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Chapter 1

Introduction

Background and Motivation Robot crowd navigation is a fundamental problem in
robotics, where a robot must move to a target goal while avoiding collisions with pedestrians
and maintaining efficient progress in a dynamic environment. Unlike navigation in static
maps, the surrounding agents are also moving, and their future positions are only partially
predictable. The robot therefore has to make sequential decisions under uncertainty, where
a locally reasonable action may become unsafe or inefficient after only a few timesteps.

A central difficulty of crowd navigation is the multi-modal nature of local interactions.
When a robot approaches a group of pedestrians, several maneuvers may be simultaneously
feasible: it may pass on the left, pass on the right, slow down and yield, or move through a
temporary gap. These alternatives are not merely small perturbations of the same action.
They correspond to qualitatively different local navigation strategies.

This creates a representation problem for learned policies. Many continuous control
methods use deterministic actions or unimodal Gaussian action distributions. Such policies
are convenient for optimization, but they are not well matched to observations that admit
several separated feasible decisions. A Gaussian policy may increase its variance, but it still
represents the action distribution by a single mode. If two feasible strategies are separated
in action space, the Gaussian mean may lie between them and need not correspond to a
meaningful navigation decision.

This thesis studies diffusion policies as a more expressive policy class for robot crowd
navigation. The primary motivation is the ability of diffusion models to represent non-
Gaussian and multi-modal conditional action distributions. We further generate short-
horizon action chunks, so that different modes of the policy can correspond to coherent
local motion plans rather than isolated velocity commands. The central question is whether
diffusion policies can improve dense crowd navigation by representing multi-modal local
navigation strategies, and whether action chunks can strengthen this advantage by encoding
these strategies as short-horizon plans.

Development of Robot Crowd Navigation Methods Classical crowd-navigation
methods rely on hand-designed local interaction rules. The Social Force model represents
pedestrian motion through attraction and repulsion forces, while ORCA constructs reciprocal
velocity constraints for multi-agent collision avoidance [HM95; Ber+11]. These methods are
efficient and interpretable, but their local and reactive nature can lead to overly conservative
behavior or freezing in dense crowds [TK10].

Learning-based methods replace hand-designed interaction rules with policies trained
from data or simulation. Early deep-RL approaches learn navigation behavior among
dynamic agents by optimizing long-term returns [Eve+18]. Attention-based methods such as
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CHAPTER 1. INTRODUCTION 2

SARL aggregate human–robot interaction features and improve crowd-aware decision-making
[Che+19]. Subsequent work further improves interaction modeling through relational graph
learning [Che+20], structural recurrent models [Liu+21], and enhanced spatial-attention
graphs [Shi+22].

More recent crowd-navigation policies incorporate richer temporal and predictive struc-
ture. CrowdNav++ uses an attention-based interaction graph together with short-horizon
human trajectory prediction [Liu+23]. Related work studies attention-based spatio-temporal
graph representations for crowd behavior modeling [ZG24]. Safety-oriented extensions also
consider uncertainty handling and constrained policy optimization to improve robustness
under prediction errors [Yao+25].

These developments substantially improve observation representation, interaction mod-
eling, prediction, and safety treatment. However, they do not directly address the ex-
pressiveness of the action distribution itself. In dense crowds, the same observation may
support several qualitatively different but feasible local strategies. This thesis therefore
studies a complementary direction: using a conditional diffusion policy to represent a flexible
multi-modal distribution over local navigation behavior.

Diffusion Policies for Multi-Modal Action Generation Diffusion models provide a
flexible generative modeling framework based on iterative denoising [Ho+20]. Starting from
Gaussian noise, a learned reverse process gradually transforms the noise into a structured
sample. When used as a conditional generative model, this reverse denoising process can
represent complex, non-Gaussian, and multi-modal conditional distributions.

This makes diffusion models attractive as policy classes for robotics. A diffusion policy
treats an action object as the generated sample. Conditioned on the current observation,
the policy samples this object by denoising Gaussian noise. Compared with a standard
Gaussian policy, this gives a richer conditional action distribution. In robotic manipulation,
diffusion policies have shown strong performance by generating multi-step action sequences
rather than isolated controls [Chi+25]. Recent work further extends diffusion policies to
reinforcement learning by optimizing the denoising process with policy-gradient methods
[Ren+25].

In this thesis, the generated action object is a short-horizon action chunk

xt0 =
(
xt0,1, x

t
0,2, . . . , x

t
0,H
)
, xt0,j ∈ R2, (1.1)

where each component is a two-dimensional velocity command. During execution, only the
first action is applied to the robot,

at = xt0,1, (1.2)

and a new chunk is sampled at the next timestep. This receding-horizon structure preserves
closed-loop responsiveness while allowing each sampled mode of the diffusion policy to
correspond to a coherent short-horizon local plan.

Planning Diffusion Policy Optimization The main method considered in this thesis is
Planning Diffusion Policy Optimization (PDPO), an offline-to-online reinforcement-learning
framework for crowd navigation. The environment is modeled as a Markov decision process

Menv = (S,A,P0,P,R, γ), (1.3)

where the state contains the robot state and the observed or predicted states of nearby
pedestrians, and the environment action is a two-dimensional velocity command. At each
environment timestep, an observation encoder maps the crowd-navigation state st to a
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latent representation zt. A conditional diffusion policy then samples an action chunk xt0
conditioned on zt.

PDPO follows a two-stage training procedure. First, the diffusion policy is pretrained
by behavioral cloning on demonstration trajectories. Given an expert action chunk, a noisy
version is obtained by a forward diffusion process, and the denoising network is trained
to predict the injected Gaussian noise. This stage initializes the policy with reasonable
collision-avoidance behavior.

Second, the pretrained diffusion policy is fine-tuned online using Proximal Policy Optim-
ization (PPO). Since the final action chunk is produced through multiple reverse denoising
steps, the sampling process can be viewed as an internal decision process. Each denoising
transition is treated as an augmented policy step, while the environment reward is assigned
after the final denoised action chunk has been generated and the first action has been ex-
ecuted. This augmented-MDP viewpoint provides a tractable way to apply policy-gradient
optimization to the denoising policy.

The thesis also considers a bounded version of the CrowdNav benchmark. In the original
setting, a robot may leave the workspace and bypass dense interactions while still being
counted as successful. The bounded setting treats boundary violations as collisions, thereby
providing a stricter evaluation of crowd-aware navigation behavior.

Contributions The contributions of this thesis are as follows.

1. A multi-modal diffusion-policy formulation for crowd navigation. The thesis
studies dense crowd navigation from the perspective of action distribution express-
iveness and argues that multi-modal local interactions are difficult to represent with
deterministic or unimodal Gaussian policies.

2. Action chunks as local plan representations. The thesis uses action chunks to
lift diffusion-policy outputs from individual velocity commands to short-horizon local
plans, so that different sampled modes can correspond to different coherent navigation
strategies.

3. An offline-to-online PDPO framework. The thesis presents Planning Diffusion
Policy Optimization, which combines denoising behavioral-cloning pretraining with
PPO fine-tuning of the reverse denoising process.

4. An empirical study in original and bounded CrowdNav benchmarks. The
thesis evaluates PDPO in dense crowd-navigation scenarios, studies the role of action
chunks, and discusses how boundary constraints affect benchmark interpretation.

Thesis Organization The remainder of the thesis is organized as follows. Chapter 2
introduces the reinforcement-learning background, including Markov decision processes,
policy gradients, actor–critic methods, and PPO. Chapter 3 reviews denoising diffusion
models and explains how conditional diffusion models can be used as stochastic policies with
multi-modal action distributions. Chapter 4 reviews robot crowd-navigation background,
focusing on ORCA as a representative rule-based baseline and CrowdNav++ as a strong
learning-based baseline. Chapter 5 presents the PDPO method for robot crowd navigation,
including the observation encoder, diffusion action-chunk policy, behavioral-cloning pre-
training, and online PPO fine-tuning. Chapter 6 reports the experimental setup, baselines,
ablations, and results on both the original and bounded CrowdNav benchmarks. Finally,
Chapter 7 summarizes the findings and discusses limitations and future directions.



Chapter 2

Reinforcement Learning
Background

This chapter reviews the reinforcement-learning background used in the rest of the thesis. The
goal is to introduce the mathematical objects needed to formulate robot crowd navigation and
to understand the policy-optimization component of Planning Diffusion Policy Optimization
(PDPO). We first introduce Markov decision processes, value functions, and Bellman
equations. We then discuss policy-gradient methods, actor–critic estimation, and Proximal
Policy Optimization (PPO). Finally, we explain how these concepts apply to continuous-
control crowd navigation. The presentation in this chapter follows standard treatments of
reinforcement learning, especially Sutton and Barto [SB18], with additional references given
at the beginning of each section.

2.1 Markov Decision Processes
We follow Puterman [Put94] and Sutton and Barto [SB18] in introducing the Markov
decision process formalism used throughout this chapter.

Definition 2.1 (Discounted Markov decision process). An infinite-horizon discounted
Markov decision process is a tuple

M = (S,A,P0,P,R, γ), (2.1)

where S is the state space, A is the action space, P0 is the initial-state distribution, P(· | s, a)
is the transition kernel, R : S ×A → R is the reward function, and γ ∈ [0, 1) is the discount
factor.

At time t, the agent observes st ∈ S, chooses an action at ∈ A, receives reward

rt = R(st, at), (2.2)

and the next state is sampled according to

st+1 ∼ P(· | st, at). (2.3)

Definition 2.2 (Markov property). The transition kernel P satisfies the Markov property
if, for every measurable set B ⊆ S,

P (st+1 ∈ B | s0, a0, . . . , st, at) = P(B | st, at). (2.4)

Thus, conditional on the current state and action, the next-state distribution does not
depend on the previous history.
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Definition 2.3 (Stochastic policy). A stochastic policy is a conditional distribution

π(· | s) (2.5)

on A for each state s ∈ S. We write π(a | s) for its probability mass function or density. In
continuous-control problems, A ⊆ Rd, and π(· | s) is usually represented by a density with
respect to Lebesgue measure.

Once a policy π is fixed, the MDP and the policy together induce a probability law over
trajectories. For a finite trajectory segment

τ0:T = (s0, a0, s1, a1, . . . , sT ), (2.6)

the corresponding trajectory density is

pπ(τ0:T ) = P0(s0)
T−1∏
t=0

π(at | st)P(st+1 | st, at). (2.7)

If the policy is parameterized as πθ, we write

pθ := pπθ (2.8)

for the induced trajectory law.

Definition 2.4 (Discounted return and control objective). For a trajectory generated under
π, the discounted return from time t is

Gt =
∞∑
ℓ=0

γℓrt+ℓ. (2.9)

The reinforcement-learning objective is to maximize

J(π) = Eτ∼pπ [G0] = Eτ∼pπ

[ ∞∑
t=0

γtrt

]
. (2.10)

For a parameterized policy πθ, we write

J(θ) := J(πθ). (2.11)

Remark 2.5 (Episodic tasks and absorbing terminal states). In episodic tasks, termination
usually occurs at a random time depending on the trajectory, for example when the robot
reaches the goal, collides, or exceeds a maximum episode length. Formally, such a termination
time can be viewed as a stopping time with respect to the natural filtration of the trajectory.
In this thesis, we use the standard convention of adding an absorbing terminal state sabs
with zero reward after termination. Under this convention, an episodic task can be written
as an infinite-horizon discounted MDP, and the return remains

Gt =
∞∑
ℓ=0

γℓrt+ℓ, (2.12)

where all rewards after termination are zero.
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2.2 Value Functions and Bellman Equations
We follow the dynamic-programming perspective of Bellman [Bel57] and the reinforcement-
learning presentation of Sutton and Barto [SB18] in introducing value functions and Bellman
equations. These objects summarize future rewards under a fixed policy and provide the
quantities that appear in the policy-gradient theorem. They are also central in value-based
reinforcement learning, where the policy is improved indirectly through estimates of value
functions.
Definition 2.6 (Value functions). For a fixed policy π, the state-value function is

V π(s) = Eπ [Gt | st = s] , (2.13)

and the action-value function is

Qπ(s, a) = Eπ [Gt | st = s, at = a] . (2.14)

The advantage function is defined by

Aπ(s, a) = Qπ(s, a)− V π(s). (2.15)

Remark 2.7 (Interpretation of the advantage). The quantity Qπ(s, a) measures the expected
return after taking action a in state s and then following policy π. The value V π(s) is the
policy average at the same state. Hence Aπ(s, a) measures whether action a is better or
worse than the typical action sampled from π(· | s). By construction,

Ea∼π(·|s) [Aπ(s, a)] = 0. (2.16)

Definition 2.8 (Bellman expectation operators). For a fixed policy π, define the Bellman
expectation operator for state-value functions by

(T πV )(s) = Ea∼π(·|s)
[
R(s, a) + γEs′∼P(·|s,a)V (s′)

]
, (2.17)

and the Bellman expectation operator for action-value functions by

(T πQ)(s, a) = R(s, a) + γEs′∼P(·|s,a)Ea′∼π(·|s′)Q(s′, a′). (2.18)

Proposition 2.9 (Bellman expectation equations). For any fixed policy π, the value
functions satisfy

V π = T πV π, Qπ = T πQπ. (2.19)
Equivalently,

V π(s) = Ea∼π(·|s)
[
R(s, a) + γEs′∼P(·|s,a)V

π(s′)
]
, (2.20)

Qπ(s, a) = R(s, a) + γEs′∼P(·|s,a)Ea′∼π(·|s′)Q
π(s′, a′). (2.21)

Proof. Using the decomposition
Gt = rt + γGt+1, (2.22)

we obtain

V π(s) = Eπ [rt + γGt+1 | st = s]

= Ea∼π(·|s)
[
R(s, a) + γEs′∼P(·|s,a)V

π(s′)
]
. (2.23)

This proves (2.20). Similarly, conditioning additionally on at = a gives

Qπ(s, a) = Eπ [rt + γGt+1 | st = s, at = a]
= R(s, a) + γEs′∼P(·|s,a)Ea′∼π(·|s′)Q

π(s′, a′), (2.24)

which proves (2.21).
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Definition 2.10 (Optimal value functions). The optimal state-value and action-value
functions are defined by

V ∗(s) = sup
π
V π(s), Q∗(s, a) = sup

π
Qπ(s, a). (2.25)

Definition 2.11 (Bellman optimality operator). The Bellman optimality operator for
action-value functions is defined by

(T ∗Q)(s, a) = R(s, a) + γEs′∼P(·|s,a)

[
sup
a′∈A

Q(s′, a′)
]
. (2.26)

Proposition 2.12 (Bellman optimality equation). The optimal action-value function
satisfies

Q∗ = T ∗Q∗, (2.27)

that is,

Q∗(s, a) = R(s, a) + γEs′∼P(·|s,a)

[
sup
a′∈A

Q∗(s′, a′)
]
. (2.28)

Remark 2.13 (Policy evaluation and control). The Bellman expectation equation is associated
with policy evaluation: for a fixed policy π, one tries to estimate V π or Qπ. The Bellman
optimality equation is associated with control: one tries to estimate Q∗ and then chooses
actions greedily with respect to this estimate. Thus value-based methods learn policies
indirectly through value functions.

Temporal-difference learning was introduced in [Sut88], and Q-learning is the classical
off-policy temporal-difference control method introduced in [WD92].

Definition 2.14 (Temporal-difference error). Let Fω be an approximation of a value
function, where Fω(s) = Vω(s) for state-value learning and Fω(s, a) = Qω(s, a) for action-
value learning. Given a one-step bootstrapped target yt, the temporal-difference error
is

δt = yt − Fω(xt), (2.29)

where xt = st or xt = (st, at), respectively. Common choices of the target are

yVt = rt + γVω(st+1), (2.30)
ySARSA
t = rt + γQω(st+1, at+1), at+1 ∼ π(· | st+1), (2.31)

yQ
t = rt + γ sup

a′∈A
Qω(st+1, a

′). (2.32)

The first target is used for state-value policy evaluation, the second for on-policy action-value
learning, and the third for Q-learning.

Remark 2.15 (Temporal-difference error as Bellman residual). The temporal-difference error
is a sample-level Bellman residual. For example, (2.30) compares the current estimate Vω(st)
with the bootstrapped target rt + γVω(st+1). Thus temporal-difference learning can be
viewed as stochastic approximation to a Bellman fixed-point equation.

