4.3, we show an error bound given a quantity of interest
(Theorem 15), leading to an error bound in the L?-norm (Corollary 16).

We shall make use of the following (semi)norms. The jump-seminorm and energy
norms, associated with the coarse space Vg, are defined by

g
o= > gl\[-]lliz@v
ecEg(QUTp) ¢
el = (|AY*Vi o [F2) + | o7)"?,

respectively, along with a localized version of the local jump and energy norms (2.3)
and (2.4) on a patch w C €, where w is aligned with the mesh 7}, given by

(o
|o |i2w = Z h—||[']||2L2(e)a

e€&R (QUI'D):
eNw#0

(IAY2Vh o (|72 + o 7.0) ">

el :

The shape-regularity assumptions hy = h, for all e € 9T : T € T, and Hr ~ H. for
allT € 9T : T € Ty will also be used.



CONVERGENCE OF A DG MULTISCALE METHOD 3359

4.1. Properties of the coarse scale projection operator Ilf. The follow-
ing lemma gives stability and approximation properties of the operator 1.
LEMMA 5. For any v € Vi, the estimate

H o =Tgo| 2y S o2 lo]|lnr
is satisfied for all T € Ty. Moreover, it holds that
B2 ol + 1 H ™ (v = Hgo)| r2) S o2 [[[v]lla,

where a and B are defined in (1.1).
Proof. Theorem 2.2 in [23] implies that for each v € V, there exists a bounded
linear operator Z§ : Vy, — V), N H'(£2) such that

(4.1) BV AYAY (0 = Tio) | 2 gry + [P (0 = i)z S @ VP ulnr

We split v = v¢ + v4 € V), into a conforming, v° = Z¢v, and a nonconformin
p g7 hY g7

vl =0 — Z;v, part and obtain

(4.2) H71||’U - HH'UHL2(T) < Hil(H’UC - HHUC||L2(T) + HUd - HH’Ud||L2(T))
SVl + ([ Vi(v = v) | z2ry + H v | p2(r))

<o lolllnr

using the triangle inequality, stability of the L?-projection, and (4.1). Furthermore,

g
ITavl||} = > IVAV(Ig — Oo(Ta)o) 3oy + D g lllve = Tall72,
TeTH e€€u (QUI'D)
1 1
S Z B <ﬁ||v — o (T ol 72 () + ﬁ””c - HH”|%2(T)>

TETH
< Ciralllvllli

using the triangle inequality, (4.1), and (4.2), which concludes the proof. O

The operator Iy is surjective. The next lemma shows that given some vy € Vg
in the image of Ily there exists a H 1—conforrning preimage v € H;{lvH C VYV, with
comparable support.

LEMMA 6. For each vy € Vy, there exists av € Vi,NH(Q) such that llgv = vy,
[lollln S Caalllvallla, and supp(v) C supp(Zivy). Note that the support of Iivy is
one layer of coarse element larger than the support of vy .

Proof. Using Theorem 2.2 in [23] but on the space Vg gives for each v € Vy that
there exists a bounded linear operator Z, : Vg — Vg N H'(2) such that

(4.3)  BVRAYVAV (v — T5) 2y + I1H (v — Z50) ey S o 2 ola -
We define

vi=Thvn+ Y (va(z;) — Tive(r;)) 0r,
TE€Th, j=1,...,r

where 07 ; € V), NH}(T) are coarse scale bubble functions, supported on each element
T, with Il 07 ; = M j and |||07,;]||2 < BH?~2. Observe that supp(v) C supp(Zfve).
The interpolation property follows from
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IIyv —IH’UH + Iy Z ’UH JJJ) I;{’UH(QJJ')) GT,j,
TeTH, j=1,.

=Thon+ Y, (vH(xj) — Txvn(x;))Ar; = va.
TETH, j=1,...,1

To prove stability, we estimate |||v|||n as follows:

C c 2
ol < A2V TgomlZegy + D Jvm(a;) = Tiom () 111651117
TeTw, j=1,...,r

SNAYVPY uT5vn|720) + BIH " (ve — Tiom) |72
< C3alllonll G

using the inverse estimate ||v||pe(ry < H™%?||v| 121y for all v € Vp and using the
estimate (4.3). O

Remark 7. Note that 67 ; € V, N H(T) for all T € Ty (fulfilling the conditions
in Lemma 6) can be constructed using two (or more) refinements of the coarse scale
parameter H. We can let 07 ; € Vi N HY(T), where Vyy C Vj, and h < b/ < 272H.
This does not put a big restriction on h since the mesh 7}, is assumed to be sufficiently
fine to resolve the variation in the coefficient A, while the parameter H does not need
to resolve A.

