Anisotropic Diffusion in Vector Field Visualization
on Euclidian Domains and Surfaces

U. Diewald, T. Preu3erM. Rumpf

Abstract

Vectorfield visualizationis animportanttopic in scientificvisual-
ization. Its aimis to graphicallyrepresenfield dataon two and
three-dimensionalomainsandon surfacesn anintuitively under
standablevay. Hereanew approactbasednanisotropimonlinear
diffusionis introduced It enablesneasyperceptiorof vectorfield
dataand senes as an appropriatescalespacemethodfor the vi-
sualizationof complicatedflow pattern. The approachis closely
relatedto nonlineardiffusionmethoddn imageanalysiswhereim-
agesaresmoothedvhile still retainingandenhancingedges.Here
an initial noisy imageintensity is smoothedalongintegral lines,
whereaghe imageis sharpenedn the orthogonaldirection. The
methodis basedon a continuousmodelandrequiresthe solution
of a parabolicPDE problem. It is discretizedonly in thefinal im-
plementationastep. Therefore mary importantqualitatve aspects
canalreadybe discussedn a continuoudlevel. Applicationsare
shawn for flow fieldsin 2D and 3D aswell asfor principaldirec-
tionsof curnvatureongeneratriangulatedsurfacesFurthermorehe
provisionsfor flow segmentatiorareoutlined.
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1 Introduction

The visualizationof field data, especiallyof velocity fields from
CFD computationss oneof thefundamentatasksin scientificvi-
sualization. A variety of differentapproachefasbeenpresented.
Thesimplestmethodto draw vectorplotsatnodesof someoverlaid
regulargrid in generalproducesvisual clutter, becausef the typi-
cally differentlocal scalingof thefield in the spatialdomain,which
leadsto disturbingmultiple overlapsin certainregions,whereasn
otherareassmall structuressuchaseddiescannot be resohedad-
equately This getsevenworseif tangentiafieldson highly curved
surfacesreconsidered.

The centralgoalis to comeup with intuitively betterreceptible
methodswhich give anoverall aswell asdetailedview ontheflow
patterns Singleparticlelinesonly very partially enlightenfeatures
of a compl« flow field. Thus,we wantto definea texture which
representthefield globallyona 2D or 3D domainandon surfaces
respectrely. Herewe confineoursehesto stationaryfields. In the
Euclidiancasewe suppose : 2 — R™ for somedomain2 C R",
whereasn caseof a manifold M embeddedn R? we considera
tangentialectorfield ». We askfor amethodgeneratingstretched
streamlingtypepatternswhich arealignedto thevectorfield v(z).
Furthermorethe possibility to successiely coarserthis patternis
obviously andesirableproperty Methodswhich arebasedn such
a scaleof spacesindenhancesertainstructureof imagesarewell
known in imageprocessinganalysis. Actually nonlineardiffusion
allows the smoothingof grey or colorimageswhile retainingand
enhancingedges[18]. Now we setup a diffusion problem,with
strongsmoothingalongintegral linesandedgeenhancemerin the
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orthogonaldirections. Applying this to someinitial randomnoise
imageintensitywe generatea scaleof successiely coarsepatterns
whichrepresenthevectorfield. Finiteelementsn spaceandasemi
implicit time steppingare appliedto solve this diffusion problem
numerically Furthermorea suitablemodificationof the approach
allows theidentificationof topologicalregions.

Before we explain in detail the method,let us discussrelated
work on vectorfield visualizationandimageprocessing Later on
we will identify someof thewell known methodsasequivalentto
specialcases,or asymptoticlimits of the presentechev method
respectiely.

2 Related work

The spotnoisemethodproposeddy van Wijk [25] introducesspot
like texture splatswhich arealignedby deformatiorto the velocity
fieldin 2D or onsurfacesn 3D. Thesesplatsareplottedin thefluid
domainshowing strong alignmentpatternsin the flow direction.
Theoriginally first orderapproximationto the flow wasimproved
by de LeeuwandvanWijk in [6] by usinghigherorderpolynomial
deformationf the spotsin areaof significantvorticity. In anan-
imatedsequencéhesespotscanbemovedalongstreamline®f the
flow. Furthermoran 3D van Wijk [26] appliesthe integrationto
cloudsof orientedparticlesandanimategshemby drawing similar
moving transparenandilluminatedsplats.

The Line Integral Convolution (LIC) approactof CabralandLee-
dom [4] integratesthe fundamentalODE describingstreamlines
forward andbackwardin time at every pixelized point in the do-
main,corvolvesa white noisealongtheseparticlepathswith some
Gaussiartypefilter kernel,andtakesthe resultingvalueasanin-
tensityvaluefor the correspondingixel. Accordingto the strong
correlationof this intensity alongthe streamlinesand the lack of
ary correlationin theorthogonatirectiontheresultingtexturing of
the domainshows densestreamlinefilamentsof varyingintensity
Hege and Stalling [21] increasedhe performanceof this method
especiallyby reusingportionsof the convolution integral already
computedon pointsalongthe streamline. Forssell[10] proposed
a similar methodon surfaceandMax et al. [17] discussflow vi-
sualizationby texturing on contoursurfaces Max andBecker[16]
presentech methodfor visualizing2D and3D flows by animating
textures.

