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Abstract

In the following paper we study parametric functionals. First we in-
troduce a generalized mean curvature (so called F-mean curvature). This
enables us to describe extremals of parametric funcionals as surfaces of
prescribed F-mean curvature. Furthermore we give a differential equation
for arbitrary immersions generalizing AX = HN and apply this equation
to surfaces of vanishing and prescribed F-mean curvature. Especially we
prove non-existence results for such surfaces generalizing Theorems by
Hildebrandt and Dierkes [3], [6].

Introduction

Consider an n-dimensional minimal immersion X in R™*!. If the boundary of
X has parts in the two disjoint connected components of a cone K congruent
to

K”:{(y17...,yn+1)ER”H|y%+...+yg—(n—1)yi+1 < 0}

and if the boundary is fully contained in K, then X cannot be connected. This
is a result of Dierkes [3]. The idea of the proof is due to Hildebrandt (see [6],
where he obtains this result in the case n = 2) and is based on the maximum
principle for subharmonic functions.

Indeed, using the (minimal surface-) equation AX = 0, where A is the Laplace-
Beltrami operator, one shows for the polynomial ¢(y) = y?+...4+y2—(n—1)y2,,
the inequality

Af(X)] = 0.



The aim of this paper is to generalize the results of Dierkes to extremals of
parametric functionals. Consider a C?-immersion X : M — R"t! of an n-
dimensional oriented manifold M into R™*! with normal N and the induced
area element dA. Then a parametric functional F is defined by

F(X) = /M F(X,N)dA , (1)

where F : R*™! x R**! — R is smooth and satisfies a homogeneity condition
in the second entry, i.e.
F(y,tz) =t F(y, 2)

for all (y,2z) € R**! x (R"*! — {0}) and ¢ > 0. This includes, for example,
minimal surfaces and surfaces of prescribed mean curvature.

At first, we give an appropriate form of the Euler equation of (1). B. White
considered in [9] parametric functionals (also for surfaces of higher codimen-
sion), expressing the Euler equation in terms of the non-parametric integrand
associated with F'. In this paper we only deal with the parametric integrand F
itself. In fact, we prove

Theorem 1 Let X : M — R"" be an immersion of codimension 1 and F be
an integrand of class C?*(R"1 x S™)1. If X is an extremal of F, we have for
the F-mean curvature Hp of X :

n+1
Hp =Y F,.(X,N).
=1

The F-mean curvature is a linear combination (depending on F') of the eigen-
values of the shape operator S (see Definition 1.3). For the area integrand
F(y, z) = |z| one regains the classical mean curvature H = —tr S.

In the special case of integrands with F, = 0, this is a result of K. Réawer [7].
The next step consists of a generalization of the equation AX = HN, where X
is assumed to be an immersion. The following theorem shows that it is possible
to give a similar equation adapted to the integrand F":

Theorem 2 Let F € C3(R" x S") be a parametric integrand and X €
C?(M,R"") be a C?-immersion. Then there is a second order differential
operator O such that the F-mean curvature is expressed by

OrX = HpN . (2)

Furthermore we have the identity O = A in the special case of the area inte-
grand F(y,z) = |z|.

I'We will use the convention that a parametric integrand F is of class C*(R*t1 x S™) if
F € COR™! x R*H1) n Ok (R x (R — {0})).



It turns out that the operator ©p is elliptic if the integrand F' itself is elliptic
(see Definition 2.2).

Therefore equation (2) enables us in the elliptic case to prove a-priori estimates
as for example the convex-hull property for surfaces of vanishing F-mean cur-
vature (see Theorem 2.3 and Theorem 2.4).

Furthermore it is possible to apply the methods of Hildebrandt and Dierkes
to prove the main result Theorem 2.5. In this Theorem we give a sufficient
condition for immersed surfaces X for the validity of

Or [H(X)] 20,

where t is given by t(y) =y +...+y2 — (n—1)by2,, and b is an appropriate
positive number. As a consequence of Theorem 2.5 we obtain a nonexistence
result for F-extremals (Corollary 2.7).

