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In [2] Mallet-Paret introduces a Fredholm Alternative theorem for asymptotically hy-
perbolic linear functional differential equations of mixed type and first order. We provide
a generalisation to equations of arbitrary order by retracing Mallet-Paret’s approach and
extending definitions and concepts in a natural way. Moreover we reproduce some results
from [3] to highlight one application of presented theory on nonlinear equations.
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1 Introduction

In this thesis we shall discuss certain aspects of the linear functional differential equations
of mixed type

o
—

N
=3 3 Aij(©zD(E + ) + h(©) (1.1)

=17

I\
o

where z : R — C9.

In [2] a Fredholm Alternative theorem for an asymptotically hyperbolic class of these
equations for £ = 1 is presented. One way of directly extending this work to higher order
equations is the standard method of rewriting them to systems of first order equations.
This approach has the drawback of having to infer properties from a much more complex
system of equations with characteristics not directly apparent from study of (1.1).

Therefore we shall recapitulate some of the results presented in [2] and attempt to
extend them to arbitrary k € N using the approach of directly retracing the steps made
in the original paper and properly extending presented results and definitions to fit the
the case k € N.

The first parts of this thesis are dedicated to unifying notation and recalling some well
known results for later use.

Then we construct a Green’s function for hyperbolic constant coefficient operators
without and with a sufficiently small perturbation by using characteristics of tempered
distributions and the Fourier transform.

The last steps towards our Fredholm Alternative theorem are directed towards showing
that, assuming asymptotic hyperbolicity, we are always dealing with Fredholm operators
and therefore a Fredholm Alternative holds. Moreover we show that we need not examine
the dual operators but can instead use a kind of generalized dual operator defined on
nicer spaces.

The very last part is dedicated to a faithful reproduction of some results from [3] to
highlight one possible application of presented theory of linear equations to nontrivial
nonlinear equations.

Most of this thesis is but a technical extension of [2] and a reproduction of certain
parts from [3] using most of the proofs and methods presented therein. This thesis
basically contains all steps necessary for the author to arrive at the given results. Hence
some parts may vary greatly from [2] or [3] while others show much greater resemblance.

1.1 (Preliminaries and) Notation

This section covers some of the notational aspects of this thesis and some standing
assumptions and definitions. Basically we follow notation set forth in [4], [5], [2] and [2]



with some alterations due to notational collisions and personal taste of the author.

Definition 1.1.1
Let

d,k,N € N 1,J,1 € Ny p,q € [0,00] &uv,peC

. p, q are usually conjugated, that is p~! + ¢~! = 1 and sometimes &, v, € R. V1 < i <
N,V0 < j <k —1 let the matrix coefficient functions

Ai,j c (Cdxd>R Bi,j e (Cdxd)R
be measurable and uniformly bounded, that is
AC>0:VI<i<N:VO<j<Ek—-1:V¢cR: [A;OIZLCA|B;;¢E|<C

For 1 < ¢ < N we call the quantities r; € R shifts. We introduce the notational
restriction that the r; are distinct and r; = 0. We write our maximal and minimal shifts
as

r_ = min 7r; Ty = Imax 71y
1<i<N 1<i<N

For any two sets X,Y we write YX for the set of all functions f : X — Y. In
particular X is the set of all X valued sequences and C? the “complex euclidean space”
of dimension d.

We assume all used linear spaces to be over the complex field C. For any two normed
linear spaces X,Y by B(X,Y) C YX we denote the space of bounded linear operators
from X — Y and by B(X) = B(X, X) those mapping back to X. The kernel of a linear
operator A : X — Y is designated by

ker A := A~'({0}) = {z € X|Az = 0}

We write X* for the dual of X, that is B(X,C). For E C X, F C X* we define their
(topological) annihilators to be

Et ={fe X*Vec E: f(e) =0}
F| ={zeX|VfeF: f(z)=0}
. If it is not clear in which spaces we are operating, e.g. if F' C X, F C XJ we shall

add a subscript
Fix ={zxeX|VfeF:f(x)=0} (1.2)

. If A€ B(X,Y) then AT € B(Y*, X*) defined by

(AT f)(z) = f(Ax)



is called its dual/conjugate operator. By the very definition of the dual operator A” we
have a series of nice properties related to A, e.g.

ker AT = A(X)* ker A= AT(Y*),

For a matrix A € C¥9¢, AT is the transposed operator/matrix which coincides with
the dual operator.

We stick to the standard convention of writing normed spaces (X, ||-||x) as only X
unless this notation is ambiguous. For the canonical euclidean norm in C% and the
associated operator norm in C4*¢ we write ||-||.

For suitable f by f*) we denote its k-th (weak) derivative. In some cases it might be
more practical to write differentiation as an operator

DF . wkp _ P Fis f0

sometimes using other spaces as domain and range.

All “=” involving LP functions of some sorts are generally to be read in L? sense, i.e.,
equality only holds almost everywhere. Additionally instead of normal (non equivalence
class) functions we shall always consider the associated Lebesgue class. Conversely we
always take preferably smooth representatives for LP functions.

By “I” we shall denote the identity operator in the space it is used and by “i” the
imaginary unit.

