A STABILITY CRITERION FOR
EXTREMALS OF ELLIPTIC PARAMETRIC
FUNCTIONALS

ULRICH CLARENZ

Abstract

In this paper we consider parametric integrals F with elliptic inte-
grands depending on the surface normal. The main result is a stability
criterion for F-extremal immersions, containing the result of Barbosa and
do Carmo [1] as a special case. Using similar techniques we are also able
to show a condition for instability. The last section contains a simple
proof of the fact that the surface normal of F-extremals is topologically
equivalent to a holomorphic function.
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1 Introduction

Since the last century, mathematicians have tried to find criteria for sta-
bility and instability of a given minimal surface. First important criteria
of stability and instability were proven by Schwarz (for a survey of his
results concerning stability of minimal surfaces see [9, pp. 90-116]).

He showed that a minimal surface is stable if its spherical image is fully
contained in a half-sphere [9, p. 99].

In 1976, Barbosa and do Carmo were able to generalize this criterion
considerably. They proved that if the spherical image of a given minimal
surface has area less than 27, the surface is stable [1].

Barbosa and do Carmo generalized this result in several directions as e.g.
for different target manifolds and for general dimensions [2].

Ruchert proved a similar criterion for the case of surfaces of constant mean
curvature [11].

In [7], Fischer-Colbrie and Schoen were able to give a shorter proof of
the result of Barbosa and do Carmo [1]. Here we will follow the idea of
Fischer-Colbrie and Schoen to prove a more general theorem for critical
points of parametric functionals. In our context a parametric functional is
defined for an immersion X : M — IR® with normal mapping N : M — S?
by

F(X) = /M F(N)dA,

where M is a two dimensional, orientable manifold.



The integrand F : IR® — IR is a 1-homogeneous function, i.e. F(tz) =
tF(z) for all ¢ > 0. Immersions satisfying the Euler equation of F are
called F-extremals or F-minimal surfaces.

Furthermore we call D C M a stable domain of an F-extremal X if for
all p € C§°(D) with ¢ # 0 the second variation
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is positive (Definition 4.1).
In this paper we only deal with elliptic integrands. Ellipticity means that

F..(2): 2t gt

is a positive definite endomorphism of z+ for all z € R® — {0}.
Here we state our main result:

Theorem 1.1 Let X : M — IR® be an F-extremal immersion of an
elliptic integrand F. If the area of the spherical image of a smooth domain
D C M is smaller than a positive number ar depending on F, then D 1is
a stable domain of X.

In the case of F(z) = |z|, the number ap is 2. Furthermore, ar depends
continuously on F,, w.r.t. CO(S’Q).

Using similar techniques as in the proof of Theorem 1.1 we can also prove
Theorem 4.1, a generalization for F-extremals of a Schwarz criterion for
instability (see [1, Theorem 2.7]).

The paper is organized as follows:

In section 2 we define the notion of a degenerate metric g on a Rieman-
nian manifold (M, g) and give important properties of them. Degenerate
metrics g are allowed to have isolated singularities and g and g are related
by the equivalence given in Definition 2.1. One example of such a degene-
rate metric is gy (V, W) := g(DN(V), DN(W)) for a minimal immersion
X with canonical metric g and normal mapping N (in fact gv = — Ky,
where K is the GauB-curvature).

In section 3 we will study similar basic properties of parametric func-
tionals. Especially we will see that for F-extremals, gy generally is not
conformal as in the minimal surface case but still degenerate in the sense
of Definition 2.1.

In section 4 we prove the main result Theorem 1.1. First we give an
estimate of the second variation §2F, showing a connection between sta-
bility and eigenvalue problems for the Laplacian Ag2 on the sphere S2
(Proposition 4.1):

52.7-"(X, p)>Cp / |granga|?V — 2crp® dAN. (1)
M

Here cr > 1 and Cr are constants depending on F'. The subscript NV
indicates a relation to gn. Now we use a Faber-Krahn argument to show
that the right-hand side of (1) is positive. To this aim we take a first
(positive) eigenfunction u of Agz of the spherical image of a domain D,
i.e.:

Agzu+ pu=0.