Definition 2.16 (Value-based learning paradigm). A value-based reinforcement-learning
method learns an approximation to V π, Qπ, or Q∗ using temporal-difference targets, and
then derives a policy from this value estimate. In particular, Q-learning aims to approximate
Q∗ and selects actions greedily with respect to the learned action-value function.
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Algorithm 1 Generic temporal-difference value learning
Require: Value approximation Fω, behavior policy µ, learning rate α

1: Initialize parameters ω
2: for each episode do
3: Sample s0 ∼ P0
4: for t = 0, 1, 2, . . . do
5: Sample at ∼ µ(· | st) and observe (rt, st+1)
6: Choose a Bellman target yt
7: Set xt = st for value learning or xt = (st, at) for action-value learning
8: Compute δt = yt − Fω(xt)
9: Update

ω ← ω + αδt∇ωFω(xt)

10: if st+1 is terminal then
11: break
12: end if
13: end for
14: end for

For instance, the tabular Q-learning update is

Qk+1(st, at) = Qk(st, at) + αk

[
rt + γ sup

a′∈A
Qk(st+1, a

′)−Qk(st, at)
]
, (2.33)

where αk > 0 is a learning rate. With function approximation, the same principle is
implemented by updating the parameters ω to reduce the squared temporal-difference error.
Remark 2.17 (Connection to policy-gradient methods). Value-based methods learn a value
function as the main object and derive a policy from it, for example by greedy action selection.
Policy-gradient methods instead optimize πθ directly. Nevertheless, value functions still
play a central auxiliary role: they provide estimates of Qπθ or Aπθ in the policy-gradient
theorem. In actor–critic methods, the critic is such a learned value function, and its
temporal-difference error is often used as a sample-level advantage estimate.

2.3 Parameterized Policies and Policy Gradients
We follow the likelihood-ratio formulation of Williams [Wil92] and the policy-gradient
theorem of Sutton et al. [Sut+99] in presenting policy-gradient methods. Policy-gradient
methods optimize a parameterized policy directly. In this section we derive the policy-
gradient theorem, which is the mathematical basis for the actor–critic and PPO methods
introduced in the following sections. The central idea is that the policy parameters affect
the expected return through the trajectory distribution induced by the policy.

Definition 2.18 (Parameterized stochastic policy). Let Θ ⊆ Rm be a parameter space. A
parameterized stochastic policy is a family

{πθ(· | s) : s ∈ S, θ ∈ Θ} (2.34)

of stochastic policies indexed by θ. We write pθ for the trajectory law induced by πθ, as
introduced in Section 2.1.
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Assumption 2.19 (Regularity). We assume that πθ(a | s) is differentiable with respect to
θ, that its support does not depend on θ, and that differentiation may be interchanged with
integration in the expressions below. We also assume that rewards are bounded, so that the
discounted return is integrable.

Lemma 2.20 (Score identity for trajectories). Under Assumption 2.19, for any finite
horizon T ,

∇θ log pθ(τ0:T ) =
T−1∑
t=0
∇θ log πθ(at | st). (2.35)

Proof. Taking logarithms in (2.7) with π = πθ gives

log pθ(τ0:T ) = logP0(s0) +
T−1∑
t=0

log πθ(at | st) +
T−1∑
t=0

logP(st+1 | st, at). (2.36)

Since neither P0 nor P depends on θ, differentiating with respect to θ yields (2.35).

Lemma 2.21 (Likelihood-ratio identity). Let F (τ0:T ) be an integrable function of a finite
trajectory segment. Then

∇θEτ0:T∼pθ [F (τ0:T )] = Eτ0:T∼pθ [F (τ0:T )∇θ log pθ(τ0:T )] . (2.37)

Proof. Using the definition of expectation and the identity ∇θpθ = pθ∇θ log pθ, we obtain

∇θEτ0:T∼pθ [F (τ0:T )] = ∇θ
∫
pθ(τ0:T )F (τ0:T )dτ0:T

=
∫
pθ(τ0:T )∇θ log pθ(τ0:T )F (τ0:T )dτ0:T . (2.38)

This proves the claim.

Lemma 2.22 (Zero-mean score). For any state s and any function b : S → R independent
of the action,

Ea∼πθ(·|s) [∇θ log πθ(a | s)b(s)] = 0. (2.39)

Proof. For continuous action spaces,

Ea∼πθ(·|s) [∇θ log πθ(a | s)b(s)] = b(s)
∫

A
πθ(a | s)∇θ log πθ(a | s)da

= b(s)
∫

A
∇θπθ(a | s)da

= b(s)∇θ
∫

A
πθ(a | s)da = 0. (2.40)

The discrete-action case is identical, with the integral replaced by a sum.

Lemma 2.23 (Causality). For k < t,

Eτ∼pθ

[
γkrk∇θ log πθ(at | st)

]
= 0. (2.41)

Consequently, in the policy-gradient expression, the score of the action at may be multiplied
only by rewards obtained at times k ≥ t.
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Proof. Let
Ft = σ(s0, a0, . . . , st) (2.42)

be the information available before sampling at. If k < t, then γkrk is Ft-measurable. By
the tower property of conditional expectation,

E
[
γkrk∇θ log πθ(at | st)

]
= E

[
γkrkE [∇θ log πθ(at | st) | Ft]

]
. (2.43)

Conditioned on Ft, the state st is fixed and at ∼ πθ(· | st). By Lemma 2.22,

E [∇θ log πθ(at | st) | Ft] = 0. (2.44)

Therefore the whole expectation is zero.

Proposition 2.24 (Finite-horizon policy-gradient identity). Define the finite-horizon ob-
jective

JT (θ) = Eτ0:T∼pθ

[
T−1∑
k=0

γkrk

]
. (2.45)

Then

∇θJT (θ) = Eτ0:T∼pθ

[
T−1∑
t=0
∇θ log πθ(at | st)

T−1∑
k=t

γkrk

]
. (2.46)

Equivalently, if

G
(T )
t =

T−1−t∑
ℓ=0

γℓrt+ℓ, (2.47)

then

∇θJT (θ) = Eτ0:T∼pθ

[
T−1∑
t=0

γt∇θ log πθ(at | st)G(T )
t

]
. (2.48)

Proof. Applying Lemma 2.21 to

F (τ0:T ) =
T−1∑
k=0

γkrk (2.49)

and using Lemma 2.20, we obtain

∇θJT (θ) = E
[(

T−1∑
k=0

γkrk

)(
T−1∑
t=0
∇θ log πθ(at | st)

)]

= E
[
T−1∑
t=0
∇θ log πθ(at | st)

T−1∑
k=0

γkrk

]
. (2.50)

By Lemma 2.23, all terms with k < t have zero expectation. Therefore

∇θJT (θ) = E
[
T−1∑
t=0
∇θ log πθ(at | st)

T−1∑
k=t

γkrk

]
. (2.51)

Since
T−1∑
k=t

γkrk = γt
T−1−t∑
ℓ=0

γℓrt+ℓ = γtG
(T )
t , (2.52)

the second form follows.
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Theorem 2.25 (Policy-gradient theorem). Under Assumption 2.19, the gradient of the
discounted objective (2.11) is

∇θJ(θ) = Eτ∼pθ

[ ∞∑
t=0

γt∇θ log πθ(at | st)Qπθ(st, at)
]
. (2.53)

Proof. By Proposition 2.24,

∇θJT (θ) = E
[
T−1∑
t=0

γt∇θ log πθ(at | st)G(T )
t

]
. (2.54)

Taking the limit T →∞ is justified by bounded rewards and the regularity assumptions.
This gives

∇θJ(θ) = E
[ ∞∑
t=0

γt∇θ log πθ(at | st)Gt
]
. (2.55)

Conditioning on (st, at) and using the definition of Qπθ yields

E [∇θ log πθ(at | st)Gt | st, at]
= ∇θ log πθ(at | st)Qπθ(st, at). (2.56)

Substituting this identity into the previous expression proves (2.53).

Definition 2.26 (Discounted state-visitation distribution). The discounted state-visitation
distribution induced by πθ and P0 is

dπθP0
(B) = (1− γ)

∞∑
t=0

γtPπθ(st ∈ B), B ⊆ S. (2.57)

When a density exists, we write it as dπθP0
(s).

Corollary 2.27 (State-action form of the policy-gradient theorem). With dπθP0
defined in

Definition 2.26,

∇θJ(θ) = 1
1− γEs∼d

πθ
P0
, a∼πθ(·|s) [∇θ log πθ(a | s)Qπθ(s, a)] . (2.58)

Proof. By the definition of dπθP0
,

1
1− γEs∼d

πθ
P0
, a∼πθ(·|s) [∇θ log πθ(a | s)Qπθ(s, a)]

=
∞∑
t=0

γtE [∇θ log πθ(at | st)Qπθ(st, at)] , (2.59)

which is exactly (2.53).

Proposition 2.28 (Baseline invariance). Let b : S → R be any state-dependent baseline.
Then

Es∼dπθP0
, a∼πθ(·|s) [∇θ log πθ(a | s)b(s)] = 0. (2.60)

Consequently,

∇θJ(θ) = 1
1− γEs∼d

πθ
P0
, a∼πθ(·|s) [∇θ log πθ(a | s) (Qπθ(s, a)− b(s))] . (2.61)
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Proof. For each fixed state s, Lemma 2.22 gives

Ea∼πθ(·|s) [∇θ log πθ(a | s)b(s)] = 0. (2.62)

Taking the expectation over s ∼ dπθP0
proves (2.60). Subtracting this zero term from (2.58)

gives (2.61).

Baselines are commonly interpreted as variance-reduction control variates in policy-
gradient estimation [Gre+04].

Corollary 2.29 (Advantage form of the policy-gradient theorem). Taking b(s) = V πθ(s) in
Proposition 2.28, we obtain

∇θJ(θ) = 1
1− γEs∼d

πθ
P0
, a∼πθ(·|s) [∇θ log πθ(a | s)Aπθ(s, a)] . (2.63)

Equation (2.63) is the form of the policy-gradient theorem used in most practical actor–
critic algorithms. It separates the update direction into two factors: the score ∇θ log πθ(a | s)
of the sampled action, and the advantage Aπθ(s, a), which measures the quality of that
action relative to the current policy. In practice, the exact advantage is unknown and must
be estimated from sampled trajectories. The next section explains how actor–critic methods
construct such estimates using a learned critic, and Section 2.5 then introduces PPO as a
stabilized actor–critic update based on a clipped empirical policy-gradient objective.

2.4 Actor–Critic Methods and Advantage Estimation
We follow Konda and Tsitsiklis [KT00] for the actor–critic framework and Schulman et
al. [Sch+16] for generalized advantage estimation. The policy-gradient theorem gives a
direction for improving the policy, but it depends on the unknown value quantities Qπθ
or Aπθ . Actor–critic methods address this by combining two function approximators. The
actor is the policy πθ(a | s), while the critic is a value function approximation Vϕ(s) with
parameters ϕ.

Definition 2.30 (Temporal-difference residual for the critic). Given a transition (st, at, rt, st+1),
the one-step temporal-difference residual of the critic is

δϕt = rt + γVϕ(st+1)− Vϕ(st). (2.64)

Proposition 2.31 (TD residual as an advantage estimator). If the critic is exact, i.e.
Vϕ = V πθ , then

E
[
δϕt | st = s, at = a

]
= Aπθ(s, a). (2.65)

Proof. If Vϕ = V πθ , then

E
[
δϕt | st = s, at = a

]
= R(s, a) + γEs′∼P(·|s,a)V

πθ(s′)− V πθ(s)

= Qπθ(s, a)− V πθ(s) = Aπθ(s, a). (2.66)

Definition 2.32 (Generalized advantage estimation). Generalized advantage estimation
(GAE) defines

ÂGAE
t =

T−t∑
ℓ=0

(γλ)ℓδϕt+ℓ, λ ∈ [0, 1], (2.67)
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for a rollout segment of length T , where δϕt is the TD residual in (2.64). The corresponding
value target is often taken to be

R̂t = ÂGAE
t + Vϕ(st). (2.68)

The parameter λ controls the bias–variance trade-off. Smaller values rely more heavily
on one-step bootstrapping, while larger values use longer return information and approach
a Monte Carlo estimate.

Definition 2.33 (Actor and critic losses). Given rollout data generated by the current
policy, the actor objective is approximated by

ĴAC(θ) = 1
M

M∑
t=1

log πθ(at | st)Ât, (2.69)

where Ât is an advantage estimate, for example ÂGAE
t . The critic is trained by minimizing

Lvalue(ϕ) = 1
M

M∑
t=1

(
Vϕ(st)− R̂t

)2
. (2.70)

Algorithm 2 Generic actor–critic with advantage estimation
Require: Initial actor parameters θ, critic parameters ϕ, learning rates αθ, αϕ

1: for each iteration do
2: Collect rollout data {(st, at, rt, st+1)}Mt=1 using πθ
3: for t = M,M − 1, . . . , 1 do
4: Compute TD residual

δϕt = rt + γVϕ(st+1)− Vϕ(st)

5: Compute an advantage estimate Ât, e.g. by GAE

Ât =
M−t∑
ℓ=0

(γλ)ℓδϕt+ℓ

6: Set value target R̂t = Ât + Vϕ(st)
7: end for
8: Update the actor by gradient ascent:

θ ← θ + αθ∇θ

[
1
M

M∑
t=1

log πθ(at | st)Ât
]

9: Update the critic by gradient descent:

ϕ← ϕ− αϕ∇ϕ

[
1
M

M∑
t=1

(
Vϕ(st)− R̂t

)2
]

10: end for

Actor–critic methods therefore turn the theoretical gradient formula (2.63) into a
practical learning procedure. The actor uses the score term ∇θ log πθ(at | st), while the
critic supplies an estimate of the advantage. PPO, introduced next, keeps this actor–critic
structure but changes the actor objective to avoid overly large policy updates.
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2.5 Proximal Policy Optimization
We follow Schulman et al. [Sch+17] in presenting Proximal Policy Optimization (PPO).
PPO is an actor–critic policy-gradient method designed to improve stability by limiting the
size of each policy update. Its starting point is the advantage form of the policy-gradient
theorem, but the policy is updated through a clipped surrogate objective rather than the
plain actor objective in (2.69).

Suppose rollout data are collected using an old policy πθold . For a candidate new policy
πθ, define the likelihood ratio

rt(θ) = πθ(at | st)
πθold(at | st)

. (2.71)

The ratio rt(θ) measures how much the new policy changes the probability of the sampled
action compared with the policy that generated the data.

Definition 2.34 (Clipped PPO objective). Given advantage estimates Ât, the clipped PPO
surrogate objective is

Lclip(θ) = 1
M

M∑
t=1

min
{
rt(θ)Ât, clip (rt(θ), 1− ϵ, 1 + ϵ) Ât

}
, (2.72)

where ϵ > 0 is a clipping parameter.

If Ât > 0, increasing the probability of at is beneficial, but the clipping prevents the
ratio rt(θ) from becoming too large. If Ât < 0, decreasing the probability of at is beneficial,
but the clipping prevents the probability from being reduced too aggressively. Thus PPO
encourages policy improvement while discouraging large policy changes.

In practical implementations, PPO combines the clipped actor objective, the critic loss,
and an entropy bonus:

LPPO(θ, ϕ) = Lclip(θ)− cvLvalue(ϕ) + ceH(πθ), (2.73)

where cv, ce ≥ 0 are coefficients and H(πθ) denotes the empirical policy entropy. The value
term trains the critic, while the entropy term encourages exploration.
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Algorithm 3 Proximal Policy Optimization
Require: Initial actor parameters θ, critic parameters ϕ, clipping parameter ϵ, learning

rates αθ, αϕ
1: for each iteration do
2: Set θold ← θ
3: Collect rollout data {(st, at, rt, st+1)}Mt=1 using πθold

4: Compute TD residuals δϕt and advantage estimates Ât
5: Compute value targets R̂t = Ât + Vϕ(st)
6: for several optimization epochs do
7: Compute likelihood ratios

rt(θ) = πθ(at | st)
πθold(at | st)

8: Maximize the clipped actor objective

Lclip(θ) = 1
M

M∑
t=1

min
{
rt(θ)Ât, clip (rt(θ), 1− ϵ, 1 + ϵ) Ât

}
9: Minimize the critic loss

Lvalue(ϕ) = 1
M

M∑
t=1

(
Vϕ(st)− R̂t

)2

10: Update θ and ϕ using stochastic gradient steps on

LPPO(θ, ϕ) = Lclip(θ)− cvLvalue(ϕ) + ceH(πθ)

11: end for
12: end for

PPO can be viewed as a stabilized actor–critic method. It uses the critic to estimate
advantages as in Section 2.4, but replaces the plain policy-gradient objective by the clipped
surrogate in (2.72). This is the policy-optimization component used later in the thesis.