Corollary 2.8 treats surfaces of vanishing F-mean curvature. In the proof of
this Corollary one encounters the problem that the F-mean curvature is not
invariant under a rotation of the surface. Therefore, we modify the integrand
by kind of a “translation” and “rotation”, i.e. for p € R**! and Q € O(n) we
consider

F(7,2) =FQ"j+p,Q7%).

The translated and rotated surface then has vanishing F-mean curvature. Thus,
we can assume a normed geometrical situation. Now we only need to apply the
maximum principle. Our results contain Theorems 2 and 3 of [3] as special
cases.

For further remarks on the literature we refer to [6] and [3].

1 First variation and a differential equation for
immersions

Let M™ = M be an orientable manifold of dimension n and X : M — R"*! be
an immersion of class C2. We obtain the induced metric

g(V,W) := (DX (V),DX(W)) for V,W € T,M

and the normal mapping
N:M— S™.

Consider now the parametric variational integral
FO) = [ PN a4, 3)
M

where dA is the volume form. The integrand F is assumed to satisfy the homo-
geneity condition
Fly,tz) =t F(y, 2), (4)



for all (y,z) € R**! x R**! and ¢t > 0. In the following we say that F is a
parametric integrand if (4) is valid. Furthermore, it will always be assumed that
F € C?(R*H x ).

At first we compute the first variation of X in the direction Z, i.e. consider
X = X+ Z(e, -), where Z : (—ep,e0) x M — R" 1 ¢ > 0, has compact
support and

0
—Z(0,-)=Z2.
86 ( ’ )
By the area formula (see [8, p.47]) the first variation is given by
d
SF(X,E) = & / F(X,N,) JP.dA | (5)
de le=0 J pm

where J®, =1+ edivE +o(e) .

Lemma 1.1 The normal mapping N. of X, satisfies
0

—  N.=-DX(grady) + DN(V),
Oe le=0

where V € T,M and ¢ are defined by the decomposition of = in tangential and
normal part:

[1]
[1]

tan L =N — DX(V)+ N . (6)

Proof. Starting with the observation that 0.N, is a tangent vector of X, we
obtain 4
ae Ne = _gf] <N676j66X€> 8ere ;

leading to
9 .
—  N.=-¢"(N,0,2) 9, X .
Be |e=0 g7 ( J ) Ok

Here and in the following, the usual summation convention is used. We derive
from (6)

0

e ezo = —g"0;00X — ¢" (N,0,DX(V)) 0 X

Oxi’
= —DX(grady)+ DX(SV),

= —DX(gradp)+g¢" g (Si V) O X

with the shape-operator S : T, M — T, M defined by DN =: DX o §.
O

The following formula of integration by parts for non-tangential vector fields is
proved in [2].



Lemma 1.2 Let ¢ € C§°(M), Z € C*(M,R"1), then

/(Z,DX(grad(p)> dA:—/ p[divZ +(Z,N) H|dA

where H := —tr S denotes the mean curvature of X.

Using Lemma 1.1 and (5) we may derive a formula for the first variation:

SF(XE) = [ (B,(X.N),Z)+ (FL(X.N), DX(SV - grad o)
M
+F(X,N)div=EdA
= / (Fy,Z) + (F,,DX(SV —grad ¢)) + FdivV —p F H dA,
M
taking into consideration the fact that div N = —H. Partial integration (see

Lemma 1.2) leads to

SF(X,Z) = / (F) Z) + (F., DX (SV)) + @div F,

M—|—<p (F.,N) H — g(grad F, V) — o F H dA
/ (F,,Z) + (F., DX(SV))

M+<pdiv F, —g(grad F,V)dA .