Shenand Kao [20] applieda LIC type methodto unsteadyflow
fields. Recentlya method[2] hasbeenpresentedwhich generates
streaklinetype patternsby numericalcalculationof the transport
of inlet coordinatesandinlet position. Interranteand Grosch[12]
generalizedine integral convolutionto 3D in termsof volumeren-
deringof line filaments.

In [24] Turk discusseanapproactwhich selectsa certainnum-
ber of streamlines.They areautomaticallyequally distributed all
overthecomputationatlomainto characterizén a sketchtyperep-
resentationthe significantaspect®f the flow. An enegy minimiz-
ing processs usedio generatéheactualdistribution of streamlines.

Especiallyfor 3D velocity fields particletracingis a very pop-
ular tool. But afew particleintegrationsreleasecdy the usercan
hardly scopewith the compleity of 3D vectorfields. Zdckler et



al. [22] usepseudaandomlydistributed,illuminatedandtranspar
entstreamlinego give adensemandmorereceptiblerepresentation,
which showsthe overall structureandenhancegmportantdetails.
VanWijk [27] proposedheimplicit streamsurfacemethod.For a
stationanyflow field thetransportequations; - V¢ = 0 aresolved
for givenv andcertaininflow and outflov boundaryconditionsin
a pre-computingstep. Thenisosurface®f theresultingfunction¢
arestreamsurfacesndcanefficiently be extractedwith interactve
frameratesevenfor largerdatasets.

Most of the methodspresentedofar have in common thatthe
generationof a coarserscalerequiresa recomputation. For in-
stanceijf we askfor afiner or coarseiscaleof theline integral con-
volution patternthe computatiorhasto berestartedvith acoarser
initial imageintensity In caseof spotnoiselarger spotshave to be
selectedndtheirstretchingalongthefield hasto beincreasedThe
approactto be presentedherewill incorporatea successie coars-
eningastime proceedsn the underlyingdiffusion problem.

As already mentionedin the introduction our method of
anisotropicnonlineardiffusion to visualizevectorfieldsis derived
from well known imageprocessingnethodology Discretediffu-
sion type methodsare known for a long time. Peronaand Malik
[18] have introduceda continuousdiffusion modelwhich allows
the denoisingof imagestogethemwith the enhancingpf edges.Al-
varez,Guichard,Lions andMorel [1] have establisheda rigorous
axiomatictheory of diffusive scalespacemethods. Kawohl and
Kutev [14] investigateaqualitative analysisof thePeronandMalik
model. Therecovering of lower dimensionaktructuresn images
is analyzedby Weickert[28], who introducedan anisotropicnon-
linear diffusion methodwherethe diffusion matrix dependsn the
socalledstructuretensorof theimage.A finite elementiscretiza-
tion andits corvegencepropertiehave beenstudiedoy Kacurand
Mikula [13].

Concerningthe applicationof diffusion type methodson sur
faces,a generalintroductionto differential calculuson manifolds
canbe foundfor instancein the book by do Carmo[7]. Dziuk [8]
presentsan algorithmfor the solution of partial differentialequa-
tions on surfacesandin [9] he discusses numericalmethodfor
geometricdiffusion appliedto the surfaceitself, which coincides
with the meancurvaturemotion.

3 The nonlinear diffusion problem

Letusnow derive ourmethodbasednasuitablePDEproblem.At
first, we confineoursehesto the caseof planardomainsin 2D and
3D. Here, nonlinearanisotropicdiffusion appliedto someinitial
randomnoisyimagewill enableanintuitive andscalablevisualiza-
tion of complicatedvectorfields. Thereforewe pick up the idea
of line integral convolution,whereastrongcorrelationin theimage
intensityalongintegral linesis achievedby corvolutionof aninitial
white noisealongtheselines. As proposedalreadyby Cabraland
Leedom[4] a suitablechoicefor the corvolutionkernelis a Gaus-
siankernel. On the other handan appropriatelyscaledGaussian
kernelis known to be the fundamentakolution of the heatequa-
tion. Thus,line integral convolution is nothing elsethan solving
the heatequationin 1D on anintegral line parameterizeavith re-
specto arclength.On pixelswhicharelocatedondifferentintegral
linesthe resultingimageintensitiesare not correlated.Hence,the
thicknessof the resultingimagepatternsin line integral convolu-
tion is of thesizeof therandominitial patternsjn generala single
pixel. Increasinghis sizeasit hasbeenproposedy Kiu andBanks
[15] leadsto broadesstripesandunfortunateljlesssharptransitions
acrossstreamlingpatterns As describedsofar, line integral corvo-
lution is a discretepixel basedmethod.If we askfor awell posed
continuoudiffusionproblemwith similarpropertieswe areleadto
someanisotropicdiffusion, now controlledby a suitablediffusion
matrix.
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Figurel: TheshapeZ(-) which appliedto thegradientof the mol-
lified imageintensitysenesasa diffusion coeficientin imagepro-
cessing.