Chapter 3

Diffusion Models and Diffusion
Policies

This chapter introduces diffusion models and explains how they become diffusion policies for
continuous control. We follow Sohl-Dickstein et al. [Soh+15] for the viewpoint of learning
a reverse process for a gradual noising procedure, and Ho et al. [Ho+20] for the modern
discrete-time denoising diffusion probabilistic model formulation. The main viewpoint of this
chapter is that a stochastic policy, as defined in Definition 2.3, is a conditional distribution
over actions. Hence, choosing a policy class amounts to choosing a family of conditional
action distributions. Gaussian policies provide a simple and tractable family, but they
impose a unimodal geometry on the action distribution. Diffusion policies replace this
restrictive density family by a conditional denoising generative model, thereby inducing a
richer stochastic policy over actions or action sequences.

Throughout this chapter, the diffusion index is denoted by k ∈ {0, 1, . . . ,K}, whereas
the environment time index is denoted by t. These two indices have different meanings. The
variable x0 denotes a clean sample, and xk denotes its noisy version after k diffusion steps.
When a diffusion model is used as a policy, the clean sample xt0 generated at environment
time t will be an action object. In the crowd-navigation setting considered later, this action
object is an action chunk

xt0 = (xt0,1, . . . , xt0,H) ∈ RHda , xt0,j ∈ Rda , (3.1)

where da = 2 because the robot action is a two-dimensional velocity command.

3.1 Denoising Diffusion Models
We follow the discrete-time DDPM formulation of Ho et al. [Ho+20] in presenting denoising
diffusion models. Diffusion models are generative models that learn to sample from a data
distribution by reversing a gradual noising process. Let pdata be a distribution on Rd, and
let x0 ∼ pdata be a clean sample. The forward process progressively corrupts x0 into noise.
The reverse process is learned and transforms noise back into a structured sample.

Definition 3.1 (Forward diffusion process). Let β1, . . . , βK ∈ (0, 1) be a variance schedule
and define

αk = 1− βk, ᾱk =
k∏
i=1

αi, ᾱ0 = 1. (3.2)

16
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The forward diffusion process is the Gaussian Markov chain

q(x1, . . . , xK | x0) =
K∏
k=1

q(xk | xk−1), (3.3)

with transitions

q(xk | xk−1) = N
(
xk;
√
αkxk−1, βkI

)
, k = 1, . . . ,K. (3.4)

Equivalently,
xk = √αkxk−1 +

√
βkϵk, ϵk ∼ N (0, I). (3.5)

The forward process is fixed and contains no trainable parameters. For a suitable
variance schedule, repeated application of (3.4) makes xK close to standard Gaussian noise.
Generation can then start from xK ∼ N (0, I) and proceed backward.

A key property of the Gaussian forward process is that the marginal distribution
q(xk | x0) has a closed form. This makes training efficient, because a noisy sample at any
diffusion level k can be generated directly from x0.

Lemma 3.2 (Closed form of the forward marginal). For the forward diffusion process in
Definition 3.1,

q(xk | x0) = N
(
xk;
√
ᾱkx0, (1− ᾱk)I

)
. (3.6)

Equivalently,
xk =

√
ᾱkx0 +

√
1− ᾱkϵ, ϵ ∼ N (0, I). (3.7)

Proof. The claim is proved by induction. For k = 1, it follows directly from (3.4). Suppose
it holds for k − 1. Then

xk−1 =
√
ᾱk−1x0 +

√
1− ᾱk−1ϵ

′, ϵ′ ∼ N (0, I). (3.8)

Using (3.5),

xk = √αkxk−1 +
√
βkϵk (3.9)

=
√
αkᾱk−1x0 +

√
αk(1− ᾱk−1)ϵ′ +

√
βkϵk. (3.10)

The two Gaussian noise terms are independent, so their sum is Gaussian with covariance

αk(1− ᾱk−1)I + βkI = (1− ᾱk)I. (3.11)

The mean is
√
ᾱkx0, which proves the result.

The generative direction is the reverse of the forward noising process. Ideally, one would
like to sample from the true reverse conditional distribution

q(xk−1 | xk), k = K, . . . , 1. (3.12)

This conditional depends on the unknown data distribution and is not available in closed
form. A tractable intermediate object is the posterior

q(xk−1 | xk, x0), (3.13)

where the clean sample x0 is assumed to be known. Unlike q(xk−1 | xk), this posterior is
determined entirely by the Gaussian forward process and has a closed-form expression.
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Lemma 3.3 (Forward posterior). For the forward diffusion process in Definition 3.1, the
posterior distribution q(xk−1 | xk, x0) is Gaussian:

q(xk−1 | xk, x0) = N
(
xk−1; µ̃k(xk, x0), β̃kI

)
, (3.14)

where

µ̃k(xk, x0) =
√
ᾱk−1βk
1− ᾱk

x0 +
√
αk(1− ᾱk−1)

1− ᾱk
xk, (3.15)

β̃k = 1− ᾱk−1
1− ᾱk

βk. (3.16)

Proof. By Bayes’ rule, as a function of xk−1,

q(xk−1 | xk, x0) ∝ q(xk | xk−1)q(xk−1 | x0). (3.17)

Using (3.4) and Lemma 3.2, we have

q(xk | xk−1) = N
(
xk;
√
αkxk−1, βkI

)
, (3.18)

q(xk−1 | x0) = N
(
xk−1;

√
ᾱk−1x0, (1− ᾱk−1)I

)
. (3.19)

Let y = xk−1. Ignoring constants independent of y, the negative log-density is
1

2βk
∥xk −

√
αky∥22 + 1

2(1− ᾱk−1)∥y −
√
ᾱk−1x0∥22 (3.20)

= 1
2y

⊤
(
αk
βk

+ 1
1− ᾱk−1

)
y − y⊤

(√
αk
βk

xk +
√
ᾱk−1

1− ᾱk−1
x0

)
+ const. (3.21)

Therefore the posterior precision is(
αk
βk

+ 1
1− ᾱk−1

)
I = 1− ᾱk

βk(1− ᾱk−1)I. (3.22)

Hence the posterior variance is

β̃kI = βk(1− ᾱk−1)
1− ᾱk

I. (3.23)

The posterior mean is the posterior variance multiplied by the linear coefficient:

µ̃k(xk, x0) = β̃k

(√
αk
βk

xk +
√
ᾱk−1

1− ᾱk−1
x0

)
(3.24)

=
√
αk(1− ᾱk−1)

1− ᾱk
xk +

√
ᾱk−1βk
1− ᾱk

x0. (3.25)

This proves the claimed formula.

Lemma 3.3 shows that the oracle reverse step is Gaussian when the clean sample x0 is
known. This motivates modeling each learned reverse transition as a Gaussian. However,
the posterior mean µ̃k(xk, x0) still depends on x0, which is unavailable during generation.
The next result rewrites this posterior mean in terms of the noise component in xk.

Proposition 3.4 (Noise parameterization of the reverse mean). Let xk be generated from
x0 according to (3.7), namely

xk =
√
ᾱkx0 +

√
1− ᾱkϵ, ϵ ∼ N (0, I). (3.26)

Then the posterior mean in Lemma 3.3 can be written as

µ̃k(xk, x0) = 1
√
αk

(
xk −

βk√
1− ᾱk

ϵ

)
. (3.27)
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Proof. From (3.7), we have

x0 = xk −
√

1− ᾱkϵ√
ᾱk

. (3.28)

Substituting this expression into (3.15) gives

µ̃k(xk, x0) =
√
ᾱk−1βk
1− ᾱk

xk −
√

1− ᾱkϵ√
ᾱk

+
√
αk(1− ᾱk−1)

1− ᾱk
xk. (3.29)

Since ᾱk = αkᾱk−1, the first term becomes

βk√
αk(1− ᾱk)

xk −
βk√

αk
√

1− ᾱk
ϵ. (3.30)

The coefficient of xk is therefore

βk√
αk(1− ᾱk)

+
√
αk(1− ᾱk−1)

1− ᾱk
= βk + αk(1− ᾱk−1)

√
αk(1− ᾱk)

(3.31)

= 1− αkᾱk−1√
αk(1− ᾱk)

= 1
√
αk
. (3.32)

Combining the xk and ϵ terms yields (3.27).

The preceding proposition gives a direct reason to predict the noise. If a neural network
ϵθ(xk, k) estimates the noise component ϵ in xk, then it also determines an estimate of the
reverse posterior mean:

µθ(xk, k) = 1
√
αk

(
xk −

βk√
1− ᾱk

ϵθ(xk, k)
)
. (3.33)

Motivated by the Gaussian oracle posterior in Lemma 3.3, diffusion models introduce a
learned reverse Markov chain

pθ(x0, . . . , xK−1 | xK) =
K∏
k=1

pθ(xk−1 | xk), (3.34)

with Gaussian transitions

pθ(xk−1 | xk) = N
(
xk−1;µθ(xk, k), σ2

kI
)
. (3.35)

The mean µθ is parameterized through (3.33). The variance σ2
k may be fixed or learned; in

the simplified formulation below, it is treated as fixed.
We now derive the connection between mean learning and noise prediction. For two

Gaussians

q(xk−1 | xk, x0) = N (µ̃k, β̃kI), pθ(xk−1 | xk) = N (µθ, σ2
kI), (3.36)

the Gaussian KL divergence is

DKL (q(xk−1 | xk, x0) ∥ pθ(xk−1 | xk)) (3.37)

= 1
2

[
d log σ

2
k

β̃k
− d+ dβ̃k

σ2
k

+ 1
σ2
k

∥µ̃k(xk, x0)− µθ(xk, k)∥22

]
. (3.38)
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When σ2
k is fixed, the only term depending on θ is the mean-matching term. Hence

minimizing this KL divergence with respect to θ is equivalent to minimizing

∥µ̃k(xk, x0)− µθ(xk, k)∥22 . (3.39)

Using (3.27) and (3.33), this term becomes

∥µ̃k(xk, x0)− µθ(xk, k)∥22 = β2
k

αk(1− ᾱk)
∥ϵ− ϵθ(xk, k)∥22 . (3.40)

Thus, up to a diffusion-step-dependent weight, learning the reverse mean is equivalent to
predicting the injected noise.

This motivates the practical denoising objective. One samples

x0 ∼ pdata, k ∼ Unif{1, . . . ,K}, ϵ ∼ N (0, I), (3.41)

constructs
xk =

√
ᾱkx0 +

√
1− ᾱkϵ, (3.42)

and minimizes the simplified noise-prediction loss

LDM(θ) = Ex0,k,ϵ

[
∥ϵ− ϵθ(xk, k)∥22

]
. (3.43)

Compared with the weighted objective suggested by (3.40), the simplified objective drops
the diffusion-step-dependent weights and is commonly used in practice [Ho+20].

Algorithm 4 Training a denoising diffusion model
Require: Dataset D = {xi0}Ni=1, diffusion horizon K, variance schedule {βk}Kk=1, denoising

network ϵθ, learning rate η
1: Compute αk = 1− βk and ᾱk = ∏k

i=1 αi for k = 1, . . . ,K
2: while not converged do
3: Sample a minibatch x0 ∼ D
4: Sample diffusion indices k ∼ Unif{1, . . . ,K}
5: Sample noise ϵ ∼ N (0, I)
6: Construct noisy samples

xk =
√
ᾱkx0 +

√
1− ᾱkϵ

7: Compute the denoising loss

L̂DM(θ) = ∥ϵ− ϵθ(xk, k)∥22

8: Update parameters
θ ← θ − η∇θL̂DM(θ)

9: end while
10: return trained denoising network ϵθ

Remark 3.5 (Training as supervised denoising). Algorithm 4 shows that diffusion-model
training can be implemented as a supervised regression problem. The target is the injected
Gaussian noise ϵ, and the input is the corrupted sample xk together with the diffusion index
k. The closed-form marginal in Lemma 3.2 is what makes this training procedure simple.
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After training, generation starts from

xK ∼ N (0, I) (3.44)

and applies the learned reverse transitions for k = K,K − 1, . . . , 1. In the noise-prediction
parameterization, a typical sampling step is

xk−1 = µθ(xk, k) + σkξk, ξk ∼ N (0, I), (3.45)

with ξ1 often set to zero in the final step. The resulting x0 is the generated sample.

3.2 Conditional Diffusion Models as Stochastic Policies
We follow Janner et al. [Jan+22] and Ajay et al. [Aja+23] for the use of diffusion models in
sequential decision-making, and Chi et al. [Chi+25] for the action-diffusion viewpoint of
Diffusion Policy. The diffusion model in Section 3.1 defines an unconditional distribution
over clean samples x0. For decision-making, however, the generated object should depend
on the current state, observation, goal, or a latent representation of the environment. We
denote such conditioning information by c.

A conditional diffusion model keeps the forward noising process unchanged and conditions
only the reverse denoising process on c. Thus, the same forward identity from Lemma 3.2
still applies:

xk =
√
ᾱkx0 +

√
1− ᾱkϵ, ϵ ∼ N (0, I). (3.46)

The difference is that the denoising network now receives the conditioning variable as an
additional input.

Definition 3.6 (Conditional diffusion model). Let c be a conditioning variable. A condi-
tional diffusion model is a reverse denoising Markov chain

pθ(x0, . . . , xK−1 | xK , c) =
K∏
k=1

pθ(xk−1 | xk, c, k), (3.47)

where each reverse transition is parameterized as

pθ(xk−1 | xk, c, k) = N
(
xk−1;µθ(xk, c, k), σ2

kI
)
. (3.48)

In the noise-prediction parameterization, the mean is obtained from a conditional noise
predictor ϵθ(xk, c, k) by the same formula as in (3.33), namely

µθ(xk, c, k) = 1
√
αk

(
xk −

βk√
1− ᾱk

ϵθ(xk, c, k)
)
. (3.49)

The conditional training objective is the direct analogue of (3.43):

LCDM(θ) = Ex0,c,k,ϵ

[
∥ϵ− ϵθ(xk, c, k)∥22

]
, (3.50)

where xk is constructed by (3.46). Thus, conditioning changes the denoising network but
not the Gaussian corruption process. The same training procedure as in Algorithm 4 can
be used after replacing ϵθ(xk, k) by ϵθ(xk, c, k).

The learned reverse chain induces a conditional distribution over clean samples:

pθ(x0 | c) =
∫
p(xK)

K∏
k=1

pθ(xk−1 | xk, c, k) dx1 · · · dxK , (3.51)
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where p(xK) = N (0, I). Although this marginal density is usually not evaluated explicitly,
it specifies the distribution sampled by the conditional reverse denoising process.

We now interpret this conditional distribution as a stochastic policy. Let A be the action
space. For a horizon H ≥ 1, define the action object

xt0 = (xt0,1, . . . , xt0,H) ∈ AH . (3.52)

When H = 1, the generated object is a single action. When H > 1, it is an action chunk.
Action chunks and receding-horizon execution are central components of Diffusion Policy
[Chi+25]. In continuous control, if A ⊆ Rda , then xt0 ∈ RHda .

Let zt be a latent representation of the environment state st, for example

zt = ϕ(st), (3.53)

where ϕ is an observation encoder. In crowd navigation, zt is the encoded crowd observation.
Taking c = zt and taking the clean sample to be the action object xt0, the conditional
diffusion model induces

πθ(xt0 | zt) =
∫
p(xtK)

K∏
k=1

pθ(xtk−1 | xtk, zt, k) dxt1 · · · dxtK . (3.54)

This is a conditional distribution over actions or action chunks, and therefore fits the
stochastic-policy viewpoint of Definition 2.3.

The following definition restates the action-diffusion viewpoint of Diffusion Policy in the
stochastic-policy notation introduced in Chapter 2.

Definition 3.7 (Diffusion policy). Let z be a state or observation representation, and let
x0 be an action object in AH . A diffusion policy is a stochastic policy whose conditional
distribution πθ(· | z) is induced by a conditional reverse diffusion process:

xK ∼ N (0, I), xk−1 ∼ pθ(· | xk, z, k), k = K, . . . , 1. (3.55)

Equivalently, the induced conditional distribution is given by (3.54).

3.3 Expressiveness Beyond Gaussian Policies
We follow the multimodal action-distribution motivation of Chi et al. [Chi+25] in explaining
why diffusion policies are useful for continuous control. For the classical limitation of single
Gaussian densities in multimodal conditional modeling, we refer to the mixture-density
perspective of Bishop [Bis94]. The propositions below give a self-contained illustration in
the stochastic-policy notation used throughout this thesis.

The key point is expressiveness. A diffusion policy is not restricted to a single Gaussian
mode; instead, it defines a flexible non-Gaussian conditional distribution over the generated
action object. For a single-step policy, this object is x0 = a ∈ A. For an action-chunk policy
with horizon H, it is

x0 = (a1, . . . , aH) ∈ AH . (3.56)

In continuous control, we identify x0 with a vector in Rm, where m = da for single-step
actions and m = Hda for action chunks.