Lifting this equation onto M we obtain a positive function v on M (be-
cause N is an open mapping) satisfying outside the singularities of gn:

Anv 4+ piv =0. (2)

At this point it is crucial that gn is a degenerate metric. Using Proposition
2.1, a generalization of [7, Corollary 1], equation (2) implies [ |grad | —
pu1p? dAy > 0 for all ¢ € C§°(D) and ¢ # 0. Now we can choose ar
dependent on cr such that ui > 2cp.

In the above reasoning we have used that N is an open mapping. This
was proven by Sauvigny [12, p. 94]. As a by-product of our considerations
we can give a simple proof of the fact that for F-extremals N is a local
branched covering. This is the content of section 5.

The author would like to thank the Sonderforschungsbereich 256 at the
University of Bonn for its generous support and in particular S. Hilde-
brandt and M. Rumpf who made possible this publication.

2 Degenerate metrics

Let (M, g) be a two-dimensional Riemannian manifold. The key notion
for our considerations is given in the following

Definition 2.1 A symmetric bilinear form g on (M,g) is a degenerate
metric if for all V € T, M

Chig(V,V)<g(V,V) <Thag(V,V),

where hi, ha > 0, I' > 0 are smooth functions on M. Furthermore, the
set {I" = 0} consists of isolated points only.

Lemma 2.1 Let g1, g2 be two metrics on a manifold M. If for all V €
T,M
g1(V,V) < g2(V, V) (3)

then we have for all smooth functions :
|grad, ¢|1 > |grad, ¢|2 ,
where the index indicates the corresponding metric.
Proof. We have the identity
g1(grad; o, V) = ga(grad, ¢, V) ,
for all V € T, M. Using the Cauchy-Schwarz inequality, this leads to

lg2(grad, o, V)| < grad; ¢[1 [V]1
< grad, 1 |V]2,

because of inequality (3). Setting V' = grad, ¢ gives the assertion.

As a direct consequence of the above lemma we obtain



Corollary 2.1 If g is a degenerate metric on a Riemannian manifold
(M, g), the following inequality holds on {I' # 0}:

T hy |grad; ¢|5 < |erad, @[5 < T hs [gradg ¢l; -
The following proposition is a generalization of [7, Corollary 1]:

Proposition 2.1 Let (M,g) be a Riemannian manifold with degenerate
metric §g. Furthermore let g be a smooth function on M. Assume that
there is a smooth function v on M, v > 0 on D, with

Agv—qu=0 (4)
on {I' > 0} N D. Then for all p € C§°(D) we have

/ |lgrad; ¢|5 + qp” dAz > 0.
D

Note that one can estimate the form |grad; |5 dAz by |grad, Q|2 ha/hy dA,.
Therefore the integral [, |grad; ¢|2 dAg is well defined.

Proof of Proposition 2.1. The zeroes of I are isolated, i.e. DN{T" > 0} is a
finite set {p1,...,pr}. In the following reasoning we may assume p; ¢ 9D.
Let B<(p;) be a geodesic ball in M (measured in the g-metric) of radius
0 < € << 1, such that

k
Ve:=J Be(p:)
i=1
is a disjoint union. Because of assumption (4) we have with w = log v

Azw = q — |grad; wl? .

Integration by parts leads to
[ Slmadgul-astaas=— [ o aguan
D-V. D-V.