We recall Landau Notation and write

O(f,Y) for € = 400 ={heYR:37 c R:3C > 0:V£E > £7: [|h(O)|ly < C|f(©)|x}

(1.3)
where f € X® and X,Y are some normed spaces. Additionally we shall use the short-
hands O( f) whenever Y should be clear from context and f = g+O(h) for some functions
f,g € YR h e X® to represent

3heOh)=0hY): f=g+h (1.4)

We may sometimes use an expression as an abbreviated notation for the function it
represents, e.g.: we may use i to denote the function £ — i&, O(f(&)) as a shorthand
for O — f(€)) = O(f) or (zy,) for the sequence n +— xy,.

Definition 1.1.2
Let J C R be an open interval. The Lebesgue and Sobolev spaces will be written as

LP = [P(R,C%
WkP = {feIPNO<j<k:f® err}
Wk = wh?

CF(J) = C*(J,C%)
Ch() = ({F € C* D fllen o < ooh Iy )



where

[fllex .y = sup supl| ()]
0<j<k ecJ

Additionally, if .J is used for the closure of a compact interval .J, we write
C*(J)={fe (Cd)j|f’J e CF(J)AY0 <i<k: f% continuously extendable to J}
Ch(T) = {F € DI fllog ) < o)

with respectively extended norms and evaluations at the border by continuous extension.
Some more care is actually needed here if said spaces are used for closures of more general
sets but as we are only using those spaces for the compact interval [r_,r;] we will not
and need not dwelve any further here.

We recall that the notion of weak differentiability is stronger for smaller dimension. In
particular, as we are considering functions on R!, every f € WP is absolutely continuous
(i.e. in the same equivalence class as an absolutely continuous function) with an (in a
classical sense) almost everywhere defined derivative in LP and furthermore the following
continuous embeddings hold.

VO<j<k: Wk’p—>C'f3

VO<j<k:¥p<qg<oo: WHP—Wid

Most of those results can be found in fairly any book on partial differential equations.
One nice account of Sobolev space theory can be found in [1].

Definition 1.1.3
We shall recall the notion of Fredholm operators and Fredholm Alternatives.

Let X,Y be two Banach spaces. A € B(X,Y) is called a Fredholm Operator or simply
Fredholm iff

dimker A < o0 codim A(X) < oo
. Then the index or Fredholm inder of A is defined as the integer
ind A := dimker A — codim A(X)

For such a Fredholm operator the following properties are met.

1. A is surjective iff ind A = dimker A

2. A is injective iff dimker A =0

3. A is bijective iff ind A = dimker A =0

4. A(X) is closed

5. A(X) = (ker AT), and AT(Y*) = (ker A)*

10



6. codim AT(Y*) = dimker A
7. codim A(X) = dimker AT = dimker A — ind A
8. AT .Y* = X* is Fredholm and ind AT = —ind A

5, 6, 7 represent a Fredholm Alternative.
The interested reader is referred to [5].

Definition 1.1.4
Let f: R — C% ¢ — f(€). For £ € R we introduce a translation operator

7e : (CHR — (cH*
(ref) () = f(v =€)

Related to (1.1) are the family of bounded operators

L(€): O H([r—,r+]) — €

N k-1 )
e > > A () (e ()
i=1 j=0
,where ¢ € R, and the operator
L' wk-tp  p
) N Al (1.5)
(LHE) =D Y A f(E +ri) = “LE) (¢ )

i=1 j=0

Since the matrix coefficients are assumed to be uniformly bounded those are all
bounded operators. To facilitate notation we define

R* = B(Cj([r-,r4]),CY)

With these operators (1.1) can be written as

2®(€) = L(€) (r-¢x)
(1.6)
) = L'z
. In written words this means that the k-th derivative of the funcion x at any point
depends on a shifted version of the whole function.
We define a solution to (1.1) to be a function x € WP satisfying (1.1) in LP sense.

In this context we might add that if x € WkP then x € CZ_I(R) soV§€ e J: 1 ¢ex €
C%=([r_,r4]). Hence the first expression in (1.6) is indeed applicable.

11



Associated with equations (1.1), (1.6) is another linear bounded operator defined by
Ap : WhP — P
z—z® — L'y (1.7)
(Arz)(€) = 2™ (&) — L&)z
. Using this notation (1.1) for h € LP can be rewritten to
Arx=nh (1.8)

Definition 1.1.5
Assume L in Equation (1.6) is constant (as a family in ), i.e. the system is a con-
stant coefficient system and  — L(§) is a constant function. Then A;;(£) = A;; are
independent from £ as well.

Associated with such a constant coefficient system is the characteristic equation

N k-1

0= det Az (€) = det (g’f[ - A,,jgfe&”) (1.9)

i=1 j=0

A constant coefficient system or more simply L is called hyperbolic iff

Vv eR:det Ap(iv) #0 (1.10)

Assume a function of the form v +— €& f(0) solves the equation with f # 0. Then
V¢ € R: Ar(€) = 0. Hence there are no such solutions for imaginary &.