A common policy class is the Gaussian action-object policy

πG(x0 | z) = N
(
x0;µG(z),ΣG(z)

)
, x0 ∈ Rm. (3.57)
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If ΣG(z) is a full covariance matrix, then this policy can represent correlations between
different components of an action chunk. Thus, the limitation of a Gaussian chunk policy is
not the absence of temporal dependence, but the fact that the joint distribution over the
whole action object remains one Gaussian mode.

Proposition 3.8 (Ellipsoidal geometry of Gaussian policies). Let

πG(x0 | z) = N
(
x0;µG(z),ΣG(z)

)
, (3.58)

where ΣG(z) is positive definite. For each fixed z, the density πG(· | z) has a unique mode
at µG(z), and its upper level sets are ellipsoids:

{x0 : πG(x0 | z) ≥ c} =
{
x0 : (x0 − µG(z))⊤ΣG(z)−1(x0 − µG(z)) ≤ rc

}
(3.59)

for a suitable constant rc.

Proof. For fixed z, the Gaussian density is proportional to

exp
(
−1

2(x0 − µG(z))⊤ΣG(z)−1(x0 − µG(z))
)
. (3.60)

The exponent is maximized uniquely at x0 = µG(z). Moreover, πG(x0 | z) ≥ c is equivalent
to an upper bound on the corresponding quadratic form, giving the stated ellipsoid.

The ellipsoidal geometry means that a Gaussian policy can stretch or rotate one high-
probability region, but cannot create several separated high-probability regions. This
becomes restrictive when several qualitatively different actions or local plans are reasonable
under the same observation. In crowd navigation, for example, passing a pedestrian on the
left and passing on the right may both be valid maneuvers.

The following example makes this representation gap explicit in KL divergence.

Proposition 3.9 (Gaussian KL gap for a two-mode action distribution). Fix a latent state
z and suppose the desired conditional action-object distribution is

P ⋆(· | z) = 1
2N (−u, σ2Im) + 1

2N (u, σ2Im), (3.61)

where u ∈ Rm and σ > 0. Then the best single Gaussian approximation in forward KL
satisfies

inf
Q Gaussian

DKL
(
P ⋆(· | z)∥Q

)
≥ max

{
0, 1

2 log
(

1 + ∥u∥
2
2

σ2

)
− log 2

}
. (3.62)

In particular, if u ̸= 0, no single Gaussian distribution equals P ⋆(· | z).

Proof. Write P = P ⋆(· | z). The mean of P is zero and its covariance is

ΣP = σ2Im + uu⊤. (3.63)

Let Q = N (µ,Σ) with density q. Since

DKL(P∥Q) = −h(P )− EP [log q(X)], (3.64)

and
− log q(X) = m

2 log(2π) + 1
2 log det Σ + 1

2(X − µ)⊤Σ−1(X − µ), (3.65)
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the expectation is minimized by matching the mean and covariance of P . Therefore the
best Gaussian is

Q⋆ = N (0,ΣP ). (3.66)

At this optimum,

inf
Q Gaussian

DKL(P∥Q) = DKL(P∥Q⋆) = h(Q⋆)− h(P ). (3.67)

Let C ∈ {−1,+1} denote the mixture component. Then

h(P ) = h(X) ≤ h(X,C) = h(C) + h(X | C) = log 2 + m

2 log(2πeσ2). (3.68)

On the other hand, by the matrix determinant lemma,

h(Q⋆) = 1
2 log

(
(2πe)m det(σ2Im + uu⊤)

)
(3.69)

= m

2 log(2πeσ2) + 1
2 log

(
1 + ∥u∥

2
2

σ2

)
. (3.70)

Combining (3.67), (3.68), and (3.70) gives

DKL(P∥Q⋆) ≥ 1
2 log

(
1 + ∥u∥

2
2

σ2

)
− log 2. (3.71)

Together with the non-negativity of KL divergence, this proves the stated lower bound. Since
a genuine two-mode Gaussian mixture is not itself Gaussian when u ≠ 0, the representation
error cannot be removed within the single Gaussian policy class.

We now show that the same two-mode distribution can be represented exactly by an
idealized diffusion policy. Thus, the best single Gaussian policy has a KL gap, whereas a
diffusion-style reverse denoising policy can have zero KL error.

Proposition 3.10 (Exact representation by a one-step diffusion policy). Fix the target
distribution

P ⋆(· | z) = 1
2N (−u, σ2Im) + 1

2N (u, σ2Im). (3.72)

There exists a one-step reverse denoising policy whose induced distribution is exactly P ⋆(· | z).
Consequently,

DKL
(
P ⋆(· | z) ∥πθ(· | z)

)
= 0 (3.73)

for this policy.

Proof. Consider a one-step reverse chain with K = 1. Sample

x1 ∼ N (0, Im). (3.74)

Define two regions of the noise space:

B+ = {x1 ∈ Rm : (x1)1 ≥ 0}, B− = {x1 ∈ Rm : (x1)1 < 0}. (3.75)

By symmetry,
P(x1 ∈ B+) = P(x1 ∈ B−) = 1

2 . (3.76)
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Define the reverse transition

pθ(x0 | x1, z) =

N (x0;u, σ2Im), x1 ∈ B+,

N (x0;−u, σ2Im), x1 ∈ B−.
(3.77)

Marginalizing over x1 gives

πθ(x0 | z) =
∫
p(x1)pθ(x0 | x1, z) dx1 (3.78)

= 1
2N (x0;u, σ2Im) + 1

2N (x0;−u, σ2Im) = P ⋆(x0 | z). (3.79)

Hence the induced policy distribution equals the target distribution exactly, and the KL
divergence is zero.

The example above is stated for a general action object x0 ∈ Rm. When H = 1, the two
modes correspond to two different single-step actions. When H > 1, the same construction
applies to action chunks x0 = (a1, . . . , aH) ∈ AH , where the two modes can represent two
different short-horizon local plans.

Corollary 3.11 (Action chunks amplify the role of expressiveness). Let x0 ∈ AH be an
action chunk. A full-covariance Gaussian policy on AH can represent correlations between
the actions in the chunk, but it remains a single Gaussian mode in the joint action-object
space. If the desired short-horizon behavior contains several distinct local-plan modes, a
non-Gaussian policy class such as a diffusion policy can represent this structure more
naturally.

In crowd navigation, an action chunk can be interpreted as a short-horizon local plan.
The main advantage of a diffusion action-chunk policy is therefore not merely that it outputs
several future actions, but that it can represent multi-modal distributions over local plans,
such as passing on different sides of a pedestrian or choosing between moving forward and
slowing down.



Chapter 4

Robot Crowd Navigation
Background

This chapter introduces the robot crowd-navigation background needed for the method and
experiments. The discussion follows the main methodological transition from rule-based
velocity-space collision avoidance to learning-based interaction representation. We use
ORCA as the representative rule-based method and CrowdNav++ as the representative
learning-based method. This choice also matches the experimental design in Chapter 6,
where ORCA and CrowdNav++ serve as the two main baselines.

We first fix the notation for crowd navigation and relate it to the MDP formalism from
Chapter 2. We then describe ORCA, which computes safe velocities through reciprocal
constraints in velocity space. Next, we present encoder-based reinforcement learning for
crowd navigation and introduce the main interaction encoders used in this line of work.
The chapter concludes with CrowdNav++ and uses it to clarify the distinction between
improving state representation and improving action generation.

4.1 Crowd Navigation and Common Notation
Robot crowd navigation considers a robot moving toward a goal in an environment shared
with multiple pedestrians. The robot must make progress toward the goal while avoiding
collisions and maintaining sufficient clearance from nearby humans. These requirements may
favor different motions. As illustrated in Figure 4.1, several candidate routes can connect
the robot’s current position to the goal. A shorter route may reduce travel time but pass
through a crowded region, whereas a longer detour may provide greater clearance and more
time to respond to pedestrian motion. The navigation problem therefore requires a balance
between efficiency and safety, together with continual adaptation to the evolving crowd.

Following the MDP notation introduced in Definition 2.1, we model crowd navigation
as an episodic continuous-control problem. At environment time t, the robot observes the
current crowd state, selects a velocity command, receives a reward, and transitions to the
next state. The action is written as

at = (vx,t, vy,t) ∈ A ⊆ R2, (4.1)

where vx,t and vy,t are the commanded planar velocity components.
The crowd-navigation state is denoted by

st = (wt, ht1, . . . , htnt), (4.2)

26
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Figure 4.1: Schematic illustration of robot crowd navigation. The robot moves toward
its goal while accounting for nearby pedestrians and their possible motion. The candidate
routes illustrate the trade-off between navigation efficiency and safety: a shorter route
may pass through a more crowded region, whereas a longer detour may provide greater
clearance. The illustration was generated with ChatGPT and is included only to provide
visual intuition.

where wt is the robot state and nt is the number of visible humans. The robot state
contains its position, velocity, goal-related information, radius, and maximum speed. For
each visible human i, the feature hti contains the information available to the robot about
that pedestrian.

In the prediction-aware setting used later in the thesis, the human feature is written as

hti =
(
uti, û

t+1:t+L
i

)
, (4.3)

where uti denotes the current human state and ût+1:t+L
i denotes predicted future states over

a horizon of length L. When future predictions are not used, the feature reduces to hti = uti.
Throughout the thesis, t denotes environment time. The index k is reserved for diffusion

time in the reverse denoising process, as used in Chapter 3 and Chapter 5. The index ℓ
denotes an offset in the human-prediction horizon, for example ût+ℓi for ℓ = 1, . . . , L. The
horizon of a robot action chunk is denoted by H.

By Definition 2.3, a stochastic crowd-navigation policy assigns a conditional distribution
over velocity commands:

at ∼ πθ(· | st). (4.4)

Because the number of visible humans can vary over time, learning-based methods typically
map the crowd state to a fixed-dimensional latent representation,

zt = Eψ(st), (4.5)

and condition the policy on this representation:

at ∼ πθ(· | zt). (4.6)

The encoder Eψ must therefore summarize a variable-size crowd observation while preserving
the information relevant to navigation.
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In particular, the human set {hti}nti=1 is unordered, so the encoded representation should
not depend on an arbitrary ordering of pedestrians. It should also capture how the current
and predicted motion of nearby humans constrains the robot’s available routes. Pedestrian
motion is uncertain, and interactions among humans can change which regions remain safe
or efficient. These properties motivate the interaction-aware crowd encoders introduced in
the following sections.

4.2 Rule-Based Collision Avoidance: ORCA
Before learning-based methods became standard, multi-agent collision avoidance was often
approached through hand-designed local rules. ORCA is a classical velocity-based method
in this family [Ber+11]. It is decentralized: each agent chooses its own velocity from local
observations of nearby agents, without explicit communication. In this subsection only, the
indices i and j denote generic agents rather than specifically humans.

Consider two disk-shaped agents i and j in the plane, with positions pi, pj ∈ R2, velocities
vi, vj ∈ R2, and radii ri, rj > 0. Define the relative position and combined radius by

pij = pj − pi, rij = ri + rj . (4.7)

For a time horizon τ > 0, the velocity obstacle induced by agent j for agent i is the set of
relative velocities that would lead to a collision within time τ :

VOτ
ij =

{
v ∈ R2

∣∣∣ ∃η ∈ [0, τ ] such that ηv ∈ D(pij , rij)
}
, (4.8)

where D(p, r) is the open disk centered at p with radius r. Thus, if the relative velocity
vi− vj lies in VOτ

ij , then the two agents are predicted to collide within the horizon τ if they
keep their current velocities.

The ORCA construction moves the relative velocity outside this velocity obstacle. Let
uij be the smallest correction that makes the relative velocity collision-free:

uij = arg min
u∈R2

{
∥u∥2

∣∣∣ vi − vj + u /∈ VOτ
ij

}
. (4.9)

Let nij be the outward normal to the boundary of the velocity obstacle at the closest collision-
free point. The reciprocal assumption of ORCA is that agents i and j share responsibility
for avoiding the collision. Therefore, agent i takes half of the required relative-velocity
correction. This gives the pairwise ORCA half-plane

ORCAτ
ij =

{
v ∈ R2

∣∣∣∣∣
(
v −

(
vi + 1

2uij
))⊤

nij ≥ 0
}
. (4.10)

This half-plane contains the velocities for agent i that are safe with respect to agent j,
assuming that agent j follows the same reciprocal principle.

For multiple neighboring agents, the feasible velocity set is the intersection of all pairwise
ORCA constraints and the agent’s speed constraint:

VORCA
i =

{
v ∈ R2 : ∥v∥2 ≤ vmax

i

}
∩
⋂
j ̸=i

ORCAτ
ij . (4.11)

Given a preferred goal-directed velocity vpref
i , ORCA selects the feasible velocity closest to

it:
vORCA
i = arg min

v∈VORCA
i

∥∥∥v − vpref
i

∥∥∥2

2
. (4.12)



CHAPTER 4. ROBOT CROWD NAVIGATION BACKGROUND 29

Since the constraints are half-planes in two-dimensional velocity space, this optimization is
efficient and interpretable.

ORCA therefore provides a strong local collision-avoidance mechanism. In this thesis it
plays two roles: it is a representative rule-based baseline in Chapter 6, and it is used to
generate demonstration trajectories for behavioral-cloning pretraining in Chapter 5. At the
same time, its decision variable is still a single velocity chosen from a local feasible set. This
makes it a natural point of comparison for learning-based policies, which seek to optimize
navigation behavior over longer interaction horizons.

4.3 Encoder-Based Reinforcement Learning for Crowd Nav-
igation

Learning-based crowd-navigation methods replace hand-designed velocity rules by policies
trained from simulated interaction experience. Their common structure is an encoder-policy
pipeline:

st
Eψ7−−−→ zt

πθ7−−→ at. (4.13)

The encoder Eψ maps the robot and crowd state to a fixed-dimensional representation zt,
and the policy head πθ maps this representation to an action distribution. The actor–critic
and PPO machinery introduced in Sections 2.4 and 2.5 can then be used to train the policy.

This viewpoint separates two modeling questions. The first question is how to represent
the crowd state:

Eψ : (wt, ht1, . . . , htnt) 7→ zt. (4.14)

The second question is how to represent the action distribution:

πθ(· | zt). (4.15)

This separation will be useful throughout the thesis. The learning-based methods reviewed
below mainly develop the encoder Eψ, while the method introduced in the next chapter
keeps the encoder-policy viewpoint but changes the action-generation model.

Definition 4.1 (Encoder-based crowd-navigation policy). An encoder-based crowd-navigation
policy consists of a crowd-state encoder Eψ and an action head πθ. Given a state

st = (wt, ht1, . . . , htnt),

the encoder computes
zt = Eψ(st), (4.16)

and the action is sampled from
at ∼ πθ(· | zt). (4.17)

A basic requirement for Eψ is permutation invariance with respect to the ordering of
humans. The humans are represented as a set, not as a sequence with intrinsic order. Thus,
reordering the input list of humans should not change the encoded crowd representation.

Definition 4.2 (Permutation-invariant crowd encoder). A crowd encoder Eψ is permutation
invariant if, for every permutation σ of {1, . . . , nt},

Eψ(wt, ht1, . . . , htnt) = Eψ(wt, htσ(1), . . . , h
t
σ(nt)). (4.18)
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A common construction is to compute pairwise human–robot embeddings and then
aggregate them by a permutation-invariant operation:

eti = ϕψ(wt, hti), ct = Poolnti=1 e
t
i, zt = ρψ(wt, ct), (4.19)

where ϕψ and ρψ are neural networks and Pool may be a sum, mean, max, or attention-based
aggregation.

Proposition 4.3 (Permutation invariance of pooling encoders). If Pool is permutation
invariant, then the encoder in (4.19) is permutation invariant with respect to the ordering
of humans.

Proof. The multiset {eti}nti=1 is unchanged by a permutation of the humans. Since Pool is
permutation invariant, ct is unchanged. Therefore zt = ρψ(wt, ct) is unchanged.

The development of learning-based crowd navigation can be read through this encoder
lens. Early methods use pairwise features and pooling; attention-based methods learn
which humans are most relevant; recurrent methods add temporal memory; graph methods
model spatial dependencies among agents; and CrowdNav++ combines these tools with
short-horizon prediction.

4.4 Interaction Encoders
This section introduces the main neural modules used by learning-based crowd-navigation
methods. The aim is to define the tools needed to understand CrowdNav++ and the
observation encoder used later in Chapter 5.