The following lemma says that the corrected basis is stable with respect to the
fine scale parameter h in the energy norm (2.4); this is not a trivial result since the
basis function {Ar;|T € Ty, j =1,...,r} is discontinuous.

LEMMA 8 (stability of the corrected basis functions). For all T € Ty, j =
1,...,7, and L > 0 € N, the estimate

1Az = &7 5llln < CoyalllArsllla

is satisfied, independently of the fine scale parameter h.
Proof. For any T' € Ty, 7 = 1,...,r, by Lemma 6 there exists a b such that
v=Ar; —bE V,{(w%), and [[|6]||n < Cg/alllAr,jl||m. We have
WAz — ¢7,11E S an(Ary — 0%, Ary — % ;) = an(Arj — 6F 4, Ay — v),
San(Arj — 015,0) S Caralllde — oF |l ;] 1,
which concludes the proof. 0

4.2. A priori estimates. The following theorem gives an error bound for the
idealized dG multiscale method, whereby the correctors for the basis are solved glob-
ally.

THEOREM 9. Let up, € Vy, solve (2.5) and let u}p® € Vi® solve (3.5); then the
estimate

llun = wg*|lln < Cra™ || H(f = )l 120
is satisfied, where Cy depends on neither the mesh (h or H) size nor the diffusion
matriz A.
Proof. Let e := uj, — u* = uy € V'; then
el < anle,e) = (f,€)rz) = (f = Muf,e = ue) 2
< ||H(f — a2l H (e — ue)|| 2

\/—||H(f a2yl
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using Lemma 3, Lemma 2, the Cauchy—Schwarz inequality, and Lemma 5,
respectively. O
DEFINITION 10. The cutoff functions C%’D € Py(Ty) are defined by the conditions

d,D
T |w% = 1)

d,D
CT |Q\w$ =0,

h
e P oo ey S m for all T € Ty,

and C%’D is constant on the boundary O(wR \ wd).

The next lemma shows the exponential decay in the corrected basis; this is a key
result in the analysis.

LEMMA 11. For allT € Ty, j =1,...,r, the estimate

A1y — é15) — Arg — 0 )k = llérs — 7 lln < Cav"[llér; — Arillln
is satisfied with Cs = ch/a’ 0 <y <1 given by v := (ﬁ—ﬁ)%, Co = C’C’g/a, and
L=kl k0 >2eN, noting that C and C' are positive constants that are independent
of the mesh (h or H), of the patch size L, and of the diffusion matriz A.

Proof. Define e := ¢rj — ¢1.; = ¢rj — ¢FF;. We have

(4.4) lellli < anle, dr; — 67;) = anle, ¢r; —v) S [llellln - [, — vllln

for v € Vi (WeF). Let ¢ == ¢ " then by Lemma 6 there exists a b such that v =
Chry —b € VW), b = oy, bl S Cojallllader, |||, and supp(b) C
supp(Z; 11 Cor, ;). We have
(4.5) ér,; — vllln = lllor,; — (Cor,5 — O)|lln

<||ér,; = CorjllIn + [lb]l]n

S ey —Corllin + Coralllla (Cor; — dr5)lllE

S C3alllor; — Corllln-

Furthermore, using the properties of ( we have

(4.6) IVAVA(L = Odrjlliz() < IVAVAST | 2ot
and
(4.7)
ag
(1= Q)¢rli = h_”[(l — Q)71 72(0)
e€En(QUlp) ¢
(o
< Z (41 = Horalliao + oz} = e
e€&L(QUTp) ¢
o 9 Uh% 9
< Y 7 o312 o) + 7z 10T} Iz2(o)
e€ER(QUTD): e e T

eﬁﬂ\wék_ 120

g (o
Z h_H [d)T)j]H%?(e) + FHQSTJ - HHd)T,jHiz(Q\w?k—l)
e€&R (QUI'D): ¢ T

eﬁQ\w§k71¢O

IN

< Calllor Il o o
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using a trace inequality and Lemma 5, respectively. Combining (4.4), (4.5), (4.6), and
(4.7) yields