The last equation is valid because of the homogeneity of F, which implies
F,(y,z)z = F(y,z). The term g(grad F, V') can be expressed as follows:

g(grad V) = (DX(grad F),DX(V))
(" (F,,0:X) 0;X,DX(V)) + (¢" (F.,0;N) 9;X,DX (V))
= (Fy, DX(V)) + (F., DX(SV)) ,

and therefore:

SF(X,E) = /(Fy,E—DX(V)>+<pdiszdA
M

/ ¢ [(Fy,N) +divF,] dA .
M

Here we see that the first variation of F is independent of tangential variations.
One obtains as Euler equation

div F, + (F,,N) = 0. (7)
Choosing an orthonormal basis {e1,...,e,} of T,M, one has
diVFZ = <€1' FZ,DX(61)>

(F., DX (e:), DX (e;)) + (F.. DX (Se;), DX (e;)) .



Because of the homogeneity of F' the equality F,.(y,z) z = 0 is valid, i.e.
F..(y,2): 2T — 2zt for each z e R"™! — {0} .
Therefore, the linear symmetric mapping
Ap : T,M — T,M
V. — DX 'F,(X,N)DX(V)
is well defined. In this notation, the Euler equation (7) looks like:
tr(ApoS)+ (Fy.DX(e;),DX(e;)) + (Fy,N) =0.

Definition 1.3 For a parametric integrand F' € C%(R"*! x S™) and an immer-
sion X : M — R"*! of class C?(M,R"H1)

Hp := —tr(Ap o S)
is the F'-mean curvature of X.

Taking into consideration the relation F,.(X, N) N = F, (X, N) that is valid on
account of the homogeneity of F’ we arrive at:

n+1
Hp = Zszz(XaN) )

i=1

because {DX(e1),...,DX(e,), N} is an orthonormal basis of R"*1.

Thus, Theorem 1 is proved and we see that extremals of (3) are in a sense
surfaces of prescribed F-mean cuvature.

Now we want to derive an equation for an immersion X generalizing the equation

AX = HN,

where A = divgrad is the Laplace-Beltrami operator of X. To this aim, let
U,V € T,M and consider the identity:

9(Vu(Ap grad p),V)
U(g(Argrade,V)) — g(Ar gradp, Vy'V)
= U(dp(ArV)) —dp(Ar VuV), (8)

where V denotes the Levi-Civita connection. With X = (xz);z;rll and DX —
(dz;)" !, equation (8) leads to

g(Vu(Apgrad X),V)
UDX(ArpV)) - DX(AprVyV)
= DX(Vu(ApV))+({U(DX(ArV)),N)N = DX(ArVyV), (9)



on account of the characterization of V by: DX (VyV) = [U(DX(V))]t".
Finally we arrive at:

9(Vu(Ar grad @), V)
= DX(VyuArV)+ DX(ArVyV)
— (DX(ArpV),DN(U))N — DX(Ar VyV)
= DX(VUAF V) - g(AF V,SU)N . (10)

Choosing an orthonormal basis {e1,...,e,} C T, M, equation (10) leads to

div(Apgrad X) = g(V.,(Argrad X),e;)
= DX(VeiAF ei) —g(AF ei,Sei)N
= DX(divAp) —tr (Ar S) N, (11)

because of the symmetry of Ar or S. This motivates the following

Definition 1.4 Let F € C3(R"*! x S") be a parametric integrand and X :
M — R™*! be a twice differentiable immersion. The operator

Ap = div(Apgrad -)
is the F'-Laplace-Beltrami operator of X. Furthermore we define
@F = AF — diVAF .

Using this operator, we can rewrite (11) in a shorter form. An immersed surface
X : M — R*! satisfies the equation

OpX = HpN , (12)

and so Theorem 2 is proved.

2 Enclosure properties of F-extremals

Lemma 2.1 Using the notation

o 0
=9 (45 55

the F'-Laplace-Beltrami operator is expressed in local coordinates as

1 ..
Ap = ﬁai(\/gg”ajkgkl@l ).



The proof of the above lemma is a direct consequence of the equation

E Oqi
9
¥ ox!

Apgradp = g"0;p (A i)
= gYaug"o;
and the representation of div in coordinates (see e.g. [1, Ch.1]).
Definition 2.2 A Lagrangian F' = F'(y, z) is called elliptic, if
F..(y,2): 2 — 2t
is a positive definite linear mapping for all y € R"*! and all z € R**! — {0}.