= / 2¢ g(grad; o, grad; w) dAg
D-V, ’ )

k

+3 [ P alerad, w5 do

; 9B (pi) .

with ¢ € C§°(D) and ¥ being a suitable unit normal on dB(p;). Using
the fact that g is a degenerate metric on (M, g), we obtain the following
estimate:

/ o> g(grad; w,v) dog| < / o lgrad; wlg dog
9Be(pi) dBe(ps)

< / wQ\gradgw|g Vha/hidog =0O(e) , withe — 0.
9Bc(pi)



Thus we have

/ cp2|grad§ w3 —qp® dAz = / 2¢ g(grad; w, grad; ) dAg+O(e).
D-V, D-V.
(®)

This implies
O(e) < / lgrad; @[5 + qp” dA; .
JD-V,

3 Parametric functionals

Now we consider immersed surfaces X : M — IR?, where M is a two-
dimensional and oriented manifold, equipped with the metric g(V, W) =
(DX (V),DX(W)) for V, W € T,M and a normal mapping

N:M— 5.
A parametric functional F is given by a smooth 1-homogeneous integrand
FRESR.

The corresponding functional F is defined by F(X) := [

Ju F(N)dA .
As a version of F.,, on TM we define

AF:TpM — TPM
V +— DX 'F..(N(p)DX(V).

Definition 3.1 An integrand F' is called elliptic if the linear mapping

F..(2): 2t gt
is positive definite for all z € IR® — {0}.
Using the endomorphism Ar the Euler equation of F is: —tr (ApoS) =0,
where S is the shape operator DX o S := DN (for the corresponding
computation see e.g. [4] or [5]). The trace Hp = —tr (Ar o S) is called
the F'-mean curvature Hr generalizing the classical mean curvature H =

—tr S.
Now we want to prove for extremals X of F that the bilinear form

gn(V,W) :=(DN(V),DN(W)) , VW € T,M

is a degenerate metric on (M, g).
First, we apply the Cayley-Hamilton Theorem and get

(AFS)2 + Kr idTp]u =0 s (6)

where Kr :=det (ApoS) = (det Ar) K. The so called F-Gauf§ curvature
Kr generalizes the classical Gauf$ curvature K = det S. Equation (6)
implies for all V' € T}, M the identity

g(ArSV,SV) = —Krg(Az' V,V). (7)



In the following, the eigenvalues of Ar are denoted by A1 < A2. Now we
estimate the left and right hand side of (7) for elliptic integrands.

Mgn(V V)< g(ArSV,SV) < Xagn(V,V)

1
~Kr —g(V,V) < —Kpg(Az'V,V) < —Kp o™ gV, V).

Because of (7) we arrive at

_Kp L

1
QQ(V,V)SQN(V,V)S—KF 29(‘/7‘/)
A3 AT

and keeping in mind Kr = A1 \2 K we state

Proposition 3.1 Let F' be an elliptic integrand. For an F-minimal sur-
face X : M — IR? the bilinear form gn is a degenerate metric on (M, g).
More precisely we have

A1

KM gWV) < an(ViV) < —K 22 g(V.V) |
A2 A1

For the proof of the above proposition it remains to show that {K = 0}
is a set of isolated points but this is a result of Sauvigny [13, p. 53].

4 Stability

In this part we assume that F' is an elliptic integrand. First we give a
definition of stability.

Definition 4.1 Let X : M — IR® be an F-extremal immersion. The
surface X is called stable if for all p € C§°(M) with ¢ £ 0 the relation

/ g(Argrade, gradg) + trAr Kp® dA > 0, (8)
M

is satisfied, where K is the Gauf-curvature of X. We say that D C M is
a stable domain if (8) is fulfilled for all € CS°(D) with ¢ #Z 0.

This definition generalizes the notion of stable minimal surfaces (see e.g.
[6, p. 84] or [9, p. 96]; note that in this case Ap = idr,m and trAp = 2).
Its motivation is as follows:

If we consider ¢ € C§°(M) and the related disturbed surface X = X +
€N, then the second variation §°F(X, ) = ;6—22.7-'(X€)|5:0 in direction
© is given by the quadratic form in (8). The corresponding computation
can be found in [10] or in [13].

In the following, all notions with subscript IV are related to the degenerate
metric gn. For the proof of the main result, we start with

Proposition 4.1 Let X : M — IR® be an F-critical immersion. Then
we can conclude that D C M is a stable domain if for all ¢ € C§°(D) and
p#0

/ lgrad y |3 — 2cr@” dAn > 0,
M

A1+
1J2r 2)

2
where cp := maxgz ( /minsz(i—;).