(4.8) lellln < C3alllér,; = Corllln S Cralllorillly onoo-1-

To simplify notation, let m := ¢(k —1) — 1 and M := ¢k — 1. For np :=1— ;”LM,
we obtain

(4.9) Norillls avwr < llnrérllli S an(irdri,nrér;),

where

(4.10) an(nrérj,nrér,;)
= (AVpnrér., Vanror,i)r2 )

+ ) <—2({V ~AVnrér it Inrer,s)) + h%([ﬂT@nj]a [77T¢T,j])> -

ecéy, (QUFD)
For the first term on the right-hand side of (4.10), we have
(4.11) (AVunrdri, Vanréri) iz ) = (AViér g, Vingér;) 2o

since ny is constant on each element T € T; for the other terms we use (A.3) and
(A4) (withv =07, w=v-AVér; and u = ¢r ;). We can thus arrive at

412)  lorslll: g\wy < anlnrdr,nrér;) = an(ér,npér,;)
+ > (1/2({v- AVer,} nr)Pér) e
e€&r(2)
—1/4([v - AVor,], [n ]2{¢T7j}) 2
= g (P lor g + g (bl {6m.5) 2200))

using (4.9), (4.10), and (4.11). Note that

(4.13)
> (12w AVer 6 o) — 1/A(lv - AVér], Inr]*{ér,i}) 12y

ec&y (Q)
g

T (), (o7 ) L2(e) + - ™ 7 (In )%, {o153)12(e))

h2
S Y (- AVer e leralle
(ZH2

e€&(Q):
eNwy \wm+1 #0

- AV e s ez + 1 (om0 + 1Herd ) )

hr
S Y (aplavorsoarlenlmarr + aglondiamor
. T T
eﬂweiz(r%)rl;ﬁ()

S Bl 2”I{T (d)T,j - HH¢T>j)||i2(wg\F/I\w:Fn+1) < Cg/a€72|||¢T,j|||,21,w%4\w;n+1-
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Using that there exist a b such that IIgzb = HunFér;, [|bl|[n S Csall|lLanzér;|l|a,
and supp(v) C supp(Zgvg) from Lemma 6, we have
(4.14) an(ér.4, 1 ¢15) = an(ér.5, 715 — b) + an(ér,,0) = an(ér;,b)

S MG e 1m0 o1\
< Coralllorillly oy NTENF O o\ -

Furthermore, we have that
(4.15)
L2512 e = L (0 = T (Tar )

= | VAV i1l (7 — o (T ) o, |72 ey
g
+ Z F”[HH(W% — o (Ta)nz) 67,5170

e€EL(QIp): ¢
eNwi \wi #£0

S BlIH: 1HH(7IT - HO(TH)TI%)¢T,J‘||%2(MJTVI\W;1)

< Z BIHZ (7 — Uo(Te )0 )| 7 e ¢yl 6751172 )

TeTh(wi \wi)
SBPNH (b5 — M drs)lIF 2w

2 —2 2
S Caral M1l warywm

using a trace inequality, an inverse inequality, and Lemma 5, respectively. Combining
the inequalities (4.12), (4.13), (4.14), and (4.15) yields

C 2 CQ

o7l ovwn < -1 |||¢Tg|||th+1\wm < |||¢Tj|||hﬂ\w

where Co = C' C’g o+ Substituting back to £ and k and using a cutoff function with a
slightly different argument yields

C
el oz |||¢T,g||| e |||¢T7J||| e(k—2)-1
\ h,Q\wq 0 — h,Q\wi

Co " 2
<...<<€_1) 97411 oyt

which together with (4.8) concludes the proof. O
LEMMA 12. For allT € Ty, j =1,...,r, the estimate

2

d
<art Y (uPller, - ok,

h TETH, j=1,...,r

S viler; — ok )