To begin with, let usatfirst introducea generahonlineardiffu-
sion methodfrom imageprocessingndthendiscussthe selection
of theappropriataiffusiontensorandtheright handside. Herewe
consideffirst the caseof animagein Euclidianspaceeitherin 2D
or 3D. In Section6 we thengeneralizehis with respecto textures
onsurfacesWe considermfunctionp : RY x  — R whichsolves
the parabolicproblem

%p —div (A(Vpg)Vp) = f(p) in R+ X Q,
p(0,) = po on(,
%pzo onR* x 90

for giveninitial densitypo : © — [0, 1]. Herep. = x<* p isamol-
lification of the currentdensity which will later on turn out to be
necessaryor the wellposednessf the above parabolic,boundary
andinitial valueproblem.In our settingwe interpretthe densityas
animageintensity a scalargreyscaleor — with a slightextensionto
thevectorvaluedcase-asavectorvaluedcolor. Thus,thesolution
p(+) canberegardedasa family of images{p(t‘)}temg , Wherethe

timet senesasascalingparameterLet usremark thatby thetriv-
ial choiceA = 1 and f(p) = 0 we obtainthe standardinearheat
equationwith its isotropicsmoothingeffect. In imageprocessing
po is agiven noisy initial image. The diffusionis supposedo be
controlledby the gradientof the imageintensity Large gradients
markedgesn theimage ,whichshouldbeenhancedyhereasmall
gradientsndicateareasof approximatelyequalintensity Herede-
noising,i. e. intensitydiffusionis consideredFor thatpurposeve
prescribea diffusioncoeficient

A=G([Ved)

whereG : Rf — RT is a monotonedecreasingunction with
limg oo G(d) = 0 andG(0) = B whereg € R is constan{(cf.
Fig. 1), e.9. G(d) = ﬁ. If we would replacethe molli-
fiedgradientV p. asagumentof G by thetruegradientV p, which
leadsto the original PeronaMalik model,we would in generalob-
tainabackwardbaraboliqroblemin area®f highgradientsyhich
is nolongerwell posed14]. Theinvokedmollification avoidsthis
shortcomingandcomesalongwith adesirablgpresmoothingffect.
Neverthelesshe enhancingf steepgradientsaandtherebyedgesn
theimage known from backwarddiffusionis retainedf we adjust
the mollification carefully A suitablechoice[13] for this mollifi-
cationis aconvolutionwith the heatequatiorkernel.l.e. we define
pe = p(t = €2/2) wherep is thesolutionof the heatequatiorwith
initial datap. Thene is the width of the correspondingsaussian
filter. Figure2 givesan exampleof suchanimagesmoothingand
edgeenhancemerby nonlineadiffusion. Thefunction f(-) may
sene asa penaltywhich forcesthe scaleof imagesto staycloseto
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Figure2: Thenoisyimageon theleft is successiely smoothedoy
nonlineardiffusion. Ontheright theresultingsmoothedmagewith
enhance@dgess shavn.
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Figure3: ThecoordinateransformatiorB(v).
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theinitial image,e. g. choosingf(p) = v(po — p) wherey is a
positive constant.

Now we incorporateanisotropicdiffusion. For a given vector
field v : Q@ — R™ we considedineardiffusionin the directionof
thevectorfield anda PeronaMalik typediffusionorthogonato the
field. Let us supposehatwv is continuousandv # 0 on Q2. Then
thereexists a family of continuousorthogonalmappingsB(v) :
1 — SO(n) suchthat B(v)v = ||v|leo , where{e;}izo, .. n—1
is the standarchasein R™ (cf. Fig. 3).  We considera diffusion
matrix A = A(v, Vp.) anddefine

A(v,d) = B(v)” ( (e ()l )B(“)

wherea : RT — R* controlsthe linear diffusionin vectorfield
direction,i. e. alongstreamlinesandthe above introducededge
enhancingdiffusion coeficient G(-) actsin the orthogonaldirec-
tions. Hereld,,_; is theidentity matrixin dimensionn — 1. We
may eitherchoosea linearfunction« or in caseof a velocity field,
which spatiallyvariesover severalordersof magnitudewe selecta
monotondgunctiona (cf. Fig. 4) with

a(0) > 0and
im0 a($) = amax.

In generalt doesnotmakesensédo considela certaininitial image.
As initial datap, we thuschoosesomerandomnoiseof anappro-
priatefrequeng range.This canfor instancebe generatedunning
alinearisotropicdiffusion simulationon a discretewhite noisefor
ashorttime. Hencepatternswill grow upstreamanddownstream,
whereaghe edgegangentialto thesepatternsaresuccessiely en-
hanced. Still thereis somediffusion perpendicularto the field
which suppliesus for evolving time with a scaleof progressiely
coarserrepresentationf theflow field. If we runthe evolution for
vanishingright handside f the imagecontrastwill unfortunately
decreasealueto the diffusion along streamlines. The asymptotic

a(r)

max

f(P)

Figure 4: The graphsof the velocity dependentinear diffusion
a(-), respectiely thescalarcontrasenhancingight handsidef(-).