Definition 1.1.6

Often we shall write the operators L(§) and L’ in Definition 1.1.4 as sums of a constant
coefficient operator and a linear perturbation term and study our system for suitably
small perturbations. We write V&€ € R

L(€) = Lo+ M(€) (L11)

M(§) : CF H(lr—,r4]) — €

N k
P> > Bij(©)e W (ry) (1.12)

i=1 j=0
! opwk—1p D
M W — LP(J)

N k
(M'z)(§) =D  Bij (&)W (rs) = “M(&) (r_¢x)” (1.13)

i=1 j=0

Ap=Ap, — M (1.14)

12



If there exists an Ly as in (1.11) such that

glggoHM(E)Hkal =0 (1.15)

, then the system (1.6) or simply L is called asymptotically autonomous at +oco. Then
of course, if A; ; denote the matrix coefficients of Ly

VI<i<N:VO<j<k-—1: hmA”(ﬁ) A j (1.16)

,

If additionally Lg is hyperbolic then L is called asymptotically hyperbolic at +oo.
Analogous definitions apply to —oo

L will be called asymptotically autonomous if it is asymptotically autonomous at both
400 and —oo and analogously we call L asymptotically hyperbolic if it is asymptotically
hyperbolic at both +o00 and —oo.

We point out that the limiting equations for +0o0 and —oo need not be the same.

Definition 1.1.7
If fe LP and g € LY suchthat1§p,q,r§ooand%+é:1+%then

(f * 9)(€ /f —v)g

defines an L" function. In particular the convolution of two integrable functions is again
integrable.

Furthermore the convolution in some sense commutes with differentiation. If f € W*»,
g € Whe with p, g, conjugated as above and k,l € Ny then f * g € W**h™ and

(f x )0 = f0) 4 g0

Definition 1.1.8
Let & = G(R,C% be the (Schwartz) space of rapidly decreasing functions, that is
functions ¢ € C®(R, C?) satisfying

VkeNg:VleNy: sup|ep® ()] < oo
EeER

. Then T from its dual &’ is called a tempered distribution. Let T € &', ¢ € &.
For ¢ € & the Fourier transform F and its inverse F~! are well defined by their
integral expressions

f) = Few) = = [ (e
(1.17)
fie) = 7o) = o= [ %

13



in the same way these expressions define Fourier transforms for f € L' with all of their

usual properties.
We recall that

define tempered distributions: 1’s derivative, Fourier transform, inverse Fourier
transform and translate.
The definition of a tempered distribution’s translate may seem to have the wrong sign
but if we consider a distribution defined by a function f € (C4)R of some special suitable
sorts, that is

Ty(p) = /R (F(6), 2(©)de (1.18)

, where the brackets denote the dot product in C¢ and Z the complex conjugate of z,
then 7,1y = T; r. We recall that any LP function for arbitrary p defines a tempered

a

distribution via the integral expression (1.18).

If fis a C°(R,C%?) function satisfying Vo € & : fo € &, then S(p) = T(fy)
defines another tempered distribution. One class of such functions is the class of slowly
increasing functions f € Dy, that is functions f € C'* satisfying

VkeN:3IN €N {nin 1~ NIFB @) =0

. For any slowly increasing function f the product of f and T' € & defined by

(fT)(p) =T(fp)

is another tempered distribution. A somehow noteworthy subset of ©js is the set of
polynomial functions.

Using f7 as notation for this product can be ambiguous, e.g. if f € C¥*? is a matrix
then it can be applied to the tempered distribution T both as linear operator on &’
and as product of A as slowly increasing function with 7" which would be the same as
applying the dual operator AT on T. Therefore this notation is used exclusively for
terms of the form (i€)* and ¢ and both together, as resulting from differentiation rules
as stated below. Hence (i¢T)(yp) = T(i{yp) while (AT)(p) = A(T(¢)). Especially for
distributions defined by functions this means that ATy(p) = Tas(p) # Tr(Ap) in the
C? case below.

14



Some notable tempered distributions are “normal” distributions (over C§°, the space
of infinitely differentiable functions with compact support) with compact support and
those defined by LP functions and the integral expression (1.18).

Some handy aids for calculations are

TH) = (i)*T
T® — (Sig)FT

T, = e a€T

7,1 = €T

Additionally the following formulas hold for tempered distributions defined by func-
tions

fewr? = 1) =Ty,

2 Ty — T-ATr — T~
fel :>Tf—Tf/\Tf—Tf

Naturally some of these equalities also hold under weaker assumptions.

We can extend the notion of tempered distributions to C? valued “functionals” by
taking d functionals. Naturally such generalized tempered distribution can be defined
by functions (but do not have to be), which are then written as being matrix valued
with the usual matrix vector product replacing the semiconjugated dot product. Thus,
if G € (C*HR of some suitable sorts, e.g LP then

To(p) = /R G(€)p(€)de (1.19)

defines a “generalized” tempered distribution with all of the usual properties of tempered
distributions (component-wise whenever applicable).

We point out that by using these definitions our normal calculus of tempered distri-
butions can be applied to C¢ valued tempered distributions without creating semantical
problems.

For more on tempered distributions the interested readers are referred to [4].

Definition 1.1.9 R
Let f € L?. Then it has a Fourier transform f € L? and inverse Fourier transform
f € L? satisfying

Ty =T5 Ty =T% 12 = [1flle2 = If1 2

For functions, whose Fourier transforms defined through their integral expressions
exist, e.g. for f € L' N L? this L? Fourier transform coincides with the “classical”
Fourier transform defined through the integral expressions (1.17). Additionaly it also
coincides with the L? Fourier transform obtained by some sorts of “improper” approach
to the integral expression.