Pooling and attention

A simple pooling encoder treats each human independently before aggregation. This is
permutation invariant, but it may give equal importance to all humans. In dense crowds,
only a subset of pedestrians may be critical for the robot’s next decision. Attention-based
pooling addresses this by assigning a learned weight to each human.

Given pairwise embeddings

eti = ϕψ(wt, hti), i = 1, . . . , nt, (4.20)

an attention score is computed as
qti = fatt(eti), (4.21)

and normalized by

αti = exp(qti)∑nt
j=1 exp(qtj)

. (4.22)

The crowd representation is then

ct =
nt∑
i=1

αtie
t
i. (4.23)

This mechanism captures the main idea behind attention-based crowd-navigation policies
such as SARL [Che+19]: the encoder learns which pedestrians are most relevant for the
robot’s decision.
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Recurrent updates

A single observation may not reveal the intention or short-term motion pattern of a
pedestrian. Recurrent encoders maintain a hidden state and thereby allow the policy to
condition on recent interaction history. This idea is used in structural recurrent models for
crowd navigation such as DS-RNN [Liu+21].

Let yt be a current crowd-interaction feature, for example the output of a pooling or
graph encoder. A generic recurrent encoder updates a hidden state bt by

bt = Rω(yt, bt−1). (4.24)

A standard choice is a gated recurrent unit.

Definition 4.4 (GRU update). Given input yt and previous hidden state bt−1, a GRU
computes

zgate
t = σ (Wzyt + Uzbt−1 + cz) , (4.25)
rgate
t = σ (Wryt + Urbt−1 + cr) , (4.26)

b̃t = tanh
(
Wbyt + Ub

(
rgate
t ⊙ bt−1

)
+ cb

)
, (4.27)

bt = (1− zgate
t )⊙ bt−1 + zgate

t ⊙ b̃t. (4.28)

Here σ is the logistic sigmoid and ⊙ denotes componentwise multiplication.

The update gate controls how much the hidden state changes, while the reset gate
controls how much past information is used in forming the candidate hidden state. In crowd
navigation, the recurrent hidden state can summarize recent relative motion and short-term
interaction history:

yt = Eψ(st), bt = GRU(yt, bt−1), at ∼ πθ(· | bt). (4.29)

Graph message passing

Another way to improve the crowd-state encoder is to represent the agents as a graph. The
robot and humans are nodes, and edges represent spatial or interaction relationships. This
viewpoint is used by relational graph learning methods for crowd navigation [Che+20].

Let
Vt = {r, 1, . . . , nt} (4.30)

be the node set, where r denotes the robot and i = 1, . . . , nt denote humans. A graph
encoder initializes node features by

x
(0)
r,t = fr(wt), x

(0)
i,t = fh(hti), i = 1, . . . , nt. (4.31)

A generic message-passing layer updates each node by aggregating information from its
neighbors:

m
(ℓ)
i,t =

∑
j∈Nt(i)

α
(ℓ)
ij,tW

(ℓ)x
(ℓ)
j,t , (4.32)

x
(ℓ+1)
i,t = σ

(
W

(ℓ)
0 x

(ℓ)
i,t +m

(ℓ)
i,t

)
. (4.33)

Here Nt(i) is the neighborhood of node i, and α
(ℓ)
ij,t may be fixed graph weights or learned

attention weights.
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Graph encoders are useful because human–human interactions can influence the robot
indirectly. For example, one pedestrian may constrain the motion of another pedestrian,
thereby changing the free space available to the robot. A graph representation allows
the encoder to capture such multi-agent dependencies beyond independent human–robot
pairwise features.

Scaled dot-product attention

Attention-based graph models are often expressed in query-key-value form. Given matrices
Q,K, V , scaled dot-product attention is

Attn(Q,K, V ) = softmax
(
QK⊤
√
d

)
V, (4.34)

where d is the key dimension. Multi-head attention applies this operation in several learned
subspaces and concatenates the outputs. In crowd navigation, this mechanism can be used
to aggregate human features, model human–human interactions, or let the robot attend to
interaction-aware human embeddings.

The modules above describe the main representation tools behind the learning-based
line of crowd navigation. CrowdNav++ combines them in a prediction-aware architecture.

4.5 CrowdNav++ as a Strong Learning-Based Baseline
We now describe CrowdNav++ [Liu+23], the main learning-based baseline used in this
thesis. CrowdNav++ follows the encoder-policy view: it uses model-free reinforcement
learning, but places substantial modeling capacity in the state encoder. In particular,
the encoder combines short-horizon human motion prediction, attention-based interaction
modeling, and temporal recurrence. The notation below abstracts the main architectural
components rather than reproducing implementation-level tensor shapes.

Prediction-augmented state

CrowdNav++ augments the current human observations with predicted future human
motion. Let the recent observed history of human i be

ut−M :t
i = (ut−Mi , . . . , uti). (4.35)

A trajectory predictor produces future states over a short horizon:

ût+1:t+L
i = Predη

(
ut−M :t
i

)
, i = 1, . . . , nt. (4.36)

The augmented human feature is

hti = (uti, ût+1:t+L
i ), (4.37)

and the policy input is
s++
t = (wt, ht1, . . . , htnt). (4.38)

The exact predictor architecture is not essential for the present discussion. What matters is
that the navigation policy receives information about likely short-horizon human motion,
rather than only the current human states.
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Prediction-aware reward

CrowdNav++ also incorporates predicted human motion into its reward [Liu+23]. For each
predicted state ût+ℓi , let

Zt+ℓi =
{
p ∈ R2 : ∥p− p̂t+ℓi ∥2 ≤ dsafe

}
, ℓ = 1, . . . , L, (4.39)

where p̂t+ℓi is the predicted human position. Define

It+ℓi = 1
{
prt ∈ Zt+ℓi

}
, (4.40)

which indicates whether the robot intrudes into the predicted zone of human i at prediction
step ℓ. With collision penalty rc = −20, the prediction penalty for human i and the
aggregate prediction penalty are

rpred,i(st) = min
ℓ=1,...,L

(
It+ℓi

rc
2ℓ
)
, (4.41)

rpred(st) = min
i=1,...,nt

rpred,i(st). (4.42)

The factor 2−ℓ assigns a smaller penalty to intrusions that occur further into the predicted
future.

CrowdNav++ additionally uses the potential-based progress reward

rpot(st) = 2
(
dt−1

goal − d
t
goal

)
, (4.43)

where dtgoal is the Euclidean distance from the robot to its goal at time t. Let Sgoal denote
the goal states and Sfail the collision states. The complete reward is

r(st, at) =


10, st ∈ Sgoal,

rc, st ∈ Sfail,

rpot(st) + rpred(st), otherwise.
(4.44)

Thus, trajectory prediction affects both the policy input and the reward used for model-free
reinforcement learning.

Prediction-aware interaction encoder

The prediction-augmented state s++
t still contains a variable-size set of human features.

CrowdNav++ processes this set with attention modules that separate two types of interac-
tion: human–human interaction among pedestrians and robot–human interaction from the
perspective of the robot.

Stack the augmented human features into a matrix

H
(0)
t =

 (ht1)⊤

...
(htnt)⊤

 . (4.45)

A human–human attention module computes interaction-aware human embeddings:

HHH
t = MHAHH

(
H

(0)
t

)
, (4.46)

where MHAHH denotes multi-head attention over the human features. This step allows each
human representation to incorporate information from other pedestrians.



CHAPTER 4. ROBOT CROWD NAVIGATION BACKGROUND 34

The robot state is embedded as

ert = fr(wt). (4.47)

A robot–human attention module then aggregates the human embeddings from the robot’s
perspective:

cRH
t = MHARH

(
qr(ert ),Kh(HHH

t ), Vh(HHH
t )

)
, (4.48)

where qr, Kh, and Vh are learned query, key, and value maps. The resulting vector cRH
t is a

robot-centered summary of the predicted and interaction-aware crowd state.
This description keeps only the role of the interaction structure that is used later in the

thesis: CrowdNav++ builds a strong crowd representation before passing it to an actor–critic
policy. The detailed graph construction is not needed for the PDPO formulation.

Temporal recurrence and actor–critic output

CrowdNav++ maintains temporal information using a recurrent module. The current
robot-centered interaction feature is

yt = [ert , cRH
t ]. (4.49)

A recurrent hidden state is updated by

bt = GRU(yt, bt−1). (4.50)

The hidden state bt summarizes the current crowd representation and recent interaction
history. The actor and critic are computed as

πθ(· | s++
t ) = fπ(bt), Vφ(s++

t ) = fV (bt). (4.51)

The policy and value function are trained using PPO. Thus, CrowdNav++ can be viewed
as an actor–critic method with a prediction-aware spatio-temporal interaction encoder.

The representation pipeline can be summarized as

s++
t 7−→ {hti}

nt
i=1 7−→ HHH

t 7−→ cRH
t 7−→ bt 7−→ πθ(· | s++

t ). (4.52)

CrowdNav++ is therefore a strong representative of the learning-based state-representation
direction: it improves how the robot encodes predicted human motion, crowd interaction,
and temporal context. By contrast, the method developed in this thesis focuses on the action-
generation side, replacing a single-step action policy by a diffusion policy over short-horizon
velocity chunks.

4.6 From State Representation to Action Generation
The development reviewed in this chapter can be summarized as a shift from hand-designed
velocity selection to learned interaction representation. ORCA constructs a feasible set of
locally safe velocities and selects the velocity closest to a preferred direction. Learning-based
methods instead learn an encoder-policy pipeline

st
Eψ7−−−→ zt

πθ7−−→ at. (4.53)

Within this pipeline, much of the progress has come from improving Eψ: attention pooling
identifies relevant pedestrians, recurrent updates encode temporal history, graph encoders
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represent spatial dependencies, and CrowdNav++ combines these components with short-
horizon human prediction.

This perspective also motivates the choice of baselines in Chapter 6. ORCA represents
the classical rule-based velocity-space approach, while CrowdNav++ represents a strong
learning-based state-representation approach. The comparison in Chapter 6 therefore
evaluates whether changing the policy’s action-generation model provides an additional
benefit beyond these two established directions.

The next chapter takes this complementary direction. Instead of mapping zt directly to
a single velocity, PDPO uses a diffusion policy to generate an action chunk,

xt0 = (xt0,1, . . . , xt0,H) ∈ RHda , da = 2. (4.54)

The executed environment action is the first command,

at = xt0,1, (4.55)

and a new chunk is generated at the next timestep. Thus, the policy represents a distribution
over short-horizon local plans while preserving closed-loop feedback.

This action-generation viewpoint is motivated by the multimodality of dense crowd
navigation. Under the same observation, passing on the left, passing on the right, slowing
down, or taking a short detour may all be feasible. These alternatives are better viewed as
different local plan modes than as small perturbations of a single velocity. The next chapter
formulates this idea as Planning Diffusion Policy Optimization.



Chapter 5

Planning Diffusion Policy
Optimization for Crowd Navigation

This chapter presents Planning Diffusion Policy Optimization (PDPO) for robot crowd
navigation. The method uses a conditional diffusion policy to generate short-horizon velocity
chunks, which are executed in a receding-horizon manner: at each environment step, the
policy samples a local plan, executes only its first velocity command, and replans from the
next crowd observation.

The optimization framework follows the augmented denoising-MDP formulation of
DPPO [Ren+25]. In this view, the original crowd-navigation MDP forms the outer decision
process, while the reverse denoising chain forms an inner process that generates the action
chunk. This makes it possible to apply policy-gradient updates to the tractable denoising
transition densities, without evaluating the intractable marginal density of the final action
chunk.

The contribution of this chapter is to instantiate and adapt this formulation for robot
crowd navigation. We define the crowd-conditioned action-chunk policy and the induced
receding-horizon environment policy. We then introduce an offline denoising pretraining
stage based on expert action chunks. Finally, we couple the outer environment process
and the inner denoising process, make the inherited reward structure explicit, derive the
corresponding score decomposition, and formulate the PPO fine-tuning objective used in
the online stage.

5.1 Environment MDP and Diffusion Policy Specialization
We use the crowd-navigation notation introduced in Section 4.1. The environment is modeled
as Markov decision process

Menv = (S,A,P0,P,R, γ), (5.1)

where S is the state space, A ⊆ R2 is the continuous velocity-action space, P0 is the
initial-state distribution, P is the transition kernel, R is the reward function, and γ ∈ (0, 1)
is the discount factor. At environment time t, the state is

st = (wt, ht1, . . . , htnt), hti = (uti, ût+1:t+L
i ), (5.2)

where wt is the robot state, uti is the current state of human i, and ût+1:t+L
i denotes predicted

future human states over a short horizon L. In the experiments, these predictions are
produced by a constant-velocity predictor. The number of visible humans nt may vary over
time.

36
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The robot executes a two-dimensional velocity command

at ∈ A ⊆ R2. (5.3)

After executing at, the environment transitions according to

st+1 ∼ P(· | st, at), (5.4)

and returns reward
rt = R(st, at). (5.5)

Since st contains a variable number of humans, PDPO maps it to a fixed-dimensional
latent representation:

zt = Eθ(st) ∈ Rdz . (5.6)

Here Eθ denotes the observation encoder. In the notation of the previous chapter, this
corresponds to the encoder Eψ. In PDPO, the encoder is trained jointly with the diffusion
actor, and θ denotes all actor-side trainable parameters, including both the observation
encoder and the denoising network. The critic reuses the same latent representation zt, but
the representation is detached before it is passed to the value head. Hence the critic loss
updates only the critic parameters φ and does not update the shared encoder. The detailed
observation-encoder architecture is reported in Section A.1.

By Definition 3.7, a diffusion policy defines a conditional distribution over an action
object. In PDPO, the action object is an H-step velocity chunk

xt0 = (xt0,1, . . . , xt0,H) ∈ RHda , da = 2, (5.7)

where each xt0,j ∈ R2 is a velocity command. In the experiments, H = 5 and the control
interval is 0.25 seconds, so the chunk represents a 1.25-second local plan.

Conditioned on zt, the chunk is generated by a conditional reverse diffusion process.
Starting from

xtK ∼ N (0, IHda), (5.8)

PDPO applies Gaussian reverse transitions

pθ(xtk−1 | xtk, zt, k) = N
(
xtk−1;µθ(xtk, zt, k), σ2

kIHda

)
, k = K, . . . , 1. (5.9)

Here K denotes the denoising horizon of the current training stage.The mean µθ may be
parameterized through the conditional noise-prediction form introduced in (3.49). The
induced action-chunk distribution is

πθ(xt0 | st) =
∫
p(xtK)

K∏
k=1

pθ(xtk−1 | xtk, Eθ(st), k) dxt1 · · · dxtK . (5.10)

During execution, PDPO uses receding-horizon control. Only the first command of the
generated chunk is applied:

at = xt0,1. (5.11)

A new chunk is sampled at the next environment step. Thus, the diffusion model defines
a distribution over short-horizon local plans, while the environment receives a standard
two-dimensional velocity action.
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Lemma 5.1 (Induced environment policy). Let πθ(· | s) be the action-chunk distribution
induced by (5.10). The receding-horizon execution rule at = xt0,1 induces a Markov stochastic
policy on the original environment MDP:

πexec
θ (· | s) = (proj1)#πθ(· | s), (5.12)

where
proj1(x1, . . . , xH) = x1. (5.13)

Proof. For each state s, πθ(· | s) is a probability measure on RHda . The projection
proj1 : RHda → Rda is measurable, so the pushforward measure in (5.12) is a probability
measure on the environment action space. Since this measure depends only on the current
state s, it defines a Markov stochastic policy.

5.2 Offline Denoising Pretraining
Before online reinforcement learning, PDPO is pretrained on expert demonstrations. This ini-
tializes the policy near feasible local behaviors before online fine-tuning. The demonstrations
are obtained by rolling out ORCA in the crowd-navigation environment [Ber+11].

Let
τmexp = (sm0 , am0 , sm1 , am1 , . . . , smTm) (5.14)

denote the m-th expert trajectory. For each valid environment time t, we construct an
H-step expert action chunk

xm,t0,exp =
(
amt , a

m
t+1, . . . , a

m
t+H−1

)
∈ RHda , (5.15)

where da = 2. The resulting behavioral-cloning dataset is

DBC =
{(
smt , x

m,t
0,exp

)
: m = 1, . . . ,M, t = 0, . . . , Tm −H

}
. (5.16)

The policy is trained using the conditional denoising objective introduced in (3.50). For
a training pair (st, xt0) ∈ DBC, a diffusion index and Gaussian noise are sampled according
to

k ∼ Unif{1, . . . ,K}, ϵ ∼ N (0, IHda). (5.17)

Using the closed-form forward marginal from Lemma 3.2, the noisy action chunk is

xtk =
√
ᾱk x

t
0 +
√

1− ᾱk ϵ. (5.18)

The crowd observation is encoded as zt = Eθ(st), and the denoising network predicts
the injected noise from xtk, zt, and k. The behavioral-cloning objective is

LBC(θ) = E(st,xt0)∼DBC, k,ϵ

[∥∥∥ϵ− ϵθ (xtk, Eθ(st), k)∥∥∥2

2

]
. (5.19)

Here, θ includes the parameters of both the observation encoder and the denoising network.
Consequently, both components are trained jointly by minimizing LBC.