Figure5: A vectorfield from a 2D magneto-hydrodynamicsmu-
lation (MHD) is visualizedby nonlineardiffusion. A discretewhite
noiseis consideredsinitial data. We run the evolution ontheleft
for asmallandontheright for alarge constandiffusioncoeficient
.

limit would turn out to be an averagedgrey value. Thereforewe
strengthertheimagecontrasduringtheevolution, selectinganap-
propriatefunction f : [0, 1] — R™ (cf. Fig. 4) with

£(0) = f(1) =0,
f>00n(0.5,1),andf < 00on(0,0.5).

If we - atthefirst glance- neglectthe diffusive termin the equa-
tion, onerealizeghatperturbationdelowr theaveragevalue0.5 are
pushedowardsthezerovalueandaccordinglyaluesabore0.5 are
pushedowardsl. Well-known maximumprinciplesensurehatthe
interval of grey values|0, 1] is not enlagedrunningthe nonlinear
diffusion. Herethefirst propertyof f is of greatimportance.Fi-

nally we endup with the methodof nonlinearanisotropidaiffusion
to visualizecomple vectorfields. Therebywe solve the nonlinear
parabolicproblem

gtp div (A(v, Vp)Vp) = £(p)

startingfrom somerandominitial image po and obtaina scaleof
imagesepresentinghe vectorfield in anintuitive way (cf. Fig. 5).

Thecorrespondingariationalformulationis obviously given by

(8tp7 0) + (A(Uv Vpe)vp, VH) = (f7 H) )
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Figure6: A sketchof the vectorvaluedcontrastenhancingunc-
tion f whichleadsto asymptoticstatesy(oc, -) € {0} U (™' n
[0,1]™). Here,the componentf the densityare interpretedas
bluerespectiely greencolor values.Thearravs indicatethedirec-
tion of contrastenhancememn

for all ¢ € C*™(), where(.,.) denotesthe L* producton the
domainQ2. Ourlaterfinite elemenimplementatiomwill bebasedn

thisformulationby restrictionto finite dimensionafunctionspaces.

4 Coupled system of diffusion equations

If we askfor point wise asymptotidimits of the evolution, we ex-
pectanalmosteverywhereconvergenceto p(oo, -) € {0, 1} dueto
thechoiceof thecontrasenhancindgunction f(-). Analytically 0.5
is athird, but unstabldix pointof thedynamics.Thusnumerically
it will notturnoutto belocally dominant.The spaceof asymptotic
limits significantlyinfluencegherichnesof thedevelopingvector
field alignedstructures.We may askhow to furtheron enrichthe
patternwhich is settledby anisotropicdiffusion. This turnsout to
bepossibleby increasinghesetof asymptoticstates We nolonger
restrictoursehesto a scalardensityp but considera vectorvalued
p: Q — [0,1]™ for somem > 1 anda correspondingystemof
parabolicequations.The couplingis given by the nonlineardiffu-
sioncoeficientG(-) which now depend®nthenorm||Vp|| of the
Jacobiarof the vectorvalueddensityVp andthe right handside
f(+). Wedefine

f(p) = h(llell)p

with h(s) = f(s)/s for s # 0, wheref is theold right handside
from the scalarcase,and k(0) = 0. Furthermorewe selectan
initial densitywhichis now a discretewhite noisewith valuesin

B1(0)N[0, 1]™ . Thusthecontrastnhancingiow pusheshepoint
wisevectordensityp eitherto the0 or to somevalueonthe sphere
sectorS™~! N[0, 1]™ in R™ (cf. Fig. 6). Againastraightforward
applicationof the maximumprinciple ensures(t,z) € S™™' N

[0,1]™ for all t andz € Q.

Figure7 shovs anexamplefor the applicationof the vectorval-
ued anisotropicdiffusion methodappliedto a 2D flow field from
a MHD simulationcorvective flow field. Furthermore Figure 8
shavs resultsof this methodappliedto severaltime stepsof acon-
vective flow field. An incompressibleBénardcornvectionis sim-
ulatedin a rectangulabox with heatingfrom belor and cooling
from above. Theformationof convectionrolls will leadto an ex-
changeof temperatureWe recognizethatthe presentedanethodis
ableto nicely depictthe globalstructureof theflow field, including
its saddlepoints, vortices,and stagnatiorpoints on the boundary
Figure9 shows resultsfor the samedatasetsobtainedby line in-
tegral corvolution (Herewe usedtheimplementatiorof Hege and
Stalling [21]). Finally, Fig. 10 shows a differentapplicationto a
porousmediaflow field.

Figure 7: Different snapshotsfrom the multiscale based on
anisotropicdiffusion are depictedfor a 2D MHD simulationvec-
tor field. Herewe considera two dimensionaldiffusion problem
andinterpretedheresultingdensityasacolorin ablue/greercolor
space

Figure8: Corvective patternsn a 2D flow field aredisplayedand
emphasizetby the methodof anisotropicnonlineardiffusion. The
imagesshow the velocity field of the flow at differenttime steps.
Therebythe resultingalignmentis with respectto streamlinesof
thistime dependentiow.



Figure9: LIC imagegeneratedor one of the datasetsthat have
alreadybeenprocessedh Fig. 8 by nonlineardiffusion (cf. lower
leftimagein Fig. 8).

Figure 10: Field aligneddiffusion clearly outlinesthe principle

featuresof a porousmediaflow in the vicinity of a salt dome.