T€TH, j=1,...,r

is satisfied with Cy = C’Cg/a and C' being a positive constant independent of the mesh
(h or H), of the patch size L, and of the diffusion matriz A.
Proof. Let w = Y per, o1, vi(6r; — &%), and note that

an(ér; — Arj,w — Crw + br) =0,

(4.16) !
an(¢r; — Arj,w — Crw +br) =0,
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where CT — <;+1,L+2

obtain

, using Lemma 6 and the property of the cutoff function. We

(4.17)

ST wiler — ok;)

TeTH, j=1,...,r

S Z vian(¢r,; — ¢1L“,jaw)

h TeTy, j=1,..,r

= > vjan(ér; — ¢f, (rw — br)

S > lul-lllerg — o7 lln (licrwllla + bz lla)

TeTH, j=1,...,r

S D Il lllers — okl

x (lcrwllln + Cajalllaérwll|m)
S >0 il lllérg — 65, 11nC3ullICrwl]]n.

TETH, j=1,...,r
From (4.6) and (4.7), we have
(4.18) ll¢rwllln = lIcrwllly wir2 S Coralllwlllp ez

Then, further estimation of (4.17) can be achieved using (4.18) and the discrete
Cauchy—Schwarz inequality:

> vildry —oty)

1/2 1/2
< Ci/a > loiPlller; — oI > Ml e
T€TH, j=1,...,T TETH, j=1,...,r
1/2
SRl 3 Plller = oElIR | Hllellln

Dividing by w on both sides concludes the proof. O
The following theorem gives an error bound for the dG multiscale method.
THEOREM 13. Let u € HL(Q) solve (1.2) and let ui*" € Vir*" solve (3.5).
Then, the estimate

= w5 <[l = unllln + Cra” 2| H(f = Ta f)l| L2
+ Cs||H Y| oo () LY Y5 fll 220

is satisfied with 0 < v < 1, L from Lemma 11, Cy from Theorem 9, and C; =
CCE/aCi/QC3, where Cs is from Lemma 11 and Cy is from Lemma 12; C is a positive
constant independent of the mesh (h or H), of the patch size L, and of the diffusion
matriz A.

Remark 14. To counteract the factor |[H!|| =) in the error bound in
Theorem 13, we can choose the localization parameter as L = [C'log(||H || (a))]-

On adaptively refined meshes it is recommended to choose L = [C'log(H~1)].



CONVERGENCE OF A DG MULTISCALE METHOD 3365

~ms,L | _ ms NAL :
Proof. We define y™" = rcr, iy, ufpr(z)¢7 ;. Then, we obtain

L ms,L
(4.19)  |Mfu = up™ " Mn < lllw—ag™" [l
~ L
< M = unllln + [llun = w[lln + ug® — @™l
<l = unllln + s = wfln+ 101D i) (@ry — o)l

TE€Tw, j=1,...,r
Now, estimating the terms in (4.19), we have
llun = wi'll|n < Cra™ 2| H(f =T f) r20)

using Theorem 9 and

(4.20) ‘ i

> ufr(e)(ér, - oF,)

T€TH, j=1,...,r

<L > (@) Plller — o1 -

<CCILYE Y (ugr () Plllor, — Al
TETH, j=1,...,1

using Lemmas 12 and 11, respectively. Further estimation, using Lemma 8, yields

(4.21) S () Plllér; — Ayl
TETH, j=1,...,r

SC. D ()Pl 3
TETH, j=1,...,r

SC28 N () PHE A 2 oy
TeTH, j=1,...,r

=C3uB > H (@)A1 e
TETH, j=1,...,r

§C§/a5|| Z HflurﬁfT(mj))\T,jH%%Q)-

TeTH, j=1,...,r

Furthermore, using a Poincaré-Friedrichs inequality for piecewise H' functions, we
deduce

2
(4.22) > Hp'un(z)ie,
TeTh, j=1,...,r L2(Q)
2
S > Hp'ufr(@)u (M — ér;)
TeTw, j=1,...,r L2(Q)

Sa Y[ H gl
S a T HH Y w1720

Combining (4.20), (4.21), and (4.22), we arrive at

ms ms,L 1/2 _
g = uf™ |lln € C3uCo*Cal H [ poo () L4 ¥ || fl r2ey- O
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4.3. Error in a quantity of interest. In engineering applications, we are often
interested in a quantity of interest, usually a functional G(v) of the solution. To this
end, consider the dual reference solution (2.5): find ¢, € V;, such that

(4.23) ap(v,dn) = G(v

) for all v € Vy;
and consider the dual multiscale solution (3.5): find ¢/2>* € V7> such that
)

msL

(4.24) an(v, o5>") = G(v) for all v € V}y

THEOREM 15. Let u € Hb(Q) solve (1.2), let uly™" € Vi* solve (3.5), and let

G(v) be the quantity of interest. Then, the estimate
|G(u) = Gufy™")| S |G (u) = Glun)| + un — w5 [[nlllon — &5 [[]n

is satisfied.