Algorithm 5 specializes the generic diffusion-model training procedure in Algorithm 4 to
crowd-conditioned expert action chunks.
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Algorithm 5 Offline denoising pretraining for PDPO
Require: Behavioral-cloning dataset DBC, diffusion horizon K, variance schedule {βk}Kk=1,

minibatch size B, number of updates NBC, learning rate η
Require: Observation encoder Eθ and denoising network ϵθ

1: Compute

αk ← 1− βk, ᾱk ←
k∏
i=1

αi, k = 1, . . . ,K

2: for n = 1, . . . , NBC do
3: Sample a minibatch {

(sb, xb0)
}B
b=1
∼ DBC

4: for b = 1, . . . , B do
5: Sample

kb ∼ Unif{1, . . . ,K}, ϵb ∼ N (0, IHda)

6: Encode the crowd observation

zb ← Eθ(sb)

7: Construct the noisy action chunk

xbkb ←
√
ᾱkb x

b
0 +

√
1− ᾱkb ϵb

8: end for
9: Compute the minibatch loss

L̂BC(θ)← 1
B

B∑
b=1

∥∥∥ϵb − ϵθ (xbkb , zb, kb)∥∥∥2

2

10: Update the actor parameters

θ ← θ − η∇θL̂BC(θ)

11: end for
12: return pretrained actor parameters θ

The pretraining stage fits the conditional distribution of expert action chunks rather
than a direct distribution over individual velocity commands. The resulting policy generates
feasible short-horizon motion patterns conditioned on the current crowd observation and is
used to initialize the subsequent online PPO stage.

5.3 The Augmented Denoising MDP
The online stage optimizes the diffusion policy through the reverse transitions that generate
each action chunk. The marginal chunk density πθ(xt0 | st) requires integration over all
intermediate variables, whereas every Gaussian reverse-transition density

pθ
(
xtk−1 | xtk, Eθ(st), k

)
(5.20)

can be evaluated directly. Following DPPO [Ren+25], PDPO therefore represents the
reverse chain as an augmented MDP.
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Definition 5.2 (Augmented denoising MDP). The augmented denoising MDP is

M =
(
S̄, Ā, P̄0, P̄, R̄, γ̄

)
, (5.21)

where
S̄ = S × RHda × {1, . . . ,K}, Ā = RHda . (5.22)

The initial augmented state is

s̄0,K = (s0, x
0
K ,K), s0 ∼ P0, x0

K ∼ N (0, IHda), (5.23)

which defines P̄0.
At environment time t and denoising level k, the augmented state and action are

s̄t,k = (st, xtk, k), āt,k = xtk−1, (5.24)

and the augmented policy is

π̄θ (āt,k | s̄t,k) = pθ
(
xtk−1 | xtk, Eθ(st), k

)
. (5.25)

For k > 1, the transition is deterministic after sampling the augmented action:

s̄t,k−1 = (st, xtk−1, k − 1), (5.26)

and the reward is zero. At k = 1, the generated chunk xt0 yields the environment action
at = proj1(xt0). The next augmented state is

s̄t+1,K = (st+1, x
t+1
K ,K), (5.27)

where
st+1 ∼ P

(
· | st, proj1(xt0)

)
, xt+1

K ∼ N (0, IHda). (5.28)

These rules define the transition kernel P̄.
The augmented reward and transition discount are

R̄(s̄t,k, āt,k) =

0, k > 1,
R
(
st, proj1(xt0)

)
, k = 1,

(5.29)

and

γ̄(s̄t,k, āt,k) =
{

1, k > 1,
γ, k = 1.

(5.30)

Thus, discounting is applied when the process advances to the next environment time, not
between denoising transitions within the same environment step.

The augmented MDP introduces no additional task reward inside the sampler. Its
intermediate rewards are zero, and its terminal reward is exactly the reward of the outer
crowd-navigation MDP.

For each environment step t, let

ξt = (xtK , xtK−1, . . . , x
t
0) (5.31)

denote the sampled reverse trajectory. Conditioned on st, its density is

pθ(ξt | st) = p(xtK)
K∏
k=1

pθ
(
xtk−1 | xtk, Eθ(st), k

)
. (5.32)
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For a finite outer horizon T , define

τ̄0:T = (s0, ξ0, r0, . . . , sT−1, ξT−1, rT−1, sT ). (5.33)

Its density factorizes as

pθ(τ̄0:T ) = P0(s0)
T−1∏
t=0

[
pθ(ξt | st)P

(
st+1 | st, proj1(xt0)

)]
. (5.34)

This is the analogue of (2.7) for the coupled outer–inner process.

Proposition 5.3 (Score decomposition). For the finite augmented trajectory in (5.34),

∇θ log pθ(τ̄0:T ) =
T−1∑
t=0

K∑
k=1
∇θ log pθ

(
xtk−1 | xtk, Eθ(st), k

)
. (5.35)

Proof. Taking logarithms in (5.34) gives

log pθ(τ̄0:T ) = logP0(s0) +
T−1∑
t=0

log pθ(ξt | st)

+
T−1∑
t=0

logP
(
st+1 | st, proj1(xt0)

)
. (5.36)

The initial-state distribution and environment transition kernel do not depend explicitly on
θ once the sampled denoising trajectory is fixed. By (5.32),

log pθ(ξt | st) = log p(xtK) +
K∑
k=1

log pθ
(
xtk−1 | xtk, Eθ(st), k

)
, (5.37)

and the initial-noise density is independent of θ. Differentiating therefore gives (5.35).

Equation (5.35) allows the likelihood-ratio score to be evaluated at each denoising
transition without evaluating the marginal chunk density.

Corollary 5.4 (Finite-horizon denoising-level policy gradient). Define

JT (θ) = Eτ̄0:T∼pθ

[
T−1∑
t=0

γtR
(
st, proj1(xt0)

)]
. (5.38)

Under the regularity assumptions of Assumption 2.19,

∇θJT (θ) = Eτ̄0:T∼pθ

[
T−1∑
t=0

γt
K∑
k=1
∇θ log pθ

(
xtk−1 | xtk, Eθ(st), k

)
G

(T )
t

]
, (5.39)

where

G
(T )
t =

T−1−t∑
ℓ=0

γℓR
(
st+ℓ, proj1(xt+ℓ0 )

)
. (5.40)

Proof. Apply the likelihood-ratio identity in Lemma 2.21 to (5.38) and use Proposition 5.3.
By causality, the reverse trajectory sampled at environment time t can affect only the
reward at time t and later rewards. The corresponding return-to-go is therefore G(T )

t .



CHAPTER 5. PDPO FOR CROWD NAVIGATION 42

Under the bounded-reward and regularity assumptions used in Theorem 2.25, taking
T →∞ gives

J(θ) = Eτ̄∼pθ

∑
t≥0

γtR
(
st, proj1(xt0)

) , (5.41)

and

∇θJ(θ) = Eτ̄∼pθ

[∑
t≥0

γt
K∑
k=1
∇θ log pθ

(
xtk−1 | xtk, Eθ(st), k

)
Gt

]
, (5.42)

where
Gt =

∞∑
ℓ=0

γℓR
(
st+ℓ, proj1(xt+ℓ0 )

)
. (5.43)

In implementation, Gt is replaced by an environment-level advantage estimate, which is
assigned to the denoising transitions that generated xt0.

Algorithm 6 gives the rollout procedure used to sample the coupled process. In addition
to ordinary environment transitions, the buffer stores every denoising transition and its log
density under the rollout policy.
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Algorithm 6 Collecting an augmented PDPO rollout
Require: Environment Menv, rollout actor θold, diffusion horizon K, rollout length M

1: Initialize environment buffer Benv ← ∅
2: Initialize denoising buffer Bden ← ∅
3: Sample s0 ∼ P0
4: for t = 0, . . . ,M − 1 do
5: Encode the crowd observation

zt ← Eθold(st)

6: Sample initial diffusion noise

xtK ∼ N (0, IHda)

7: for k = K,K − 1, . . . , 1 do
8: Sample the next denoising variable

xtk−1 ∼ pθold

(
· | xtk, zt, k

)
9: Evaluate the rollout-policy log density

ℓold
t,k ← log pθold

(
xtk−1 | xtk, zt, k

)
10: Store (

st, x
t
k, x

t
k−1, k, ℓ

old
t,k

)
in Bden

11: end for
12: Execute the first command of the generated chunk

at ← proj1(xt0)

13: Apply at and observe rt, st+1, and terminal indicator dt
14: Store

(st, rt, st+1, dt)

in Benv
15: if dt = 1 then
16: Reset the environment and sample st+1 ∼ P0
17: end if
18: end for
19: return Benv and Bden

Remark 5.5 (Role of the two time scales). The index t denotes environment time, whereas
k denotes the position within the reverse denoising chain. Rewards, value estimates, and
environment discounting are defined at the outer time scale. Policy likelihoods are evaluated
at the inner time scale. The online update described next combines these two quantities.

5.4 Online PPO Fine-Tuning
After denoising pretraining, PDPO fine-tunes the actor through interaction with the crowd-
navigation environment. The update follows PPO [Sch+17] and the transition-level diffusion-
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policy optimization used in DPPO [Ren+25]. The critic remains an environment-level value
function Vφ(st). The actor, however, is updated through the likelihoods of the reverse
denoising transitions that generated the executed action chunk.

For a rollout stored in Benv, define the temporal-difference residual

δφt = rt + γ(1− dt)Vφ(st+1)− Vφ(st), (5.44)

where dt ∈ {0, 1} indicates whether the episode terminates after time t. The environment-
level advantage is estimated using GAE:

Âenv
t =

M−1−t∑
ℓ=0

(γλ)ℓ
ℓ−1∏
j=0

(1− dt+j)

 δφt+ℓ. (5.45)

Equivalently, it may be computed recursively as

Âenv
t = δφt + γλ(1− dt)Âenv

t+1. (5.46)

The corresponding critic target is

Ĝt = Âenv
t + Vφ(st). (5.47)

The actor update uses the denoising transitions stored in Bden. Each entry corresponds
to an augmented state–action pair

s̄t,k = (st, xtk, k), āt,k = xtk−1. (5.48)

For data collected under the rollout actor θold, the transition-level likelihood ratio is

rt,k(θ) = π̄θ (āt,k | s̄t,k)
π̄θold (āt,k | s̄t,k)

=
pθ
(
xtk−1 | xtk, Eθ(st), k

)
pθold

(
xtk−1 | xtk, Eθold(st), k

) . (5.49)

During rollout collection, the old-policy log density ℓold
t,k is stored for each denoising transition.

Therefore, the ratio used during PPO updates can be evaluated as

rt,k(θ) = exp
[
ℓt,k(θ)− ℓold

t,k

]
, ℓt,k(θ) = log pθ

(
xtk−1 | xtk, Eθ(st), k

)
. (5.50)

The environment-level advantage is assigned to all denoising transitions that generated
the corresponding action chunk. This follows from the reward structure in Definition 5.2:
intermediate denoising transitions have zero reward, while the terminal denoising transition
inherits the environment reward. Following DPPO, we allow a denoising weighting factor
γdenoise ∈ (0, 1] to scale the learning signal across denoising levels:

Ât,k = γk−1
denoiseÂ

env
t . (5.51)

This factor is not the environment discount. The environment discount γ determines
the return across outer time steps, whereas γdenoise only changes how strongly the same
environment-level advantage is assigned to different reverse denoising transitions. Since the
reverse chain is sampled from K to 1, larger values of k correspond to earlier and noisier
transitions. Choosing γdenoise < 1 therefore gives smaller weights to these earlier denoising
steps.
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The clipped actor objective is

Lden
PPO(θ) = Et,k

[
min

{
rt,k(θ)Ât,k, clip (rt,k(θ), 1− εPPO, 1 + εPPO) Ât,k

}]
. (5.52)

This is the clipped PPO objective from Definition 2.34, applied to the reverse-transition
policy rather than directly to the marginal environment-action policy. The critic is trained
with the environment-level squared loss

Lvalue(φ) = Et
[(
Vφ(st)− Ĝt

)2
]
. (5.53)

In the implementation, the actor is updated by maximizing Lden
PPO, while the critic is updated

by minimizing Lvalue.
Remark 5.6 (Trajectory and transition ratios). The likelihood ratio of a complete denoising
trajectory factorizes as

pθ(ξt | st)
pθold(ξt | st)

=
K∏
k=1

rt,k(θ). (5.54)

PDPO does not clip this product directly. Instead, it applies PPO clipping to the indi-
vidual transition ratios, following DPPO [Ren+25]. This avoids forming a product whose
variability may increase with the number of denoising steps. The resulting update should
be understood as a transition-level PPO surrogate for optimizing the sampled denoising
trajectory distribution, rather than as an exact PPO update on the intractable marginal
chunk density.

Algorithm 7 summarizes the online fine-tuning procedure. The rollout stage stores
both environment transitions and denoising transitions. The return and value targets are
computed at the environment level, while the actor objective is evaluated on minibatches of
denoising transitions.

The two training stages serve different roles. Denoising pretraining fits the expert
action-chunk distribution and initializes feasible local behavior. Online PPO then adjusts
the same crowd-conditioned denoising policy using the environment reward. The next
chapter evaluates this policy in the CrowdNav++ simulator and studies the effect of action
chunks through ablations and qualitative visualizations.
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Algorithm 7 Online PPO fine-tuning for PDPO
Require: Pretrained actor θ, critic φ, rollout length M , diffusion horizon K
Require: Discounts γ, λ, denoising weight γdenoise, PPO clip εPPO
Require: Learning rates ηθ, ηφ, PPO epochs NPPO

1: for each training iteration do
2: Set rollout actor θold ← θ
3: Collect Benv and Bden using Algorithm 6
4: Compute Âenv

t and Ĝt from Benv using (5.44)–(5.47)
5: Assign denoising advantages

Ât,k ← γk−1
denoiseÂ

env
t , (t, k) ∈ Bden

6: for e = 1, . . . , NPPO do
7: for each minibatch Menv ⊂ Benv, Mden ⊂ Bden do
8: Recompute current log densities ℓt,k(θ) for (t, k) ∈Mden
9: Compute ratios rt,k(θ) using (5.50)

10: Compute actor objective L̂den
PPO(θ) using (5.52)

11: Compute critic loss L̂value(φ) using (5.53)
12: Update actor:

θ ← θ + ηθ∇θL̂den
PPO(θ)

13: Update critic:
φ← φ− ηφ∇φL̂value(φ)

14: end for
15: end for
16: end for
17: return fine-tuned actor θ and critic φ



Chapter 6

Experiments

This chapter evaluates Planning Diffusion Policy Optimization (PDPO) in dense robot
crowd-navigation tasks. The experiments are designed to answer three questions. First,
does the proposed diffusion-policy formulation perform competitively against classical and
learning-based crowd-navigation baselines? Second, which parts of the training pipeline are
needed to obtain a stable and effective policy? Third, does representing the policy output
as a short-horizon action chunk provide an advantage over a diffusion policy that generates
only a single action?

All experiments are conducted in the CrowdNav++ simulation environment [Liu+23].
We evaluate policies under both the original CrowdNav++ protocol and a bounded variant
in which workspace boundary violations are treated as collisions. The original protocol
is retained because it permits direct comparison with previously reported results. The
bounded protocol is introduced to test whether a policy succeeds while remaining inside the
intended navigation workspace.

The chapter is organized as follows. We first describe the simulator, the two evaluation
protocols, the baselines, and the training procedure. We then document the empirical
development of the final offline-to-online pipeline, including the role of behavioral-cloning ini-
tialization and the transition from single-action diffusion policies to short action chunks. The
main quantitative evaluation compares PDPO with rule-based and learning-based baselines.
We then analyze boundary effects, isolate the contribution of action chunks through an abla-
tion study, and visualize generated short-horizon plans. Additional implementation details,
network architectures, hyperparameters, model sizes, and checkpoint-selection procedures
are reported in Chapter A.