Lensef lower permeabilityforcetheflow to passhroughnarrov
bridges.We depicttwo time stepsof the diffusion process.

5 Applicationin 3D

The anisotropicnonlineardiffusion problemhasbeenformulated
in Section3 for arbitrary spacedimension.It resultsin a scaleof

vectorfield alignedpatternswhich we thenhave to visualize. In

2D this hasalreadybeendonein a straightforwardmannerin the
abovefigures.In 3D we have somehav to breakup thevolumeand
openup theview to innerregions. Otherwisewe mustconfineour

selveswith somepatterncloseto the boundaryrepresentingolely
theshearflow.

Herea furtherbenefitof the vectorvalueddiffusion comesinto
operation.We know thatfor rn = 2 theasymptotidimits - which
differ from 0 - arein meanequally distributed on S* N [0, 1] .
Hence,we reducethe informational contentand focus on a ball
shapecdeighborhoodB; (w) of a certainpointw € S' N [0,1]*.
Now we caneitherlook atisosurface®f thefunction

o(z) = |lp(z) —«l”,

wheretheisolevel §? allows usto depicttheboundaryof the preim-
age of B;(w) with respectto the mapping p (cf. Fig. 11 and
Fig. 12). Alternatvely we might usevolumerenderingto visual-
ize this type of subvolumes. A detaileddiscussiornof the latter
approachs beyondthe scopeof this paper

6 Anisotropic diffusion on surfaces

In the above sectionswe have discussedanisotropicdiffusion in
vectorfield visualizationon domainswhich aresubset®f two- and
threedimensionalEuclidianspace. In what follows we will out-
line how to carryoverthis methodologyto displaytangentialector
fields on surfaces.Importantexamplesare resultsfrom meteoro-
logical simulations flow fields on streamsurface®r vectorfields
in differentialgeometry Theapplicationgpresentedherewill focus
on the latter caseand presentmultiscaletextureson surfacesep-
resentingthe principal directionsof curvature. Basedon the well
establishedntrinsic differential calculuson manifolds[7], we can
pick up the samediffusion problemswith an appropriatereinter
pretationof theoperatorsThus,let usfirst briefly review thebasic
notationof manifolds differentialcalculusandgeometridiffusion.
For adetailedntroductionto geometryanddifferentialcalculuswve
referto[7] and[5, Chapterl]. For thesakeof simplicity weassume
our surfacego becompactembeddednanifoldswithoutboundary
Thuswe considera smoothmanifold M, which we supposeo be
embeddedn R®. Letz : Q — M; ¢ = z(¢) beacoordinate
mapfrom an atlasof M. For eachpointz on M the embedded
tangentspace7,. M is spannedy the basis{%, ;’TZ}. By 7T M
we denotethetangenbundle.On M themetricg(-, -) asabilinear
formon7 M x T M is prescribedy themetrictensorg = (g:; ):;
with

o _ Oz 0=
gl.]_aé:t_ aé:]a

where- indicatesthe scalarproductin R*. Theinverseof g is de-
notedby g~' = (g*);;. Basedon the metric we candefinethe
integrationof a function f on M. We split up anintegral over M
into separaténtegralsover subsetswhicharein theimagez(Q2) of
somecoordinatemapz anddefine

[ 7= [ e

Integratingeitheraproductof two functionsf, g on M or theprod-
uctof two vectorfieldsv, w on 7.M we obtainthefollowing scalar



Figurel3: Theprincipaldirectionsof curvaturearevisualizedby anisotropiadiffusionon a minimal surface.

productson C° (M) andC® (T M) respectiely:

A[fg da |
/g(v,w) da .

M

(f7 g)M

(an)TM

Next, we have to introducethe fundamentalintrinsic gradientand
divergenceoperatoron M. ThegradientV a4 f of f is definedas
therepresentationf df with respecto themetricg. We obtainin
coordinates

Vaf = g8 M22) O
¥

0¢ 0%

Furthermorewe definethedivergencediv a4 v for avectorfield v €
T M asthe dual operatorof the gradientby

/diVMv ¢ dzr := — /g(v7 V me) dz
M

M

for all ¢ € C5°(M).

Finally, with thesedifferentialoperatorsathandwe candiscussa
generabndintrinsicdiffusiononamanifoldin analogyto diffusion
in EuclidianspaceWe askfor asolutionp : RF x M — R of the
parabolicequation

d .
5P~ dVm(AVmp) = f(p)

onRY x M for giveninitial datap(0, -) = po on M. Herewe
supposed to be somepositive definite symmetricendomorphism
on 7M. Testingwith ary functiond € C'*°(M(¢)) andintegrat-
ing over M we obtainthevariationalformulation

(0:p,0) pm + (AVrp, V)0 = (f(p), 0)m .