15



We recall that the Fourier transform transforms differentiation into multiplication with
a polynomial function under certain conditions. If f € (C)® is measurable and if

VO<j<k: & (i8f(¢elL? (1.20)

then f € WF and

—_—~—

VO<j<k: fH =@k (1.21)

The interested readers are again referred to [4].

16



2 Green'’s function(s)

In this chapter we follow Mallet-Paret’s method of constructing a Green’s function for a
hyperbolic constant coefficient system as in [2] by taking the inverse Fourier transform of
& Azl(if ). Then we shall use the von Neumann series to obtain a Green’s function for
hyperbolic constant coefficient systems with small perturbations and retrieve a sufficient
condition for such perturbations to be small enough.

2.1 Hyperbolic constant coefficient operators

Our course of action to obtaining a Green’s function Gy first takes us to shifting the
path of integration in the inverse Fourier transform’s integral expression to some ag+iR.
This allows us to conclude exponential decay of all derivates of order < k and thus yields
Go € Wk=1P_ By taking the convolution z = Gg * h it follows from commutation of
convolution and differentiation under the right conditions that 2 € W*~1P. Finally we
infer that = € W*P and that = is a solution to Arz = h form analyzing the tempered
distributions induced by the Gg and x.

Proposition 2.1.1

Consider the characteristic equation for a hyperbolic constant coefficient operator Lg as
defined in 1.1.5.

0=AL,(v) = vk — (Z Aivjl/j)e””

Let
Go: R — C

P 1

(AZ @)@ = 3= [ vz

- 1 (2.1)
V2T
. Then Gy € Wk=1P and 3K, ap > 0 such that
V0 <<k —1:]Go(§)Y] < Koe ™k (2.2)
. We point out that this holds for any 1 < p < oo.

Proof. Our agenda in this proof is to show existance of weak derivatives in L? and prove
the exponetially decaying bounds. Since existance of weak derivatives is independent of p
and the exponential growth boundaries establish LP boundedness this suffices. To show
the existance of weak derivatives we use the fact that the Fourier transform converts

17



differentiation into multiplication with a polynomial. As the functions that are to be
inversely Fourier transformed are holomorphic in some neighbourhood of the imaginary
line we use Cauchy’s integral theorem to shift the path of integration giving some e+
while the remaining terms stay bounded.

Since & — Apr,(€) is holomorphic and Ly is hyperbolic we have some open neighbour-
hood of iR where Ap, stays invertible. If

N k-1

ap =1+ Z Z|]Ai,jHe‘”‘

i=1 j=0

and £ € V :={v € C||Rer| < 1 A [Imr| > a1} then

N k-1
ALO(§ é-k(z_izZAJé‘] §’r‘z>
=1 j=0
where
N k-1 1 N k—
Hgk D> A < 7ZZ\A (167 elResliil
i=1 j=0 i=1 j=0
iR ,
< S 2o 2 il
i=1 j=0
€1
< ===1
€|k

. Hence Ap,, () invertible in V. As det A is simply a polynomial in the coefficients of A,
we have that £ — det Az, (€) is holomorphic and hence on the compact set W = {v €
C|Rer < 1 AlImv < a1} this function is uniformly continuous.

€ f(§) = |det AL, (§)] too is a uniformly continuous function on W and therefore on
the compact set i[—a1,a;] C W it takes a minimum e > 0. Because of uniform continuity

1 >6>0:VE,veW: |[E—v|<di=|f)—fv)]<e
In particular, if £ € W and |Reé| < ¢, then
£(€) = F(iIme) — |£() = F(me)| > e — e >0
and hence Ay, (&) is invertible. By setting 0 < ap < 0 and
U:={veC|Rev| <ap} (2.3)

we conclude that & — Ar, (€)~! € (C™*V is a well defined holomorphic function. Now
assume & € U.

Note that Az, (iv) € O(|v¥|) for |v| — co. Hence Y0 < j < k we derive (iu)jAZOl(iy) €
O(lvf=%). SoV0 < j<k:vm (iy)jAEOl(iy) € L? and thus Go € WF~1. Therefore the

18



weak derivatives of Gy up to order k — 1 exist and as they are (i.e. their existance as
functions is) independent of p it suffices to establish LP bounds for arbitrary 1 < p < oo
to show Gy € W*=1P for any p.

First consider the case j <k —2. If C =1+ maX{ZiZLHAi’ﬂHO < j <k —1}, which
is well defined as A; js are assumed to be uniformly bounded, and [Im¢| > 2871kC then

k-1 N

1AL = [€PlIEF =Y > Ay jgtetmi| =

=0 =1
k-1 -
< [eb (1eF - Yo clelt)
=0

. —1
< le (lel* - kClel)
= (|¢F7 — kClg)F )
< (|Imé|*~7 — kC|1 + Img|F—7~1)~1

< (jtme](1me| — 24 kO) et ) T < oo

. Thus & — (i)ArL, (i)™t € O(|[Im¢|~2) uniformly for ¢ € U, [Imé| — oo.