6.1 Experimental Setup

6.1.1 Simulation Environment

The experiments use the CrowdNav++ simulator [Liu+23], a benchmark for robot navigation
in dense and dynamic human crowds. This environment is appropriate for the present
study because it combines continuous robot control, variable-size crowd observations, and
nontrivial local interaction patterns. These properties make it a suitable testbed for
comparing single-step action policies with short-horizon action-chunk policies.

The environment consists of a two-dimensional 12× 12 m2 workspace containing one
robot and 20 human agents. The robot must reach its goal while avoiding collisions with
humans and maintaining socially acceptable navigation behavior. Figure 6.1 illustrates the
basic environment layout.

47
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Figure 6.1: Illustration of the CrowdNav++ environment. The robot navigates in a
12 × 12 m2 workspace populated by 20 human agents. The dashed circle indicates the
robot’s sensing range (r = 6.0 m), and the green marker denotes the robot’s goal.

At the beginning of each episode, the robot and all humans are initialized with random
positions and goals. Human agents use ORCA for collision avoidance among themselves, but
they do not observe or react to the robot. The robot therefore navigates under one-sided
interaction and cannot rely on cooperative human responses.

The robot is modeled as a circular agent with radius 0.2 m, maximum speed 1.0 m/s,
and sensing range 6.0 m. Human radii are sampled uniformly from [0.3, 0.5] m, and their
maximum speeds are sampled from [0.5, 1.5] m/s. At each decision step, the robot observes
nearby humans within its sensing range together with their motion states, while the humans
continue to move according to their ORCA-based policies.

To generate dynamic crowd flows, human agents are assigned new goal locations after
reaching their current goals. In addition, at each second, each human independently changes
its goal with probability 0.5. Each episode terminates when the robot reaches its goal,
collides with a human, or exceeds the maximum episode length of 50 seconds. Episodes
that reach the time limit are treated as timeouts.

6.1.2 Original and Bounded Evaluation Protocols

We consider two variants of the simulator. The first is the original CrowdNav++ benchmark
protocol, which does not treat workspace boundary violations as collisions. This setting is
useful because it permits direct comparison with results reported in prior work. However,
it does not fully distinguish trajectories that remain inside the nominal workspace from
trajectories that temporarily leave the workspace and later reach the goal.

The second setting is a bounded variant, referred to as Bounded CrowdNav. The
crowd-generation process, robot dynamics, human policies, and evaluation metrics remain
unchanged, while a trajectory that crosses the workspace boundary is terminated and
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counted as a collision. This variant tests a stricter form of navigation success: the robot
must reach the goal while remaining inside the intended domain.

The bounded protocol was introduced after trajectory inspection showed that some
successful episodes in the original benchmark left the nominal workspace. The boundary
diagnosis in Section 6.3.2 quantifies this effect and motivates the use of Bounded CrowdNav
as the main stricter evaluation setting.

6.1.3 Baselines and Ablations

The baselines are chosen to separate three directions in crowd-navigation research. ORCA
represents classical rule-based collision avoidance in velocity space. CrowdNav++ represents
the learning-based state-representation direction, where prediction, attention, interaction
modeling, and temporal recurrence are used to build a stronger encoder for model-free
reinforcement learning. PDPO instead focuses on the action-generation side by replacing a
single-step action policy with a diffusion policy over short-horizon velocity chunks.

We compare PDPO with two representative crowd-navigation baselines:

• ORCA: a classical rule-based collision-avoidance method [Ber+11]. ORCA is included
as a non-learning reference point. It provides a useful comparison because it performs
local collision avoidance through geometric velocity constraints, without learned state
representation or learned action generation.

• CrowdNav++ (Const. Vel.): a learning-based crowd-navigation baseline using a
constant-velocity human trajectory predictor [Liu+23]. CrowdNav++ is included as
the main learning-based reference point because it uses the same simulator and PPO
training framework, but emphasizes prediction-aware state representation rather than
diffusion-based action generation.

We additionally evaluate two variants of PDPO:

• PDPO w/o action chunk: a diffusion-policy variant that generates a single action
at each control step. This ablation keeps the diffusion-policy parameterization and
online PPO training procedure, but changes the generated action object from a short
sequence to one instantaneous velocity command. It tests whether the gain comes from
action-chunk generation rather than from using a diffusion actor alone.

• PDPO from scratch: the full action-chunk policy trained online from random
initialization without behavioral-cloning pretraining. This variant tests whether offline
denoising pretraining is needed for sample-efficient online reinforcement learning.

Unless otherwise stated, all learning-based methods use the same constant-velocity
predictor to forecast human motion over the next five timesteps. This keeps the prediction
component fixed and focuses the comparison on the policy representation and training
procedure.

6.1.4 Training and Evaluation Protocol

The final PDPO policy and the single-action ablation follow an offline-to-online training
procedure. This design is used because direct online reinforcement learning with a diffusion
actor is sample-intensive in the dense crowd setting, where early random policies frequently
collide or time out. Behavioral cloning provides an initial policy that already generates
feasible local motions, after which PPO can adapt the policy to the environment reward.
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The diffusion policy is first pretrained by behavioral cloning on approximately 3,000
demonstration episodes. At each timestep, the observation and executed velocity command
are recorded. For the full PDPO policy, expert action chunks are constructed from the
current and subsequent velocity commands. The single-action ablation uses only the current
command. Behavioral-cloning pretraining runs for 200 optimization iterations.

The source of the demonstrations depends on the evaluation protocol. In the original
CrowdNav++ environment, ORCA generates the behavioral-cloning trajectories. This
choice matches the classical baseline and provides a rule-based source of collision-avoidance
behavior. In Bounded CrowdNav, ORCA does not account for the enforced workspace
boundary and consequently produces frequent boundary collisions. We therefore use a
trained CrowdNav++ policy to generate demonstrations within the bounded workspace.
This keeps the offline data consistent with the constraints of the bounded evaluation protocol.
These trajectories form the offline pretraining dataset, after which the PDPO policies are
fine-tuned through online interaction with the environment.

After pretraining, the policies are optimized online with PPO for approximately 12
million environment timesteps. The full PDPO policy uses an action chunk length of
H = 5. Since the simulator has a control interval of 0.25 s, each chunk represents a 1.25 s
short-horizon plan. Only the first action of the sampled chunk is applied, and a new
chunk is generated at the next timestep. The single-action ablation uses H = 1, while the
from-scratch variant uses H = 5 and omits the behavioral-cloning stage.

For the original benchmark, the ORCA and CrowdNav++ results are taken from Liu
et al. [Liu+23], since the environment and evaluation protocol are unchanged. For Bounded
CrowdNav, all learning-based methods are trained and evaluated under the bounded
protocol.

We evaluate navigation performance using the following metrics:

• Success rate (SR): the percentage of episodes in which the robot reaches its goal
without collision or timeout.

• Navigation time (NT): the time required to reach the goal in successful episodes.

• Path length (PL): the total distance traveled by the robot.

• Intrusion time ratio (ITR): for each episode, the fraction of timesteps at which the
robot intrudes into any human’s ground-truth future personal zones over the next five
steps, averaged over all test episodes.

• Social distance during intrusions (SD): the average distance between the robot
and its closest human at timesteps when an intrusion occurs.

Success rate measures task completion, while navigation time and path length measure
efficiency. ITR and SD provide complementary information about crowd-aware safety. All
intrusions are evaluated using the ground-truth future human positions. Each final policy is
evaluated on 500 unseen test seeds. For learning-based methods in Bounded CrowdNav,
results are reported over three random training seeds. Details of the observation encoder,
diffusion network, value function, optimizer settings, and checkpoint selection are given in
Chapter A.

6.2 Development of the Training Pipeline
This section documents the empirical choices that led to the final training pipeline. It
explains why the final method uses offline denoising pretraining, why the demonstration
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source differs between the original and bounded protocols, and why the final actor generates
short action chunks rather than single actions.

The first design question is whether the full action-chunk diffusion policy can be trained
directly from online interaction. To test this, we trained the action-chunk policy from random
initialization on Bounded CrowdNav. As shown in Figure 6.2, the policy acquired useful
navigation behavior slowly and remained at a low success level for much of the available
interaction budget. This result motivated the use of behavioral-cloning initialization before
online PPO fine-tuning.

Behavioral cloning provides a useful but limited initialization. Before online fine-tuning,
the pretrained policy reaches a success rate of approximately 45% in the original environment
and approximately 40% in Bounded CrowdNav. These policies already exhibit basic goal-
directed and collision-avoidance behavior, providing a stronger starting point for online
reinforcement learning. The change from ORCA demonstrations in the original environment
to CrowdNav++ demonstrations in the bounded environment also adapts the offline data
to the corresponding workspace constraints.

Figure 6.2: Training behavior on Bounded CrowdNav for behaviorally pretrained PDPO
with five-step action chunks, the corresponding action-chunk policy trained from scratch,
and the behaviorally pretrained single-action diffusion-policy ablation. Left: training success
rate. Right: average training reward. Behavioral-cloning initialization accelerates learning
relative to direct training from random initialization. Both pretrained variants undergo a
short transition at the beginning of online fine-tuning and subsequently improve through
continued environment interaction.

The pretrained policies exhibit a short performance decrease when online PPO fine-tuning
begins, followed by rapid recovery and continued improvement. This transient behavior
coincides with the shift from supervised imitation on a fixed demonstration distribution
to reinforcement learning under the state distribution induced by the evolving policy. The
objective also changes from reproducing teacher actions to maximizing environment return.

The second design question is whether diffusion should be applied to instantaneous
actions or to short-horizon action sequences. The single-action diffusion policy provides an
intermediate design: it tests whether a diffusion actor can be optimized successfully without
changing the policy output into a sequence. Its training curve and final evaluation show
that a single-action diffusion actor can learn a competent policy, with performance close to
CrowdNav++. The larger improvement appears when the diffusion policy is defined over
short-horizon action sequences.

This observation matches the structure of crowd-navigation decisions. In dense crowds,
multimodality often concerns alternative local maneuvers—such as passing on different
sides of a pedestrian, slowing before entering a gap, or making a short detour—rather
than isolated instantaneous velocities. Action chunking moves the policy distribution from
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single-step action space to short-horizon trajectory space, where each sampled mode can
encode a coherent local maneuver.

These observations led to the final pipeline used in the main experiments: behavioral-
cloning initialization with a demonstrator adapted to the evaluation protocol, followed by
online PPO fine-tuning of a diffusion policy over five-step action chunks. The following
sections evaluate the resulting policies on held-out test episodes.

6.3 Quantitative Evaluation

6.3.1 Original CrowdNav++ Benchmark

We first evaluate PDPO under the original CrowdNav++ benchmark protocol. This
experiment serves a compatibility purpose: it allows PDPO to be compared with the
previously reported ORCA and CrowdNav++ results under the same protocol. For this
reason, the original benchmark remains informative even though Section 6.3.2 later shows
that its handling of workspace boundaries affects the interpretation of success rates.

Table 6.1: Navigation performance on the original CrowdNav++ benchmark without
explicit boundary constraints. ORCA and CrowdNav++ results are reported from Liu et al.
[Liu+23].

Method SR↑ NT↓ PL↓ ITR↓ SD↑

ORCA 69.0 14.77 17.67 19.61 0.38
CrowdNav++ (Const. Vel.) 87.0 14.03 20.14 7.00 0.42
PDPO w/o action chunk 86.2 14.59 19.20 8.04 0.40
PDPO (Ours) 90.6 14.50 20.25 7.22 0.41

As shown in Table 6.1, PDPO achieves a success rate of 90.6%, improving over the
reported CrowdNav++ result by 3.6 percentage points. The single-action diffusion-policy
variant reaches 86.2%, close to the CrowdNav++ result. Adding action chunks increases
the success rate from 86.2% to 90.6%.

The full PDPO policy achieves the highest success rate while remaining competitive on
the remaining navigation metrics. The difference between the single-action and action-chunk
variants also indicates that the structure of the generated action object contributes to the
final performance. The next subsection examines why the original success rate should be
interpreted together with boundary behavior.

6.3.2 Boundary Diagnosis

The purpose of this diagnostic experiment is to check whether success in the original
benchmark always corresponds to successful navigation inside the intended workspace.
Inspection of successful rollouts revealed that some trajectories left the nominal 12× 12 m2

workspace and later reached the goal. Since the original protocol does not classify boundary
violations as failures, these trajectories remain part of the reported success rate. We
quantify this effect by measuring the fraction of successful episodes that cross the workspace
boundary.

Table 6.2 shows that out-of-bound trajectories occur across all evaluated methods.
Among successful episodes, 31.8% of ORCA rollouts leave the workspace. The corresponding
fractions are 16.1% for CrowdNav++, 18.7% for PDPO without action chunks, and 19.8%
for the full PDPO policy. The success rate in the original protocol therefore combines
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Table 6.2: Fraction of successful trajectories in the original benchmark that leave the
nominal workspace while still being counted as successes.

Method Out-of-bound successful trajectories

ORCA 31.8%
CrowdNav++ (Const. Vel.) 16.1%
PDPO w/o action chunk 18.7%
PDPO (Ours) 19.8%

trajectories that remain inside the intended domain with trajectories that leave the nominal
workspace.

This observation motivated the Bounded CrowdNav protocol introduced in Section 6.1.2.
The bounded evaluation requires retraining because the wall constraint changes both the
failures encountered during policy learning and the quality of the available demonstration
trajectories.

6.3.3 Bounded CrowdNav

Bounded CrowdNav is used as the stricter evaluation setting. The motivation is not to
change the crowd-generation mechanism or the robot dynamics, but to ensure that a
successful episode corresponds to reaching the goal inside the valid navigation region. Under
this protocol, all learning-based policies are trained and evaluated with boundary violations
treated as collisions.

Table 6.3: Navigation performance on Bounded CrowdNav. All learning-based methods are
trained and evaluated under the same bounded protocol. SR, NT, PL, and ITR are reported
as mean and standard deviation over three random training seeds; SD is reported as the
aggregate mean. ORCA is deterministic and is reported without a standard deviation.

Method SR↑ NT↓ PL↓ ITR↓ SD↑

ORCA 47.0 21.26 17.14 1.35 0.50
CrowdNav++ (Const. Vel.) 74.5± 2.1 13.35± 1.13 18.42± 0.65 8.53± 0.30 0.42
PDPO w/o action chunk 73.7± 0.7 13.05± 0.46 20.93± 0.50 7.21± 0.74 0.40
PDPO (Ours) 84.7± 1.4 10.92± 0.04 20.58± 0.19 6.81± 0.04 0.41

Table 6.3 shows a clearer separation between the methods. PDPO reaches a success
rate of 84.7%, outperforming CrowdNav++ by 10.2 percentage points and the single-action
diffusion-policy variant by 11.0 percentage points. It also achieves the lowest navigation
time and intrusion rate among the learning-based methods.

PDPO travels a longer path than CrowdNav++, with 20.58 m compared with 18.42 m.
At the same time, it achieves a shorter navigation time and a lower intrusion rate. The
additional distance is therefore associated with more lateral or avoidance motion while
maintaining efficient progress toward the goal.

The bounded results also reflect the limitations of ORCA in the modified environment.
Its success rate falls to 47.0%, and trajectory inspection shows frequent boundary collisions.
This observation motivated the use of a trained CrowdNav++ policy to generate the
bounded demonstration dataset. In other words, the demonstration policy is chosen to
match the constraints of the evaluation protocol.
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6.4 Ablation Study: Role of Action Chunks
The main methodological claim of PDPO is not only that diffusion policies are expressive,
but that diffusion over short action chunks is useful for crowd navigation. The single-action
ablation tests this claim by keeping the diffusion parameterization, behavioral-cloning
initialization, and online PPO fine-tuning procedure, while changing the generated action
object from a sequence to one velocity command.

The training curves in Figure 6.2 describe how the single-action and action-chunk policies
evolve during optimization. We now use the final held-out evaluations to measure the effect
of action chunking. Both variants use a diffusion-policy parameterization, behavioral-cloning
initialization, and online PPO fine-tuning. Their main difference is the object generated by
the policy: one velocity action for the ablation and a five-step local plan for PDPO.

Table 6.4: Effect of action chunking on success rate. The improvement is measured relative
to the single-action diffusion-policy ablation.

Setting PDPO w/o action chunk PDPO Improvement

Original CrowdNav++ 86.2 90.6 +4.4
Bounded CrowdNav 73.7 84.7 +11.0

As summarized in Table 6.4, action chunking improves success rate in both settings.
The increase is 4.4 percentage points in the original benchmark and 11.0 percentage points
in Bounded CrowdNav. The larger difference in the bounded setting indicates a stronger
benefit from short-horizon action generation when the robot must remain inside the valid
workspace.