Proof. From (4.23) and (4.24), we obtain the Galerkin orthogonality
(4.25) an(v, o — ¢H>F) =0 for all v € Vii*r.
Using the triangle inequality, we have

(G(w) = Glug™)| < |G(u) = Gun)| +|Glun) — Glug™)].

Finally, observing that

G (un) — Guf™")| = lan(un —uf>", én)]
= lan(un — uf>", gp — @750

L L
S Mun = u™Mlnlllén — 65 Mlln,

using (4.25), concludes the proof. O
COROLLARY 16. For G(v) = (u, — uy>" v V) 2(q), the following L*-norm error
estimates hold:

,L L 1/2 L1/2
lu = o) S llu—unllL2) + [lJun — w2102 6n — 52111

and

ms,L

(4.26) Ju — a2y S 1w —unllr2gy + HIllun — uf™ |l

for L = [Clog(H~Y)] with C a sufficiently large positive constant independent of the
mesh parameters.

Remark 17. As expected, if we are interested in a bounded linear functional with
additional smoothness, a higher convergence rate is obtained for |G (up) — G (uf;™ 5.
For example, given the forcing function for the primal problem f € H™(Tf), a quan-
tity of interest G(v) = (9,v)r2(q), where g € H"(Ty) (with H°(Ty) denoting the
L?(Q) space), and choosing L = [Clog(H ~!)] with large enough C gives

|G () = Guf™™)| S |G(u) — Glun)|

1/2 1/2
+ g ( Z |f|%IM(T)> < Z |g|%1"(T)>

TeETu TETu

for 2> m,n € N.
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5. Numerical experiments. Let Q be an L-shaped domain (constructed by
removing the lower right quadrant in the unit square) and let the forcing function
be f = 1+ cos(2mx)cos(2my) for (z,y) € Q. The boundary I' is divided into the
Neumann boundary I'y :=T'N ({(z,y) : y =0} U {(z,y) : « = 1}) and the Dirichlet
boundary I'p = I' \ I'y. We shall consider three different permeabilities: constant
A; =1, Ay = As(x), which is piecewise constant with periodic values of 1 and 0.01
with respect to a Cartesian grid of width 276 in the z-direction, and Az = Az(z,y),
which is piecewise constant with respect to a Cartesian grid of width 276 in both the
z- and y-directions and has a maximum ratio 3/a = 4-10°. The data for A3 are taken
from layer 64 in the SPE benchmark problem (see http://www.spe.org/web/csp). The
permeabilities Ay and Ajg are illustrated in Figure 5.1. For the periodic problem many
of the corrected basis functions will be identical. For instance, all the local corrected
bases in the interior are solved on identical patches, reducing the computational effort
considerably. In the extreme case of a problem with periodic coefficients on a unit
hypercube, with period boundary conditions, the correctors ¢ ;, j =1,...,r, will be
identical for all T' € Tg.

Consider the uniform (coarse) quadrilateral mesh Tz with size H = 27 i =
1,...,6. The convergence rate —p/2 corresponds to O(HP) since the number of de-
grees of freedom ~ H~2. The corrector functions (3.3) are solved on a subgrid of
a (fine) quadrilateral mesh 7, with mesh size 278. The mesh 7}, will also act as a
reference grid on which we shall compute a reference solution uy, € Vj, (2.5). Note
that the mesh 7j, is chosen so that it resolves the fine scale features of A;, 1 = 1,2, 3;
hence we assume that the solution wuy, is sufficiently accurate.