Proof. Using the ellipticity of F' and the fact that gy is a degenerate
metric we obtain because of Lemma 2.1 and Proposition 3.1

A
|gradp|® > fKT;Igradwﬁv.

This leads to

PF(X,p) = / g(Apgradep, gradp) + (A1 + A2) K” dA
M
> / Milgrade|? + (A1 + Xo) K@ dA
M
)\% 2 2
> —K—=|gradyo|n + (M1 + A2) K@~ dA
M A2

The equation tr(ArS) = 0 characterizing F-extremals implies the inequa-
lity det(ArS) < 0 and the ellipticity of F gives K = det S < 0. Therefore
we have dAxy = —K dA. This completes the proof because of

)\2
PFe) = [ leradyelh - O+ d)et dA,
M

Y

AT
mm(—l)/ lgrad yo|X — 2crp” dAN.
S2 Ao M

O

The above proposition shows a connection between stability of F-extremals
and eigenvalue problems for the Laplacian on the sphere S2.

We will denote the first eigenvalue w.r.t. the Laplacian of a domain D C
S? by w1 (D). For a proof of the following proposition, we refer to [2, pp.
19,20] and [3, pp. 50].

Proposition 4.2 Assume that D C S* is a domain of area A(D) = A.
Then we have:

(4) A <27 implies p1(D) > 4%»
dr — A
i

(41) A > 27 implies pi(D) > 2
If in addition D is a geodesic disc on S%, then

4
(i) (D) < % for A>2m,
(iv) Aliralﬂ pu1(D) = 0.
We see that for all ;> 2 there is a spherical cap in S? whose first eigen-

value of the Laplacian is exactly pu. The area of such a spherical cap is
denoted by a(u). For elliptic integrands we define

ar = a(2cF).
This enables us to prove the main result Theorem 1.1 .

Proof of Theorem 1.1. Let Ag: be the Laplacian on S?. On {K # 0}
the normal N is a local isometry between S* and (M, gn). We assume



that p is the first eigenvalue of N(D) on S2. Then there is a positive
function u in the interior of N (D) satisfying ujsn(py = 0 and

Ageu + piu=0.

In [13] it is proven that N is an open mapping (see also chapter 5). There-
fore we can conclude that v := uo N is positive in D and satisfies on K # 0

Anv+ piv=0.

Because of Proposition 2.1 we have for all ¢ € C§°(D)
/ lgrad vl — p1p” dAy > 0.
Jp

It is a well known fact that the spherical caps on S? are minimizers of the
first eigenvalue of Ag2 among all domains in S of the same area [2, p.18]
and therefore 1 > 2cp. Thus we can conclude:

Jp leradyeli — 2cr¢® dAy
= [ lgradyeld — e dAn + (1 — 2¢r) [, ©* dAn > 0.
Using Proposition 4.1, stability is proven.
In case of the area-functional i.e. F'(z) = |z|, the constant cr is exactly 1.

Therefore, for this functional we have ar = a(2) = 27 and Theorem 1.1
contains the main result of [1] as a special case.

O

The proof of the following proposition is very similar to the proof of Propo-
sition 4.1.

Proposition 4.3 Assume that X : M — IR? is an F-extremal and that
there is a p € C(D)NC°(D), D C S?, satisfying wlop =0 and

/ lgradno|x — 2drp® dAx < 0,
D

2
where dp := minsz(Al;rA2 )/ maxsz(i—f). Then X cannot be stable in D.

This proposition leads to the following generalization of the Schwarz cri-
terion [1, Theorem 2.7] for instability of minimal surfaces:

Theorem 4.1 Let X : M — Bf be an F-minimal surface. If N : D —
S? is a branched covering of N(D) and if the first eigenvalue of N (D) for
Ag2 is smaller than 2dr, then D cannot be a stable domain of X.