For a single-action policy, multimodality is represented over instantaneous velocity
commands. Action chunking extends this distribution to short motion sequences, allowing
alternative local maneuvers to be represented directly. Passing to the left, passing to the
right, slowing down to yield, and entering a temporary gap are more naturally distinguished
as action sequences than as isolated first actions. The receding-horizon execution scheme
then preserves closed-loop responsiveness by replanning after every applied action.

The ablation is consistent with the view that the performance gain arises from combining
a multimodal diffusion policy with a short-horizon sequence representation. Each sampled
mode describes a coherent local plan, while the repeated replanning step adapts that plan
to the evolving crowd configuration.

6.5 Qualitative Analysis of Action Chunks
The quantitative ablation measures whether action chunks improve navigation performance.
The qualitative analysis examines what the learned action chunks look like. In particular, it
asks whether the generated chunks form temporally coherent short-horizon motions and
whether multiple samples under the same observation can represent different feasible local
plans.

In all visualizations, each snapshot is centered on the robot. The dashed circle indicates
the robot’s observation range. Humans within this range are shown as blue dots together
with their predicted linear trajectories. At each decision step, the policy generates a five-step
action chunk, with each action corresponding to 0.25 s. Each displayed chunk therefore
covers the next 1.25 s. Only its first action is executed before the policy replans.
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Step 60 Step 61 Step 62

Step 63 Step 64 Step 65

Step 66 Step 67 Step 68

Figure 6.3: Storyboard of a PDPO trajectory from step 60 to step 68. Each snapshot shows
the five-step action chunk generated at the current timestep. The sequence illustrates how
the policy updates its local plan in response to nearby pedestrians while preserving coherent
short-horizon motion.
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Figure 6.3 shows a representative episode in which the robot moves toward its goal
through a dense crowd. At the beginning of the sequence, the generated chunks point
relatively directly toward the target. As nearby humans reduce the available free space,
the planned motion shifts toward locally feasible gaps. Several consecutive actions form a
turning maneuver whose shape evolves across neighboring replanning steps.

This behavior is particularly visible around steps 62–64. The chunk bends to one side
as approaching pedestrians constrain the direct route. Although only the first action is
executed, the remaining actions represent the turn as a short sequence. Between steps 65
and 68, the chunks become shorter in the densest interaction region and lengthen again
as space opens. The sequence illustrates the combination of planning and feedback: each
chunk expresses a local motion intention, while replanning at every timestep adapts that
intention to the changing crowd.

Step 265 Step 267 Step 270

Step 272 Step 274 Step 276

Step 278 Step 279 Step 280

Figure 6.4: Multiple action chunks sampled by PDPO under the same local observation.
The samples represent different feasible short-horizon motion proposals while remaining
compatible with the surrounding crowd geometry.
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While Figure 6.3 emphasizes temporal coherence, Figure 6.4 illustrates multimodality. A
dense local configuration may permit several reasonable responses, such as moving through
different openings, slowing down to yield, or choosing a more conservative heading before
resuming progress. The sampled chunks differ in direction and aggressiveness, while each
remains a structured short trajectory.

These figures provide qualitative illustrations rather than a quantitative measure of
mode coverage. They give a direct view of the object modeled by PDPO: a distribution over
local action sequences. Together with the single-action ablation, the examples illustrate how
multimodality and temporal coherence are represented jointly in short-horizon trajectory
space.

6.6 Scope of the Experimental Evidence
The experiments establish three main empirical findings. Behavioral-cloning initialization
improves learning efficiency within the available interaction budget. The five-step action-
chunk policy outperforms the corresponding single-action diffusion policy, with the largest
difference observed in Bounded CrowdNav. The boundary analysis further shows that
workspace handling has a substantial effect on reported navigation success.

The training curves characterize optimization over approximately 12 million environment
timesteps. Within this budget, the pretrained policies learn considerably faster than the
policy trained from random initialization. The curves do not address the asymptotic
performance of direct online training under a much larger interaction budget. The brief
decrease at the start of online fine-tuning coincides with the transition from behavioral
cloning to policy-induced online data; the present experiments do not further decompose
this transient effect.

The action-chunk comparison jointly changes the prediction horizon, the output di-
mension, and the associated denoising problem. It therefore demonstrates the practical
advantage of the five-step formulation as a whole. A comparison over several chunk lengths
would provide a finer separation between the effects of temporal coherence, multimodal
sequence representation, and optimization.

The qualitative figures illustrate coherent and diverse local motion proposals, but do
not measure mode coverage quantitatively. The original and bounded protocols also use
different demonstration policies. ORCA generates the demonstrations in the original setting.
In Bounded CrowdNav, however, ORCA does not account for the enforced workspace
boundary and frequently collides with the wall, which substantially reduces the quality of
the resulting demonstrations. We therefore use CrowdNav++ to generate demonstrations
that respect the bounded workspace. Comparisons within Bounded CrowdNav use the same
environment, evaluation protocol, and test procedure for all learning-based methods.
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Conclusion

This thesis studied diffusion policies for short-horizon planning in robot crowd navigation.
The starting point was the observation that dense crowd navigation is not only a problem of
selecting an instantaneous collision-free velocity. In many situations, the robot must choose
between several qualitatively different local motion patterns, such as passing a pedestrian
on either side, slowing down before entering a narrow gap, or making a temporary detour
around a group. These alternatives are naturally expressed over several consecutive control
steps. This motivates a policy representation that can model distributions over short-horizon
action sequences rather than only distributions over single actions.

The thesis first introduced the reinforcement-learning background needed for this formu-
lation. Markov decision processes, value functions, policy-gradient methods, actor–critic
estimation, and PPO were reviewed in a way that provides the mathematical basis for the
later optimization procedure. The discussion then turned to denoising diffusion models.
After deriving the forward noising process, the reverse denoising parameterization, and the
noise-prediction objective, the thesis interpreted conditional diffusion models as stochastic
policies. This viewpoint makes the generated object an action object: either a single action
or an action chunk. The expressiveness discussion showed that a Gaussian policy, even
with full covariance over an action chunk, remains a single-mode distribution in the joint
action-object space. In contrast, a diffusion policy can represent multimodal conditional
distributions over local plans.

Building on this viewpoint, the thesis presented Planning Diffusion Policy Optimization
(PDPO) for crowd navigation. PDPO combines offline denoising pretraining with online PPO
fine-tuning. In the offline stage, the diffusion policy learns to generate feasible action chunks
from demonstration trajectories. In the online stage, the pretrained policy is improved
under the environment reward. Since the final action chunk is produced by a multi-step
reverse denoising process, the method was formulated through an augmented denoising
MDP. This construction separates the outer crowd-navigation MDP from the inner diffusion
sampling process and provides a tractable way to apply policy-gradient optimization to the
denoising transitions.

The experimental results support the main interpretation of PDPO as a diffusion-
based short-horizon planning method. In both the original CrowdNav++ benchmark
and the bounded variant, PDPO performs competitively with strong baselines. More
importantly, the ablation study shows that the action-chunk formulation is a central
part of the improvement: replacing the chunk policy by a single-action diffusion policy
substantially weakens performance, especially in the bounded setting. The qualitative
visualizations further support this interpretation. The generated chunks evolve coherently
across neighboring timesteps and can contain multiple plausible local proposals under the
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same observation. Thus, the diffusion policy is not merely an expressive replacement for
a Gaussian action distribution; in this setting, it provides a natural representation for
multimodal local plans.

The bounded version of the benchmark also highlights the importance of evaluation
protocols in robot crowd navigation. If boundary violations are not treated as failures, some
trajectories may leave the intended workspace while still being counted as successful. The
bounded setting removes this ambiguity and provides a stricter test of whether a policy can
navigate through dense local interactions inside the valid domain. This does not make the
original benchmark uninformative, since it remains useful for comparison with prior work,
but it shows that benchmark details can affect the interpretation of navigation performance.

There are several limitations to the present study. First, all experiments are conducted
in simulation. The human agents follow ORCA-based dynamics and do not react to the
robot. This enables controlled comparison across methods, but it does not fully capture
real human–robot interaction, where pedestrians may adapt their motion in response to
the robot. Second, the human trajectory prediction module is deliberately kept simple by
using a constant-velocity predictor. This helps isolate the effect of the policy representation,
but more realistic navigation systems would require stronger prediction models and a
closer integration between prediction and control. Third, diffusion policies require iterative
denoising at inference time, which is more expensive than a single forward pass of a standard
Gaussian policy. Although the horizon used in this thesis is short, sampling efficiency
remains important for real-time robot deployment. Finally, the experiments focus on a
specific simulator and a specific crowd-navigation setting. Broader validation across different
maps, crowd densities, human behavior models, and physical robots is necessary before
drawing strong conclusions about real-world performance.

Several directions follow naturally from this work. One direction is to evaluate diffusion
action-chunk policies in environments with more interactive human models, where pedestri-
ans respond to the robot and the robot must reason about mutual adaptation. Another
direction is to replace the constant-velocity predictor by a learned trajectory-prediction
module, or to train prediction and control jointly. It would also be useful to study more
efficient diffusion-policy samplers, such as using fewer denoising steps, distillation, or de-
terministic sampling schemes, in order to reduce the computational cost of online execution.
Finally, the action-chunk horizon itself could be made adaptive: in open regions a longer
horizon may encourage efficient progress, while in dense interactions a shorter or more
cautious horizon may improve safety and responsiveness.

Overall, the results suggest that diffusion policies are useful for crowd navigation not
only because they define expressive stochastic policies, but also because they provide a
natural way to model distributions over short-horizon local plans. This perspective connects
generative modeling, policy-gradient optimization, and receding-horizon control, and it offers
a promising direction for learning navigation policies in dense and multimodal interaction
settings.



Appendix A

Implementation Details

This appendix collects implementation details that are useful for reproducing the experiments
in Chapter 6. It avoids repeating the main evaluation protocol and focuses on the observation
encoder, diffusion-policy network, optimizer settings, model size, checkpoint selection, and
training curves.

A.1 Observation Encoder
The observation encoder maps the variable-size crowd observation st to a fixed-dimensional
latent vector zt. The input consists of the robot state wt and a set of human features hti.
For each observable human, the feature contains its current position and the predicted
positions over the next L timesteps,

hti = [uti, ût+1:t+L
i ], L = 5. (A.1)

The predicted positions are produced by the same constant-velocity predictor used by the
learning-based baselines. For batching, the number of humans is padded to a fixed maximum
number, and a visibility mask excludes padded or unobservable humans from the attention
computation.

Each human feature is first projected by an MLP,

ehi = MLPhuman(hti). (A.2)

Masked multi-head self-attention is then applied over the visible human embeddings to
model human–human interactions,

(ẽh1 , . . . , ẽhnt) = SelfAttn(eh1 , . . . , ehnt). (A.3)

The mask ensures that padded entries and unobservable humans do not contribute to the
attention weights. Residual connections, layer normalization, and dropout are used after
the attention layer.

To obtain robot-conditioned interaction features, the robot state is concatenated with
each interaction-aware human embedding and passed through an edge MLP,

erhi = MLPedge([ẽhi , wt]). (A.4)

Layer normalization is applied to the resulting features.
A second attention operation is then applied to the robot-conditioned human features.

This allows the representation of each human to be refined using the features of the other
humans after the robot state has been incorporated. The query, key, and value features are

Qi = WQe
rh
i , Ki = WKe

rh
i , Vi = WV e

rh
i . (A.5)
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The corresponding pairwise attention weights are

aij =
exp

(
Q⊤
i Kj/

√
de
)

∑
k∈Vt exp

(
Q⊤
i Kk/

√
de
) , i, j ∈ Vt, (A.6)

where de denotes the edge-feature dimension. The refined robot-conditioned feature of
human i is

ẽrhi =
∑
j∈Vt

aijVj . (A.7)

The resulting human–robot features are aggregated by robot-guided attention pooling.
The robot state is first projected into the edge-feature space,

ert = Wrwt. (A.8)

For visible humans i ∈ Vt, the attention scores and normalized weights are

qi = (ẽrhi )⊤ert , αi = exp(qi)∑
j∈Vt exp(qj)

. (A.9)

The pooled crowd representation and final latent vector are

eatt
t =

∑
i∈Vt

αiẽ
rh
i , zt = MLPlatent([wt, eatt

t ]). (A.10)

Layer normalization is applied before the final latent MLP. The latent vector zt is used as
the conditioning input for the diffusion denoising network and as the input to the value head.
For the critic update, zt is detached so that the value loss does not propagate gradients into
the shared observation encoder.

A.2 Diffusion Policy and Value Function
The diffusion actor operates on an action chunk xt0 = (xt0,1, . . . , xt0,H) ∈ R2H , where each
xt0,j ∈ R2 is a velocity command. In the main PDPO model, H = 5, so the policy output
dimension is 2H = 10. For the single-action ablation, the same architecture is used with
H = 1.

At diffusion step k, the noisy action chunk xtk is flattened and concatenated with the
observation latent vector zt and a timestep embedding ψ(k). The timestep embedding
is produced by a sinusoidal positional encoding followed by a small MLP. The denoising
network predicts the injected Gaussian noise,

ϵ̂ = ϵθ(xtk, zt, k). (A.11)

The output dimension of ϵθ matches the flattened action-chunk dimension.
The critic shares the forward representation produced by the observation encoder but

does not update the encoder. Writing sg for the stop-gradient operation, the value estimate
is

Vφ(st) = MLPvalue (sg(zt)) , zt = Eθ(st). (A.12)

Thus, the actor loss updates the encoder and denoising network through θ, whereas the
critic loss updates only the value-head parameters φ. This value estimate is used to compute
the environment-level advantage described in Section 5.4.
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A.3 Training Hyperparameters
The main training budget and evaluation protocol are described in Section 6.1.4. The
tables below list the optimizer, architecture, and diffusion-policy hyperparameters needed
for implementation.

Table A.1: Network and diffusion-policy settings.
Hyperparameter Value

Observation dimension 269
Action dimension 2
Action chunk length H 5
Policy output dimension 2H = 10
Planning horizon 1.25 s
Denoising network MLP [512, 256, 256]
Denoising activation ReLU
Diffusion timestep embedding dimension 16
Value network MLP [256, 256, 256]
Value activation Mish
Diffusion objective noise prediction
Noise schedule cosine beta schedule
Denoising steps during pretraining 20
Denoising steps during fine-tuning 10

Following DPPO, the implementation uses 20 denoising steps during behavioral cloning
and 10 during online fine-tuning to reduce the cost of rollout collection.

Table A.2: Behavioral-cloning pretraining hyperparameters.
Hyperparameter Value

Optimizer AdamW
Batch size 128
Learning rate 1× 10−3

Weight decay 1× 10−6
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Table A.3: Online PPO fine-tuning hyperparameters.
Hyperparameter Value

Optimizer AdamW
Actor learning rate 1× 10−4

Critic learning rate 1× 10−3

Discount factor γ 0.99
GAE parameter λ 0.95
Denoising discount factor γdenoise 0.99
PPO batch size 500
PPO update epochs 5
Value loss coefficient 0.5
Denoising policy loss clipping coefficient 0.01
Base denoising policy loss clipping coefficient 0.001
Denoising policy loss clipping growth rate 3
Target KL 1.0

The denoising policy loss clipping coefficient is used in the clipped diffusion policy loss
during online fine-tuning. It is distinct from the PPO probability ratio clipping parameter
introduced in Definition 2.34.

A.4 Model Size and Checkpoint Selection
During online fine-tuning, PDPO updates 1.049M trainable parameters, consisting of a
0.848M-parameter diffusion actor, including the shared observation encoder, and a 0.201M-
parameter critic head. Under our implementation, CrowdNav++ contains 2.503M trainable
parameters. Thus, the improvement of PDPO in Chapter 6 is not due to using a larger
neural network.

Table A.4: Trainable parameter count of learning-based methods.
Method Trainable parameters

CrowdNav++ (Const. Vel.) 2.503M
PDPO (Ours) 1.049M

For final test evaluation, we select the checkpoint with the highest success rate on
validation episodes during online fine-tuning. The selected checkpoint is then evaluated on
the held-out test seeds used for the results in Chapter 6.

A.5 Additional Training Curves
Figure A.1 shows the online fine-tuning curves for PDPO, the training from scratch ablation
and the single-action diffusion-policy ablation on Bounded CrowdNav. These curves are used
as auxiliary diagnostics; the main performance comparison is based on the final evaluation
reported in Sections 6.3 and 6.4.
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Figure A.1: Online fine-tuning curves of PDPO, the training from scratch ablation and the
single-action ablation on Bounded CrowdNav. Left: training success rate. Right: average
training reward. The curves provide an auxiliary view of the optimization process and are
not used as a substitute for final test evaluation.
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