Therefore Va € [—agp, ag] : £ — (a+i§)AL,(a+i) is a holomorphic integrable function.
Using Cauchy’s integral theorem and the fact that & — (i€)Ar,(i&)~1 € O(|Im¢|~?)
uniformly for £ € U, |Im&| — oo we get V§ € R :

oo [e.e]
/ e‘g”(iy)JAZOl (iv)dv = / eflaotiv) (g4 4 iv)]AZOl(ag +iv)dv
—0oQ —0o0
, again for arbitrary a € [—ag, ag].
By changing the path of integration for £ > 0 we obtain
oo

) 1 . .
IGEAE =I5 | ey Azl

—00

1 [ ; ;
s [ e g + )AL (oo + )|

6—a0§ 0 ) 1
< / II(—ap + w)? ALy (—ao + iv)||dv

— 00

|[v = (—ao + iu)jAzg(—ao +iv)|| 1

. Likewise for £ < 0

. e0& oA .
IGE () < Sllv = (a0 + ) A (ao + i) |

. Hence VO<j<k—-2:Vi<p<: Géj) € LP and the bound for Gék_l) remains to

be shown.
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Let £ > 0 and consider the map:

E, :R— C¥d

£ 0 £E<0
2re ¢ T £E>0

Then E, € L' N L? and we can get its Fourier transform by evaluation of the (in this

case “classicaly” well defined) integral expression for the Fourier transform. So for v € R

1
w+1

E/';(I/) = /0 e Ve ST dE =

. We see that E: is a holomorphic L? function in U. We now use a similar approach as
above but not for v — VkAZ;(Z/) (which is in general € L? but ¢ L! along the imaginary
line) but

Ri(v)=v— VkAzg(u) —w+1D iz

. Again we start with an uniform quadratic decay in U for |Im&| — oco. Let £ € U

N
C =2+ max HAi,j
0<j<k—1
and [Im¢| > kC' + 1. Then
IR+ (@Il = 1€ AL ©) — (€ + 1) 7))
N k-1
= - T =YD A T — (g + 1) T
i=1 j=0
N k-1 ‘ N k-1 )
=M E+ DT T+ A eI T T - A e
i=1 j=0 i=1 j=0
k-1 N ‘ k-1 N .1
< (1gl1+ ST 167 ) (e = kel = 3o (il el
j=1 i=1 j=0 i=1
< (kO (1eH+! — Jel — kCle=1) ™
< kC([g]? - g - kC) ™

< kC(|Ime|(IIm¢| — 2)) ! < o0
. Thus Ry (&) € O(|Im¢|~2) uniformly in U for [Imé| — oo and Va € [—ap,a0) : v —
R, (a+iv) € L'. As above we may shift the path of integration using Cauchy’s integral
theorem. This finally yields

—ag€

IGE V@) = B4 (©)+

. 1 . _
—lv = Ry(—ap+iv)|pr < (H‘%HV — Ry (—ag+iv)| pr)e” ¢
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Likewise using

E_:R — C%d
V2mef T £<0
&
0 £E>0

the same line of argument gives

208

2

_ , 1 . a
1G5 (@) < B-(€) + 5 v = B—(ag + @)l|s < (14 5 lv = R—(ap + 1) ) e

for £ < 0.
Now it is evident that some K > 0 can be found satisfying

Vo<j<k-1:veeR: G < Keml

. So (2.2) is proven. It immediatly follows that Gy € W*~1P for any 1 < p < oo and
the proof is finished. O

Theorem 2.1.2
Consider the operators from (1.6) and (1.8) for a hyperbolic constant coefficient system
and conjugated p, q € [1,00] and let G be as in Proposition 2.1.1. Then

1. Ay, is one-to-one

2. Ap, is an isomorphism and Vh € L

(ALIR)(©) = Gaxh)(©) = [ Gol€ — (v (2.4)

Proof. In this proof we show that the equation holds tempered distributionally for the
tempered distribution induced by the function resulting from (2.4). Since C§° C & as a
set it follows that the equation also holds for the weak derivatives.

Let £ € R, p € 6.

1: First we prove injectivity. Suppose that z € WP and Ay, = 0. We recall
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properties and calculus of distributional Fourier transforms and get

N k-1
= Z ZAZ'J‘T_”.TU)
i=1 =0
N k=1
Tagk) = Z Z Ai’jT,nTx(j)
i=1 =0
N k-1

Z Z Aijmr T

=1 j=0
k—1

N
"o =) Ay e T,

i=1 j=0
N k-1

= (1€ — Z ZAZ7J(I§)J€1§T7‘)E =0

i=1 j=0

. By our hyperbolicity condition Vv € R : A, (iv) # 0 and so 1/7; is the zero distribution
and thus x = 0 and 1 is proven.