5.1. Localization parameter. If f € H™(Ty) we have the bound

1/2
(5.1) [H(f —Tu )2 S ( > H%”Iflirkm> ;

TET

where k = 0 for m =0, k =1 for m = 1, and £k = 2 for m > 1. Hence, to balance
the error between the terms on the right-hand side of the estimate in Theorem 13, a
different constant C has to be used for the localization parameter, L = [C log(H ~1)],
depending on the elementwise regularity of the forcing function f on Tg. Figure 5.2

shows the relative error in the energy norm |[||us — ujr*"|||n/||Jun|||n and Figure 5.3

0
-05 R T 8
-1
e 6

s e : H
-2 s H
-25 imaa; ak 2
-3 ERERER=zann 0
-35 S
-4

e -4
s

(a) B/a = 10? (b) B/a~ 4108

F1G. 5.1. The permeability structure of (a) A2 and (b) Az in log scale.
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Relative error in energy norm

Ndo1 (#Degrees of freedom)

Fic. 5.2. Diffusion coefficient A1 = 1. Relative energy-norm error against Ngor for different
values of C for the localization parameter L.

Relative error in L?~norm

i i i

10' 10° 10° * °

N,of (#Degrees of freedom)

F1G. 5.3. Diffusion coefficient A1 = 1. Relative L2-norm error against Ngyof for different values
of C for the localization parameter L.

the relative error in the L?-norm |luj, — qu’LHLz(Q)/Huth(Q) between uy, and u*"

against the number of degrees of freedom Ngof ~ O(H ~2), using different constants
C =1,3/2,2,5/2. With the choice C' = 5/2 the errors due to the localization can be
neglected compared to the errors from the forcing function for both the energy and the
L?norm. For f ¢ H(Ty,), C = 3/2 is sufficient since (5.1) gives linear convergence.
In the remaining numerical experiments we use C' = 2, since this value seems to
balance the error sufficiently. Note that the numerical overhead increases with C' as
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A,
_e_AZ
—+— "3

-3/2
- - - Ndof

Relative error in energy norm

Ndo1 (#Degrees of freedom)

FiG. 5.4. Relative energy-norm error against Ng.r for C = 2 in the localization parameter L
for the the diffusion coefficients A1, Az, and As.
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F1G. 5.5. Relative L%-norm error against Ngop for C = 2 in the localization parameter L for
the diffusion coefficients A1, Az, and As.

the sizes of the patches wk, T € Ty, increase with L = [Clog(H~1)]. This results
in both increased computational cost to compute the corrector functions and reduced
sparseness in the coarse scale stiffness matrix.

5.2. Energy-norm convergence. Let the localization parameter be given by
L = [2log(H™')]. Figure 5.4 shows the relative error in the energy norm plotted
against the number of degrees of freedom. The different permeabilities A;, ¢ = 1,2, 3,
and the singularity arising from the L-shaped domain do not appear to have a
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Relative error in L>-norm

Niof (#Degrees of freedom)

F1G. 5.6. Relative L%-norm error against Ngop for C = 2 in the localization parameter L for
the diffusion coefficients A1, Az, and As.

substantial impact on the convergence rate, which is about —3/2, as expected. We
note in passing that using standard dG on the coarse mesh only admits poor conver-
gence behavior for A, and for As. This is to be expected, since standard dG on the
coarse mesh does not resolve the fine scale features.

5.3. L%?-norm convergence. Again, set L = [2log(H!)]. Figures 5.5 and
5.6 show the relative L?-norm error against the number of degrees of freedom be-
tween uj, and u};*" and between wj, and Mgu'™", viz., ||luj — HHu}T}S’LHLz(Q)/
llunllz2(q), respectively. In Figure 5.5 we see that the L?-norm error between up
and uES’L converges at a faster rate than in the energy norm (convergence rate —2
compared to —3/2, respectively,) as expected from (4.26). In Figure 5.6 only the
coarse part of uES’L is used (i.e., HHuES’L); nevertheless it appears to have a faster
convergence rate than —1/2, except for the case of the permeability As.