From Lemma 2.1 we obtain the ellipticity of Ag and O if F' is a parametric,
elliptic integrand.

Now we consider M as a manifold with boundary, i.e. M = M UdM. Further-
more let M = X (M) be the image of M under X and OM = X(OM). From
Lemma 2.1 we obtain

Theorem 2.3 (Convex-hull property)
Let F € C’_3(R"'*‘1 N.S™) be an elliptic, parametric Lagrangian. If the immersion
X € C°(M,R*"1) N C?(M,R"") has vanishing F-mean curvature then

M C conv(OM) ,
where conv Y. denotes the convex hull of a set 3.

Proof. The operator OF is elliptic by assumption. For a € R**! and b € R let
t be the linear function

t(y) = (a,y) +b, yeR".

Then we have
Or[t(X)] = 0.

Because of the strong maximum principle (see [5, p.32]) the following implication
is true:

t(X)|dM§0 — t(X)SO on M .
O

In the following we use the abreviation |V|% = g(ArpV,V) for V € T,M.
Furthermore let A\; < Ay < ... < A, be the eigenvalues of Apr respectively
F,.(X,N). The parametric integrand is again assumed to be elliptic, i.e. A\; > 0.
The following remark is due to Dierkes [3]: Let P : R"*1 — N(q)! be the
orthogonal projection on DX (T,M) and p be the matrix representation of



P with respect to the canonical basis of R"*!. Then we have p* = |grad z;|?

leading to
n+1

Z lgrad z;|> =n . (13)
i=1
To derive further enclosure theorems, we consider instead of a linear function
quadratic polynomials. Our first result belonging to quadratic polynomials is:

Theorem 2.4 Let X : M — R be an F-extremal of class X € CO(M,R"T1)N
C2(M,R"). If

n+1

Z Fyizi (y7 Z)
i=1

<n inf )\1 (14)

sup |yl =T o)kt xsn

(y,z)ERN+1x 5™

then OM C B,.(0) implies M C B,.(0), where B,.(0) is the closed ball of radius
r with center 0.

Proof. We consider for y = (y1,...,Yn+1) the polynomial ¢(y) =y +...y2 4
and find for ©p[t(X)] using (13):

n+1
Or[t(X)] = 2 Z lgrad ;|3 + 2(X,0pX)
1=1
n+1
> 2\ Y [gradz;|® — 2|Hp||X]|
=1
n+1
= 2n\ — 2 ZFyizi(X,N)’ 1X]| .
=1

Now, condition (14) implies ©p[t(X)] > 0. The maximum principle gives the
desired result.

O
For a proof of an enclosure theorem implying a nonexistence result we set
t(y):nyr...erifcyiH; c>0.
Then any immersion X € C?(M,R""1) of F-mean curvature Hp satisfies:
1
5 Or[t(X)] = |gradzi|% + ...+ |gradz,|% — clgrad 2,4 1| %

+HF.’B1N1 +~-~+HF-rnNn_CHFxn+1Nn+l
M [lgrad z1)® 4 ... + |grad 2, %] — ¢ A |grad 2,1 1|2

v

—\HF|\/x%+...+m%+c2x%H.

Using equation (13) we obtain



5 Op[t(X)]

Y

M(pt ™) — e\, pi Tttt

—|Hpl\/a1+ ... + 22 + a2,
— )\1 (p11+”.+pnn +pn+1n+1)7(/\1+C>\n)pn+ln+1

—|HF] xf—i—...—kx%—kc?xiﬂ

> (n—l))\l—c)\n—\HF|\/x%+...+x$L+c2x%+l. (15)

Setting ¢ =: (n — 1) b, b € (0, 1], one can rewrite (

3 ORlHX)] = (0 1) [ - |HF|\/ SRR

Thus we arrive at

Theorem 2.5 Let X : M — R"" be a C%-immersion of F-mean curvature
Hp and F be an elliptic, parametric integrand. Then we have for the quadratic
polynomial t(y) = yi + ...+ y2 — (n—1)by2 ., the relation