2: Now to surjectivity:

As Go € L? it induces a tempered distribution T¢,. Consider the tempered distribu-
tion

N
r=70 3N 47,1

= —T
V2T ’

Thus T’ = § where § denotes the delta tempered distribution. Therefore

N k-1

73 =35 A T + 6 (2.5)

i=1 j=0
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and by a simple calculation
N k-1

S D) D R,
1=1 j=0

Now we are “feature complete” for proving surjectivity as all necessary parts have
been gathered. Let  := Gy * h. As Gg € WF~L1 it follows that 2 € W*~1P. Because
is already € W*~1P it suffices to show that our equation holds tempered distributionally
to prove that x is a solution. For any 1 < ¢ < N,0 < 57 < k — 1 by Tonelli’s theorem,
Young’s inequality and Holder’s inequality

/ / (G (€ + 1t — v)h(v), PE))ldwde < / / IG5 (€ + i — 1)) l(€) dvde
RJR RJR
< [(f168 €+ r=nlinelar) lo)lag
/ UG * I (E + o) (€)1 de

< NG| * 11 ze ||l o
<GP 1kl el pllze < o0

Thus we may use Fubini’s theorem on the integrals in (2.5) and get
N k-1 N k-1

ZZA’]T_” T ):ZZ/<Az,]$(J)<§+Tz)7SO()>d£
i=1 §=0 i=1 j=0 /R
NN [ e . SN
=323 [t [ 6 e k- @)
N k-1
= v ri))T AT v v
= [0 23 [ rratotc+vag
N k-1
- / (1), S T (AL 7 ) )av
R i=1 j7=0

e

- / (), (1% [ (Go(€)To (€ + )t — (1) av
/</Go — )h(v)dv, oB)(€))d — /R<()790(V)>dV

1)k /R ((€), P (€) e — /R (h(€), P(E))de

=TM () — Th(p)
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. Hence

N k-1
TH =N"N " Ay T+ Ty (2.6)
i=1 j=0
from which it immediately follows that z is a solution and Ar,, is onto. O]

2.2 Perturbed hyperbolic constant coefficient operators

The next step is the the construction of a Green’s function for small perturbations Lo+ M
of a hyperbolic constant coefficient operator Lg. We remark that by small we naturally
mean sufficiently small since our matrix coefficients are already uniformly bounded by
assumption.

Hence we assume L(§) = Lo + M (&), where Lg is hyperbolic. Then by Theorem 2.1.2
Ap, is invertible and by (1.14) we have

Ap=Ap,—M = (Z-M'Ap})AyL,

. Assuming ||M’ AZ(}H B(rr) < 1 we can use the von Neumann series and obtain

oo
APt =AY (ALY (2.7)
=0

Our next steps are to prove technical lemma to facilitate deduction of conditions for
||M’Azol||B(Lp) < 1 and then to use (2.7) to construct a Green’s function for a lightly
perturbed hyperbolical constant coefficient operator. We remark that, Ay, is an isomor-
phism whenever the perturbation M fullfills such conditions.

Lemma 2.2.1
Let K > 0,a > 0,K < a/2,% : R — [0,00),£ — Ke %l We define the i-fold convolu-
tions of ¥ with itself by

i=1: U=y i>1: U= PPl
and set
K
a1:(a2—2Ka)% Klzl
al
. Then V¢ € R
m .
S wri(E) = Kye il (2.8)
=1
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Proof. Let v € R. For arbitrary K > 0,a > 0 the Fourier transform of ¥ is given by

3 K —ivé_—a

K 0 ) [e) .

= \/%(/_oo & W+a)d€+/0 eS(= a)dg)
K 1 1

- \/%(—11/4-@ B —il/—a)

1 20 K

= Joralt ot

. Since K < a/2 we have Vv € R : \/I}(I/) < ﬁ% < \/%7 and thus using convergence
of the geometric series we conclude

o

S (VER) T W) = (1)
pt 2701 — U(v)
1 ()
V21— U(v)
1 2Ka
© V2ra? —2Ka + v?
1 2K1a1

C V2mad + 12

, where the factor /27 comes from the chosen normalization in the integral expressions
for the Forier transform. As F : L? — L? and F~!: L? — L? are continuous maps we
end up with

S urie) = F (D (V)T (€
=1 i=1
_ 1 2K1a1
— 1(1/|—>\/727Ta%+y2)(§)
= Kle_aﬂgl ]

Theorem 2.2.2
Assume that Lg is hyperbolic. Then de > 0, K > 0,a > 0 such that if

M, M’ as in 1.1.6 VEER: ||M(&)|gr—1 <€
L(&§) = Lo+ M(§) Ap=Ap, - M

then

1. Ay is an isomorphism
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2. For 0 <i < k — 1 there 3G, : R? — C%9 such that
VEeR:WweR: |Gi&v)| < Ke @l (2.9)

and moreover Vh € LP V€ € R

(A7 R) /G (€,v) (2.10)

Proof. The agenda in this proof is to first construct viable kernels for all weak derivatives
and then prove that the functions obtained from the convolution integrals (2.10) are
indeed derivatives of a solution. We show the latter by proving convergence of the
differentiated partial sums of the von Neumann series to the integral expressions.

Let h € LP, £ € R. We assume that {{ € R|||M(§)||ge-1 # 0} has positive measure.
If this is not the case then there is nothing to show.

As Ly is hyperbolic by Theorem 2.1.2 we have a Green’s function Gy for Lg satisfying
VI<j<k-1:VéeR:|GY ()] < Koe ®lél Inductively define kernels

k—

H

B, ;(€)GW (€ +ri —v)

W
Mz

1=1:

i=1 =0

i>1: Ty&v)= [ I1(&u)lizi(u,v)du

.