6. Concluding remarks. We present a dG multiscale method for second or-
der elliptic problem with heterogeneous and highly varying diffusion coefficients in
LW(Q,RZI;?ﬁ) with uniform spectral bounds. For f € L?*(Q2), the method seeks the
solution uES’L (from (3.5)) in a space of corrected basis function (3.4) calculated on
patches of size O(H log(H™!)) (i.e., L = [Clog(H~1)]). We have shown the error
bounds

ms,L

lw = upg™"llln < [llu—unllln + Cayp,r H
in the energy norm (Theorem 13) and
lu =gyl 2oy < llu— unllz2@) + Coyo s H?

in the L2(Q)-norm (Corollary 16), where u;, (from (2.5)) is the reference solution on

the fine scale and the constants C, /g s and C,/3 s depend on the forcing function f
and the global bound of the diffusion matrix, but not on its variations. Numerical
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experiments show that choosing the localization parameter as L = [2log(H~1)] is
sufficient to achieve good convergence for the diffusion coefficients (A;, Az, and As).

Appendix A. Equalities for averages and jump operators. We derive
equalities for averages and jump operators across interfaces where the functions v and
w have discontinuities. Using [vw] = {v}[w]+ [v[{w} and {v}{w} = {vw} —1/4[v][w],
we have
(A.1) {vw}vu] = {wi{v}ou] + 1/4[v][w][vu]

= {w}v*u] — {w}v]{vu} + 1/4[v][w][vu]
= {w}v*u] — [{wH{v}{u} - 1/4[v]*{w}[u]
+1/4[v)?[w]{u} + 1/4[v]{v}[w][u]

and

(A.2) {vw}ou] = {v{vw}u] + {vw}v]{u}
= {v*w}u] — 1/4fv][vw][u] + {vw}v]{u}
= {v*w}u] — 1/4[*{w}{u] — 1/4[v}{v} w][]
+ {oHwHu} + 1/4 [ [w]{u}.

Combining (A.1) and (A.2) we obtain

(A.3) 2{vw}vu] = {w}[v*u] + {v*w}u] + 1/2[] [w]{u} - 1/2[]* {w}[u].
Also,
(A4) [vul[vu] = [ul{v}ou] + [v[{u}[vu]

=

= [ul[v*u] — [][ul{vu} + [v]{u}[vu]

= [ullv*u]) — [l[ul{v}{u} — 1/4[v][u][v][u]
+ [WHul{u} + [vl{u}{v}[u]

= [ul[v*u] — 1/4[v]*[u]? + [v]* {u}®.

REFERENCES

[1] T. ArBoGasT, G. PENCHEVA, M. F. WHEELER, AND I. YoTov, A multiscale mortar mized
finite element method, Multiscale Model. Simul., 6 (2007), pp. 319-346.

[2] T. ARBOGAST AND H. X1A0, A multiscale mortar mized space based on homogenization for
heterogeneous elliptic problems, STAM J. Numer. Anal., 51 (2013), pp. 377-399.

[3] D. N. ARNOLD, An interior penalty finite element method with discontinuous elements, STAM
J. Numer. Anal., 19 (1982), pp. 742-760.

[4] 1. BABUSKA, G. CaLoz, AND J. E. OSBORN, Special finite element methods for a class of
second order elliptic problems with rough coefficients, SIAM J. Numer. Anal., 31 (1994),
pp. 945-981.

(5] I. BABUSKA AND R. LipTON, Optimal local approzimation spaces for generalized finite ele-
ment methods with application to multiscale problems, Multiscale Model. Simul., 9 (2011),
pp- 373-406.

[6] 1. BABUSKA AND J. E. OSBORN, Generalized finite element methods: Their performance and
their relation to mized methods, SIAM J. Numer. Anal., 20 (1983), pp. 510-536.

(7] L. BERLYAND AND H. OWHADI, Fluz norm approach to finite dimensional homogenization ap-
proximations with non-separated scales and high contrast, Arch. Ration. Mech. Anal., 198
(2010), pp. 677-721.



3372

(8]

[9]

[10]
[11]

[12]

[13]

[14]

[15]

ELFVERSON, GEORGOULIS, MALQVIST, AND PETERSEIM

F. Brezzi, L. FrRaNcA, T. HUGHES, AND A. Russo, b = [ g, Comput. Methods Appl. Mech.
Engrg., 145 (1997), pp. 329-339.

J. DouGLAs AND T. DUPONT, Interior penalty procedures for elliptic and parabolic Galerkin
methods, in Computing Methods in Applied Sciences, Lecture Notes in Phys., 58, Springer,
Berlin, 1976, pp. 207-216.