2
b)\ +|HF|\/ +Jf +b2 n+1</\1

We obtain the following corollaries. The suppositions of Theorem 2.5 are always
assumed to be valid; moreover let

Ky = {1, ynt1) ER"™ yi + ...+ 92 < (n— Dby 4}
and K ;E denote the two connected components of K — {0}.
Corollary 2.6 Assume that for the surface X the inequalities
g:=sup |X||Hr| < inf Ay and
M M
b:= ilr\}lf[(/\l —-q)/x] > 0

are true. Then for t(y) :=yi+...+y2 — (n—1)by2,, we have Op [t(X)] > 0.
If OM C K, OMN K;' and OM N K, are nonempty, then M cannot be a
connected manifold.

10



Corollary 2.7 Suppose that the elliptic, parametric integrand F' fulfills

n+1

Z F i Zi (y’ Z)
i=1

where Ay is the smallest eigenvalue of F..(y,z). Then for any F-extremal X
we have the relation Op[t(X)] > 0 if

< inf AL,

q = sup |yl (y.2)ER+1x Sn

(y,z)ER™H1x Sn

A1—¢q

b:= in
(y,2)ERMHIx ST Ay

is positive (t(y) =yi+...+y2 —(n—1)by2,, ).
Furthermore we can state: If OM is contained in Ky and OM has parts in the
two connected components Kbi, then M 1is not connected.

In the following corollary, we focus on surfaces of vanishing F-mean curvature.

Corollary 2.8 Let X : M — R"*! be a connected immersion of vanishing F-
mean curvature and S1, So C R™1 be compact sets. Assume OM C S U Sa,
OMN Sy and OM N Sy are both nonempty. Under the condition

A1

Lo, (16)

b:= in
(y,z)ERN+1x 57 An

we have:

(i) If S1, Sa are closed balls, i.e. Sy := By, (X1), S2 := B,(X2) and R :=
| X1 — X3| then R can be estimated as follows

(n—=1)0b+1
RSy —————— .
S\ Tmoe 1t
(i) Let S1, So be arbitrary with diameter dy, do and assume that they are
seperated by a slab of positive width r; this implies

21+ (n—1)b)(n+1)
TS\/ (n—1)(n+2)b (i +ds) -

(iii) If S1, Sa are two n-dimensional discs with centers X1, Xo and radii r1, o
respectively that are contained in parallel hyperplanes of distance r, then
the sum of the radii is estimated by

r1+r22\/(n—1)b (TZJFﬁQ—l)b)’

where R := | X1 — Xs| and d := vV R? — r2.

11



Proof. We want to examine translations and rotations of X. To this aim,
consider @ € SO(n + 1), p € R"™! and set X = Q (X — p). In general it is
not true that the F-mean curvature of X vanishes. Therefore we look at the
following integrand:

F(g,2) = F@Q"5+p,Q"2).

For F we easily see:
Fzz(ﬂ, 2) = QFzz(QTg +p7 QT’g) QT .

We obtain for the F-mean curvature of X:

Hp(X) = 1<F~~(X,N)aiN,an>

g <Q Fzz(QT Q(X _p) +paQT QN) QT 81(QN)’6](Q(X _p))>

7
=9
g9 (F.o(X,N)9;N,0;X) = Hp(X) = 0.

Note that the real number b in (16) is the same for F' and F respectively.
From the above considerations we infer that in case (i) we can assume B, (X1)

to be contained in the upper connected component of K — {0} and B,,(X2) to
be contained in the lower one, if

(n—1b+1

B>\ =

(7‘1+T2).

Thus Corollary 2.6 shows that (i) is true. Using the theorem of Jung [4, p.200]
we see that (ii) is nothing else than a special case of (i).

For a proof of (iii) we only have to apply the “disc-separating Theorem” cited
in [3, p.211].

O

Remark: Note, that the eigenvalues Aq,..., A\, of F., coincide in the case of
the area functional. That means b = (1 — ¢) for Corollary 2.6 and b = 1 for
Corollary 2.8; thus we regain the results of Dierkes [3].
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