Proof. As in the proof of Theorem 1.1, we consider an eigenfunction u > 0
of N(D) for Agz, i.e.:

Ageu+pmu = 0 in N(D)
u = 0 on ON(D).

Lifting w on D we obtain the equation

/ lgrad yv|x — 2drv® dAN = (1 — 2dp)/ v® dAN
D D

for the function v := w o N. By assumption we have pui < 2dr and
Proposition 4.3 completes the proof.



O

Let us conclude this section applying the main result Theorem 1.1 to a
certain class of integrands F¥, where

F7(2) = V/Blz1 P + [22? + [,

and 8 > 0.

The positive eigenvalues of F2 (z) for z € 5% are given by 1/F?(z) and
B/[FP(2))®. For B3> 1 one has A1 = 1/F?(2) and Xo = 8/[F?(2)]®. In
case B < 1 we get A\ = B/[F?(2)]* and X2 = 1/F”(2). This leads to

e (25) {05 S

(AN _ [ 1B g1
%?(E)—{ g . B<1.

The constant cps (see Proposition 4.1) is dependent on 3 in the following
way:

cﬁ:{ﬁﬂ+ﬁﬂ 21

r 1/(B*VB) + B<1.

Thus we see limg_ocps = limg—.oc cps = o0 and therefore the corre-
sponding area aps (see Theorem 1.1) tends to zero in both cases. Thus for
extreme anisotropic integrands the condition for stability is very strong.
This is also true for the instability criterion Theorem 4.1 because in this
case limg_.o dps = limg_.oc dps = 0.

5 A topological property of the normal
of F-minimal surfaces

In the proof of Theorem 1.1 we used the open-mapping property of the
normal N of an F-minimal surface. In fact, more is true

Theorem 5.1 The Gauf-map of an F-minimal surface X : M — IR3 is
a local branched covering for elliptic integrands F'.

The above theorem follows from

Proposition 5.1 Let w: By — €, B the unit disc in €, be a bounded
solution of
Vw|? < 2¢Ju, ¢ > 1, (9)

where J, is the Jacobian of w. The mapping w is a local branched covering

if #{|Vw| =0} < oco.

For the proof of Theorem 5.1 we have to justify, that for all p € M there
is a chart = : U(p) — B1(0) such that {K = 0} N U consists of only one
point and that the stereographic projection of Noxz ™! is a solution of (9).
This fact is a result of Sauvigny [13]. Now we can apply Proposition 5.1
and for the completion of the proof of Theorem 5.1 it remains to show
Proposition 5.1.

IThis example was added in proof



Proof of Proposition 5.1. First we see that |w.(2)]* — |wz(2)]*> > 0 ae.,
where %, % are the Wirtinger-derivatives and z = x + ¢y € B;. This in-
equality is true because of assumption (9). Now, the differential inequality
shows that
Wz
Boi=—
Wz

14+k2
1—k2

Morrey [8, p. 204], there is a homeomorphism A : By — Bj of class H'?
satisfying

is an L*°-function with ||p|| < k < 1, where := c¢. By a result of

A(0) = 0
Az = pA; ae. on Bj.
Now we want to show that ¢ :=w o A™! is a holomorpic mapping.

To this aim, we chose a point zg € {|Vw| # 0} and an open set U, zo € U,
such that w)y is a diffeomorphism. Then one can define

@ = No (wp) " w(U) — AU).

Setting V := w(U) we see that ® € H"?(V, ). With 7 := (wyy) " the
following equation holds a.e.:

Qs = Ao + AT = As (16 + p7), CEVL
By differentiation of the identity ¢ = w(7({)) we obtain:

1 = w: (TC + :u’7_—C)v

0 = “)Z(TE + ,LLT'E).
These equations show 77 + u7; = 0 and therefore ®#({) = 0 for almost all
¢ € V. Thus @ is a holomorphic and injective mapping. For this reason,
® is a diffeomorphism and ¢ is holomorphic on A({|Vw| # 0}). The proof

is complete because the set A({|Vw| = 0}) consists only of one removable
singularity.

O
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