Now we considerour actualgoal,whichis the generatiorof a tex-
ture by nonlinearanisotropicdiffusion to represent given vector
fieldv € T M onthesurface Thus,wesupposet to dependnthe
vectorfield v andthenormof thegradientof acornvolutedintensity

pe
A=A, [[Vampe|)

For novanishingv let w € 7,.M besomeunit vectornormalto v,
i. e. g(v,w) = 0. Hence {7y, w} is abasisof 7..M andwith
respecto this basiswe defineasbeforein the Euclidiancase

Ao, d) = ( SUCR ) ,

As right handside f(-) we pick up the onealreadyintroducedin
Section3 andagainassumep, to bearandomnoise eitherscalaror
vectorvalued,but now prescribedn thesurfaceM. Furthermore,
we haveto give asuitabledefinitionof theregularizingpresmooth-
ing to obtain p. from the original intensity p. Again we proceed
in analogyto the Euclidiancaseanddefinep. astheresultof the

abovediffusionproblemwith A = Id attime ¢ = % andfor initial
datap.

Finally, theresultingfamily {p(t)}.>0 of intensitieson M gives
a multiscaleof representationsf the given vector field v. Fig-
ure13,14show resultson differentsurfacesWe considerthe prin-
cipaldirectionsof curvatureastangentialvectorfieldsonwhichwe
applytheanisotropiadiffusionmethod.On the underlyingtriangu-
lar grids, the shapeoperatoy whoseeigervaluesare the principal
curvaturesjs approximatedsfollows. Locally we regarda single
triangleT" andall the neighboringriangleswhich have anonzero
intersectiorwith 7" asa graphover the planecontaining?” andcal-
culatethe L? projectionof this piecewiselinear graphontothe set
of quadratigraphswvhicharetangentiato theplane. Thenwe eval-
uatethe constantshapeoperatoron this graph. Let us emphasize
thatthe L? projectionis alwaysdefined,althoughthe local graph
propertyof the triangulargrid might notholdin certaindegenerate
cases.

7 Discretization in 2D and 3D

In whatfollowswediscusghediscretizatiorandimplementatiorof
thefield aligneddiffusion method.We will first focuson domains
in 2D and 3D Euclidianspace. For this purposea finite element
discretizationin spaceanda semiimplicit backwardEuleror sec-
ond order Crank Nicolssonschemen time are considered.Here
we have restrictedoursehesto regular gridsin 2D and 3D gener
atedby recursve subdvision. On thesegridswe considerbilinear,
respectiely trilinear finite elementspaces.Numericalintegration
is basedn thelumpedmassegroduct(-, -)" [23] for the I.? prod-
uct (-, -) in the variationalformulationanda one point quadrature
rule for thebilinearform (AV -, V ). Semiimplicit meangfor the
schemesonsiderecherethatthe nonlinearity A(-) is evaluatedat
theold time. Finally, in eachstepof thediscreteevolutionwe have
to solve a singlesystemof linearequationsWe obtainfor a back-
wardEulerdiscretization

Here p* = (p¥): is the vector of nodal intensity valuesat time
t" = kr, wherer is theselectedime stepsize. Furthermoreif we
denotethe “hat shaped’multilinear basisfunctionsby ®; andthe
diffusion tensorwith respecto the discreteintensityat time t* by
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Figure 14: For both principal directionsof curvaturedifferenttimestepf the anisotropicdiffusion aredisplayedon the surfaceof a pres-
moothedStanfordbunry. In additionthe correspondingrinciple curvaturevaluesarecolor coded.
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arethe lumpedmassmatrix and nonlinearstiffnessmatrix respec-
tively. Finally, the componentsf the right handside f* areevalu-
atedby (/*): = f(p7)-

Theglobal matricesM™* and L* ( A¥) areassembledrom local
matricesm® andi® with respecto a single element. Thereen-
tries correspondo all pairingsof local basisfunctions.Dueto the
appliedlumpedmassintegrationwe immediatelyverify

1
E
m;; = 2—n5ij|E|

where|E| is the volumeof the rectangulaelementE andd;; the
usualKroneckersymbol. For the nonlinearstiffnessmatrix we ob-
tain

) =181 [y (vor ) (v ) +

G(D) (V(I)i - Vo . —II‘YIP v)

) 74
. V@J—VCI)J~—V>] .
< VTP

whereV = v(cg) for thecenterof masscg of E, D thegradient
of the presmoothedliscreteintensityat cg, and {®'}; the setof
local basisfunctions.

In eachtime stepthecomputatiorof the prefilteredntensityvec-
tor pZ is basedon a singleimplicit time stepe? /2 for the corre-
spondingdiscreteheatequationschemewith respecto initial data

In our implementatiorthe regular grids are procedurallyinter
pretedas quadtreestespectiely octtrees[19]. Finally no matrix
is explicitly stored.Thenecessarynatrix multiplicationsin theap-
pliediterative CGsolverareperformedn successietreetraversals.
HierarchicaBPX type[3] preconditionings usedto accelerat¢he
cornvergenceof thelinear solver. The computatiorof asingletime
stepon a 2572 grid performedon a Silicon Graphicsworkstation
with anR10000processorequiresl.2 secondsComputingtimein
3D is currentlymuchmoreexpensie. But thereis still agreatpo-
tentialto speedup the algorithmconsiderablyfor instanceby tak-
ing into accountbetterorderingstratgiesfor the unknovnswhich
correspondo the anisotropy This will be exploited in the future.

Furthermorethe codeis preparedo incorporatespatialgrid adap-
tivity if possible(cf. Fig. 17).