. Then

N k-1

IT1(&,v H—HZZBZJ 5"‘”‘”)”

=1 5=0

= [[(M(&)) (Ty—eGoo) ||
< ||M(§)||R'H||TV—£G00|‘cg*1([r_,r+])

< Supl|M(§) e s sup  Kpe 0l—vn
¢eR pelr—rs]

(2.11)

< (K M aO|Tz‘|> —aglé—v|
_( 0 SUpIIM (&)l e g € e

. As the matrix coefficients are uniformly bounded we can set

aol|r;

Koo == Kosup||M(€)| ge—1 max e®!"l < oo
£eR

1<i<N

(&) = Kooe—a0|f\

and get Vi € N ‘
ITs(&, )| < wHi(e - v) (2.12)
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. This is obtained by induction
i=1:by (2.11)
IT(E,v)]| < /R IT3 (€ )Tt (s )l

*1 _ *1—1 .y
S/R\If (€ — )" — v)dp

i—itl: :/qf*l((g—u)—(u—V)>‘P*i_1(u—V)du
R
= [ =) = )
=V~ v)

Consideration of M’ AZ& gives

(M'A7 h) () = M / Goo(€ — v)h(v)dv

N k—
ZZ /Goo (&+ri —v)h(v)dv
i=1 j=0

(2.13)

N k-1

/ (Z Z B; ; (E +r; — V))h(l/)dl/
i=1 j=0
= / ' (& v)h(v)dy
R
Now assume Koy < ag/2, that is
Ko supl[ M) s+ max el < ag/2

a0 (2.14)

& sup||M 1 <
EGJEH (f)”Rk 1 2K maxj<j< eaolril
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Then by using Young’s inequality on the very last integral in (2.13) we obtain
1OrAZ) ks = s = [ Ta(€he)v]e
<ler [ ITs k) ldvl
<ler [ ¥ =) vl

= [« (|2 [ 2e (2.15)
<1 ol

= (K2 /O " eeokag ) o

2K
-
< ||| Lr

1]l e

. Thus we conclude || M’ AZ(}H B(rr) < 1 whenever the assumption Koo < ag/2 hold. We
recall (2.14) and take

ao

0<e< (2.16)

2K, maxi<;<n eaolril

. Hence by using the von Neumann series (2.7) the first part of our Theorem 1 is proven.

In order to prove the second part of the theorem we will examine the kernels defined
for the Green’s functions in more detail. We take 1 < i € N, still assume Koy < ag/2
and use Holder’s inequality and Tonelli’s theorem and obtain

/ / IT3 (€ 1Tt (1, ) ()| dpadr < / / T (E — WU (0 — ) g
R JR RJR
< /}R TH(E — )| R() | dv

< O ol o < o0

Therefore Fubini’s theorem is applicable and yields
((MAZ)'R)(©) = ((MALHMIAZ 0 (€)
= [T ([ Teatenne)a
= [ ([ ratemrics evian) hya
~ [ ey
R

(2.17)
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Let 0 < j<k—1,i €N and consider (u,v) — Gg%) (& — w)Ti(p, v)h(v) where

[ 1686 = ire vt < [ [ Ko (70— ) ) v )

< Kollu — el 1| 9% 5 A o
< Kollu — e pa [0 pa || 2o < o0

. Hence using Tonelli’s and Fubini’s theorems again yields
ia—1 —1\? A —1 —1\%
(D7AZE (/ALY R) (€) = ((DPAZY) (M'AL)) ') (&)
=/RG(()%)(&—u)(/RFi(u,V)h(V)dV)du (2.18)

= [ ([ 68e = nr.evian)nvyar

Hence Lemma 2.2.1 gives

i\lfi(é, V)|l < i\lf*"(ﬁ —v) < Kje @l (2.19)
i=1 i=1
where
ay = (ag — ZKOOaO)% K| = Kgolao
Thus we can set
Gi(§, 1) = Gy (€ —v) /G (€ - M iFy (1, v ) (2.20)

for 0 < i < k — 1. These are well defined W*—1-4P functions by Proposition 2.1.1 and
Equation (2.19). Furthermore these functions already formally satisfy (2.10). Using
a1 < ag we get

1Gi(&, V)| < Koe—ao\S—VI +/ng_“05_“|Kle_a1“_”d,u
R

2 1 1
ap+a;  |ag—a1]  |a1 — ag

< K067“1\5*V| + K()Kl( )67%'57”‘

, the second inequality following from explicit calculation of the integral. Specifically if

29



& < v then

(0.0
/ e—aolé—pl—arln—rlq,,
—00

_ / ¢ e~ a0(E=n)-as (=) g, | / ¥ ao(e-m-arv-n) g, | /  pan(e-mrav-ng,,

—00 I3 v

— e~ a0f—arv /£ e(ao+a1)udlu + eto§—a1v /V e(fao+a1)udu + etoétarv /OO ef(ao+a1)udu
—00

3 v
Y (e BT S (S BN S A1 (2 ) B S ()

ap + ap a1 — ap ap — ax ap + ap

( 2 + 1 + 1 )efflllé~ vl
“Naptar  |ag—a1]  |ar — aol
. The (almost) same calculation gives the same inequality for £ > v, namely