M. DRyJA, On discontinuous Galerkin methods for elliptic problems with discontinuous coeffi-
cients, Comput. Methods Appl. Math., 3 (2003), pp. 76-85.

Y. EFeENDIEV, J. GALvis, AND T. Y. Hou, Generalized Multiscale Finite Element Methods
(GMsFEM), J. Comput. Phys., 251 (2013), pp. 116-135.

Y. EFeENDIEV, J. GALvis, R. LAzArOov, M. MOON, AND M. SARKIS, Generalized Multiscale
Finite Element Method. Symmetric Interior Penalty Coupling, J. Comput. Phys., 255
(2013), pp. 1-15.

D. ELFVERSON, E. GEORGOULIS, AND A. MALQVIST, An adaptive discontinuous Galerkin mul-
tiscale method for elliptic problems, Multiscale Model. Simul., 11 (2013), pp. 747-765.

D. ELFVERSON AND A. MALQVIST, Discontinuous Galerkin Multiscale Methods for Convec-
tion Dominated Problems, Tech. report 2013-011, Department of Information Technology,
Uppsala University, Sweden, 2013.

P. HENNING, A. MALQVIST, AND D. PETERSEIM, Two-Level Discretization Techniques for
Ground State Computations of Bose-Einstein Condensates, arXiv:1305.4080, 2013.

P. HENNING, A. MALQVIST, AND D. PETERSEIM, A localized orthogonal decomposition method
for semi-linear elliptic problems, arXiv:1211.3551.

P. HENNING AND D. PETERSEIM, Owversampling for the Multiscale Finite Element Method,
Multiscale Model. Simul., 11(2013), pp. 1149-1175.

T. Y. Hou, T. Y. Hou, aAND X. Wu, A multiscale finite element method for elliptic problems
in composite materials and porous media, J. Comput. Phys., 134 (1997), pp. 169-189.
T.Y. Hou AND X.-H. Wu, A multiscale finite element method for elliptic problems in composite

materials and porous media, J. Comput. Phys., 134 (1997), pp. 169-189.

P. HousToN, D. SCHOTZAU, AND T. P. WIHLER, Energy norm a posteriori error estimation of
hp-adaptive discontinuous Galerkin methods for elliptic problems, Math. Models Methods
Appl. Sci., 17 (2007), pp. 33-62.

T. HUGHES, Multiscale phenomena: Green’s functions, the Dirichlet-to-Neumann formulation,
subgrid scale models, bubbles and the origins of stabilized methods, Comput. Methods Appl.
Mech. Engrg., 127 (1995), pp. 387-401.

T. HugHES, G. FEIJOO, L. MAzzEI, AND J.-B. QUINCY, The variational multiscale method: A
paradigm for computational mechanics, Comput. Methods Appl. Mech. Engrg., 166 (1998),
pp. 3-24.

O. KARAKASHIAN AND F. PASCAL, A posteriori error estimates for a discontinuous Galerkin
approzimation of second-order elliptic problems, SIAM J. Numer. Anal., 41 (2003), pp.
2374-2399.

M. G. LARSON AND A. MALQVIST, Adaptive variational multiscale methods based on a posteriori
error estimation: Energy norm estimates for elliptic problems, Comput. Methods Appl.
Mech. Engrg., 196 (2007), pp. 2313-2324.

A. MALQVIST AND D. PETERSEIM, Localization of elliptic multiscale problems, Math. Comp.,
arXiv:1110.0692.

A. MALQVIST AND D. PETERSEIM, Computation of FEigenvalues by Numerical Upscaling,
arXiv:1212.0090, 2012.

A. MALQVIST, Multiscale methods for elliptic problems, Multiscale Model. Simul., 9 (2011),
pp- 1064-1086.

H. OwHADI AND L. ZHANG, Localized bases for finite-dimensional homogenization approzi-
mations with nonseparated scales and high contrast, Multiscale Model. Simul., 9 (2011),
pp. 1373-1398.

R. SCHEICHL, P. S. VASSILEVSKI, AND L. T. ZIKATANOV, Multilevel methods for elliptic problems
with highly varying coefficients on monaligned coarse grids, SIAM J. Numer. Anal., 50
(2012), pp. 1675-1694.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