8 Discretization on surfaces

Thediscretizatiorof the proposedanisotropiadiffusion methodon

surfacess completelyanalogougo the above Euclidiancase.We

only have to replacethe discretedifferentialoperatorsandbilinear
formsby theirintrinsicgeometriccounterpartsWe supposehesur

face M to be approximatedvith a sufficiently fine triangulargrid

M, consistingof nondeyeneratdriangles?' with maximaldiam-

eterh. Thus,we only focuson the computationof the local mass
matrix m” andthe local nonlinearstiffnessmatrix 1% ( A) respec-
tively. We obtainagainby lumpedmassntegration

1
T
m;; = §5ij|T|

where|T| is the areaof the triangle 7. Next, let us considerfor
every triangle T the referencetriangle?” ¢ R? with independent
variables¢:, ¢&; andnodes¢® = (0,0), &' = (1,0), and¢? =
(0,1). Thenan affine coordinatemapping X mapsT onto7" and
its nodes¢® ontothe correspondingnodesP’ of T' on the discrete
surfacein R®. Hencethe correspondingnetric tensoris asin the

continuouscasegivenby gi; = §X - £X, where 53k = P — Py,
T i

Hencewe can evaluategradientsof the linear basisfunctions ®'
correspondingo thenodesP' by

Y
¢l — i Pz _ PO

i,J

wherethederivativesof ®* with respecto thereferenceoordinates
¢ are

)20

e



Figurell: Theincompressibléow in awaterbasinwith two inte-
rior wallsandaninlet (ontheleft) andanoutlet(ontheright) is vi-
sualizedby the anisotropimonlineardiffusionmethod.lsosurfaces
shaw the preimageof @B;(w) underthe vectorvaluedmappingp
for somepoint w on the spheresector ¢Fromtop to bottomthe
radiusé is successiely increased.A color rampblue—green—-red
indicatesanincreasingabsolutesalueof thevelocity. Thediffusion
is appliedto initial datawhich is a relatively coarsegrainrandom
noise.

Figure12: Nonlinearanisotropiaiffusionappliedto thesame3D
datasetasin Fig. 11, but with a fine grain white noiseasinitial
data.

Finally we calculatethelocal nonlinearstiffnessmatrix

15(A) =

11 [0V (Vo @' ) (Va0 ) 4

z 7 V
G(D) (Vthb — Vo, ® .Wv)
) V4
' (thch — Ve Wv>] '

whereV = v(er) for thecenterof masscr of T, D thegeometric
gradientof the presmoothedliscreteintensityon 7" and “-” still
indicatesthe scalamproductin R?.

9 Comparison to Other Methods

Sofarwe haveintroducedanovel approactwhich providesuswith
anintuitive understandingf complec vectorfields. We have dis-
cussedvarietyof importantpropertiesandadvantagesLet usnow
rankthis methodamongothervisualizationmethodsand compare
it with differenttechniques.Herewe especiallypick up the line
integral convolutionmethodandthe spotnoiseapproach.

For stationaryectorfieldswe obtainsimilar resultsby all meth-
ods. Thin field alignedpatternsare generated Line integral con-
volution leadsto comparableesultswith the essentiadifference
thatthe PDE basednethodcarriesa nice scalespaceproperty |. e.
evolving a longertime in the anisotropicdiffusion methodwe ob-
tainasuccessiecoarsenin@f theresultingpatterrrepresentinghe
vectorfield.

Furthermore,in a restricted sense,line integral corvolution
(LIC) and spot noise can be regardedas special casesof the
anisotropicnonlineardiffusion method. LIC with Gaussiarfilter
kernelcanbeidentifiedastheasymptotidimit of thelattermethod
for aconcentratiorof theedgeenhancingunctionG(-) at0 . Other
filter kernelshapesorrespondo different, in generalnon linear
diffusionprocessealongstreamlinesFurtheron, generatingsin-
gle deformedspoton the computationadlomainlike proposedn
[6] canbe regardedas an early time stepin the diffusion starting
with initial data,thatis a characteristidunction of a circular disk.
If we releasea bunch of suchdisksasinitial datain sucha way
thatthe evolving patternsdo not overlap,thenthe resultingimage
is comparablé¢o spotnoise.Thus,theoriginal spotnoisetechnique
canberegardedasa parallelversionof shorttime diffusive vector
field visualization.
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Figurel5: A sketchof thefour sectorsata critical point, theinitial
spotfor thediffusion calculationandthe orientedsystem{v, v} .

10 Towards Flow Segmentation

Theabove applicationslreadyshav the capacityof theanisotropic
nonlineadiffusionmethodto outlinetheflow structurenotonly lo-
cally. Indeedespeciallyfor larger evolution timesin the diffusion
procesghe topologicalskeletonof a vectorfield becomeslearly
visible. We will now investigatea possibleflow segmentationby
meanf theanisotropidiffusion. Let usrestrictto thetwo dimen-
sionalcaseof anincompressibldélow with vanishingvelocity v at
the domainboundaryd€2. Thentopologicalregionsareseparated
by homoclinic, respectiely heteroclinicorbits connectingeritical
pointsin the interior of the domainand stagnationpoints on the
boundary Critical points, by definition pointswith vanishingve-
locity v = 0, mayeitherbe saddlepointsor vortices. Furthermore
we assumecritical pointsto be non degeneratej. e. Vv is regu-
lar. Saddlepointsarecharacterizedby two realeigervaluesof Vv
with oppositesign, whereasat vorticeswe obtain complex conju-
gateeigervalueswith vanishingreal part. Stagnatiorpointson 952
aresimilarto saddlesFor detailswe referto [11]. In eachtopolog-
ical region thereis a family of periodicorbits closeto the hetero-
clinic, respectrely homoclinicorbit. This obsenationgivesreason
for the following segmentationalgorithm. At first, we searchfor
critical pointsin © andstagnatiorpointson 9€2. We calculatethe
directionswhich separate¢he differenttopologicalregions. In case
of saddlepointsthesearethe eigervectorsof Vv. Next, we suc-
cessvely placeaninitial spotin eachof the sectorsandperforman
appropriatdield alignedanisotropiaiffusion. Let us supposehat
a singlesectoris spannedy vectors{sy, s—} wherethe sign+
indicatesincomingandoutgoingdirection. The methodpresented
in Sect.3 would leadto a closedpatternalong one of the above
closedorbitsfor time ¢ large enough.Tofill outtheinterior region
we modify the diffusion asfollows. Up to now the PeronaMalik
diffusionsenhancedgesof the currentimagein both directions
normalto the velocity. Henceforthwe selectan orientationfor a
“one sideddiffusion(cf. Fig. 15). I. e. we selectauniquenormal
v to v andconsidetthediffusion matrix

B0 (g oty ) BO)

where« is a positive constantand(s)4 := max{s,0}. Further
morewe considera nonnegative, concare function f : R — RF
with f(0), f(1) = 0 asasourcetermin thediffusion equation.If
the orientationof {s4,s_} coincideswith thatof {v,v*}, then
linear diffusionin the directiontowardstheinterior will fill up the
completetopologicalregion. A segmentatiorof multiple topolog-
ical regionsat the sametime is possible,if we carefully selectthe
sectordo releasenitial spots.Figure16 shovsdifferenttime steps
of thesggmentatiorappliedto acorvectiveincompressibldéow.
Sofar we have seernthatanisotropidiffusion hasstrongprovisions
for flow segmentatioraswell. In acertainsensevetherebyidentify
the complemenbf whatis usually extractedin topologyrecogni-
tion. An outstandingadvantageof the new methodis its numerical
stability andits self sharpeningeffect dueto the edgeenhancing

A(v,Vpe) =

Figurel16: Nonlineardiffusionsegmentatioris appliedto aveloc-
ity field from a Bénardcorvection. Several time stepsare shovn
startingfrom initial seedspotsin critical point sectors. Here we
have placedtheseseedsscloseaspossiblen termsof thegrid size
in thesectorsspannedy the eigervaluesof the Jacobiarof theve-
locity. Only to emphasizé¢he evolution processa singlegreyscale
imagefrom the diffusion calculation(cf. Fig. 8) is underlyingthe
sequencef sggmentatiortime steps.

Figurel7: The adaptve quadtreeon which we approximatethe
segmentatiorfunction p ata certaintime step.



stratgyy. We pay for this by a highercomputationatompleity. If

we apply a standardmplementatioron a uniform grid of sizen?,

thesegmentatiorcostis atleastO(n?) comparedo anO(n) count
of grid cells metby the direct ODE integrationto computethe ho-
moclinicandheteroclinicorbitscorrespondingp thecritical points.
Figurel7 shovsanadaptve quadtreewhich allows the samereso-
lution quality for the sggmentatiorfunction p ason afull grid, but
now atamuchlower cost. Therebywe considera piecaviselinear
andcontinuoudfinite elementspaceontheadaptve quadtree.

11 Conclusions

Wehaveintroducedanen methodbasednthesolutionof anonlin-
earanisotropicdiffusion problemfor the postprocessingf vector
data. The methodcanbe appliedon 2D or 3D domainsaswell as
on two-dimensionasurfacesmbeddedn R?. ¢ Froma mathemat-
ical point of view one of the major advantagess, thatit is based
on a physicallyintuitive continuousmodel,i. e. streamlinealigned
diffusion. Most of the propertiescanbediscussean thislevel. Fi-
nally, it is discretizedn an appropriatevay makinguseof recent
andefficientnumericalalgorithms.

¢ Fromthe authors’point of view exciting futureresearchdirec-
tions are further investigationsof flow visualizationin 3D. Espe-
cially the exploiting of adaptve finite elementparadigmsand or-
deringstratgiesfor the unknavnswill be key issuedo reducethe
computingcosts.

Furthermorea visualizationapproactbasedon anisotropicdif-
fusionandapplicable€for time dependentectorfieldsis achalleng-
ing topic. Finally, the anisotropiadiffusion flow segmentatioralso
carriesprovisionsfor the identificationof interestingflow regions
in 3D, suchasrecirculationzonesandvortex cores.

Furtherresultsandthealgorithmrunningonann x m 2D vector
arrayis availableasa sourcecodeatthe URL:

http://www.iam.uni-bonn.de/FktAna_NumMath/
Num_Vis/projekte/flow_visualization/
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