K >0:Y0<i<k: |Gi& )] <Ke @l (2.21)

To complete the proof it remains to be shown that if z = Aflh then indeed
VO<i<k-1:20() = [, G (v)dv. Tothlsendlet0<z</-c—1andset

j
L5 = DZA Z M ALO
=0
. We recall that Kop < ap/2 implies ”M/AZOIHB(LP) < 1 and conclude that V0 <i < k—1:

losg = 2Dlize < DAL Nnny ( 32 IOLAL) sz )IAllze = 0 (G — o)
I=j+1

. Let y; denote the functions resulting from the right hand side of (2.10), that is the

30



integral expressions of a solution’s derivatives. By Young’s inequality V0 <i < k —1

iy — willze = 1€ — / / )

soVoO<i<k-—1:

||x(i)

w, v)dp ) h(v)dv| 1o

l j+1
< HgH/ /Koe aolé—pl Z U (p—v) du)h(u)dl/lle
= ]+1
< HgH/ /Koeaolﬁ =il Z T (p du) (v)dv||Le
l=j+1
_KougH/ —aolé] Z T(©)) (€~ A v
l=j5+1

< Kol|¢ > el 4 Z U | ]|h] e
I=j+1

o0
< Kollé = e Rl )] Y7 Wl 1o
I=j+1

o0
< Koll¢ = e &l i 1Rl ST 1L
l=j+1
-0 (j— o)

— y;illL» = 0 and the proof is finished.

O]

Intuitively one might assume that solving Equation (1.1) is more of a hassle when
stepping from k = 1 to & € N but simulateously the hyperbolicity conditions is not the
same for equations of different order.
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3 Towards a Fredholm Alternative

In this chapter we gradually develop some technical aids to prove finite dimensionality
of the kernel of A; and end up with Fredholmness of Ay and a formulated Fredholm
Alternative theorem.

3.1 Finite dimensionality of the kernel(s)

Proposition 3.1.1
Assume that L as in (1.6) is asymptotically hyperbolic at co. Then there exist K, K', a >
OsuchthatVa:EWk’p:VhELp:ALm:h©V§ZO:VO§j§k—1:

s < Ke¥llaysose + 5 [ &)
R (3.1)

< Ke ||| yyri-1,00 + K'||h|| 1o

If the equation is asymptotically hyperbolic at —oo the same holds V¢ < 0. If it
is asymptotically hyperbolic (at both oo and —oo) this inequality holds V¢ € R and
additionally there 3K” > 0 such that

[z llwrr < K" ([2llwn-1.00 + [[2llr) (3:2)
. Note that all constants K, K’, K”,a only depend on L.

Proof. Unlike in the last Theorem 2.2.2 we do not have uniformly small bounds for M.
By by asymptotic hyperbolicity we know that they will be samll enough for some large
&. So we cut off the “large” parts of M, put them into the inhomogeneity and apply the
exponential bounds of the last theorem.

We first note that the continuous embedding W*P? — W*=1.> implies that the factor
||| pyx—1,00 is finite and note further that the second inequality(ies) directly follow(s)
from the first by applying Holder’s inequality.

Assume asymptotic hyperbolicity of L at oo. Hence 3Lg : V& € R : AM(¢) € RF!
such that L(§) = Lo+ M (&), ||M(&)||ge-r — 0 (£ — o0) and Ly is hyperbolic.

Let €, a, K1 be the constants from Theorem 2.2.2 for Lg. Assume £ > 0 and fix some
7 > 0 such that V& > 7 : ||M(&)]| gr—1 < €. Set

ar :R—=R

0 &<
6'_){1 E>T
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and
Lyi(§) = Lo + a(§)M(8) Mi(§) = (1 - a(§))M(E)

. Obviously Vo € WhP : & Myrex + h(€) € LP so our functional differential equation
can be rewritten to

e W) (&) = Lym_ex + (MiT_¢z + h(§))

. By definition V¢ € R : ||ag(§)M(§)|| pe-1 < € so using (2.10) and the notation intro-
duced therein we conclude

20)(€) = /R Gile.r) (Mi ()72 + b)) dv
:/_;Gi(g,y)(Ml(y)T_ya:)dy—i—/RGi(g,l/)h(u)dv

forVEeER:VO<i<k-—1.
Hence

e < [ IGENIDAE©raldy + [ 16, )b ldv

< / Kie™ S My )| g v oo gy @ + /RKle‘“'ﬁ—"'Hh(wndu

o0

)
< K sup| M) | lelleors [ e+ [ e
EeR R

We note existance of the sup by assumption of uniform boundedness of A4;. We
explicitly calculate the first integral to finish our proof of (3.1). First consider { < 7
and recall 7 > 0 hence et #£ 0

T 13 v
/ eale—vlgy, — / e gy 4 / e gy
—00 —00 13
Qa 1 _

a a
_2_ 1efa('r*g) < 3 < se Te’a|£\
a a T a a

and for £ > 71

/ T ale—vlgy = Loaer) _ €7 —ale)
oo a a

. Hence 3K > 0, such that (3.1) holds.
A similar line of argument using the limiting equation at —oo, 7 < 0 such that

Vf <T: HM(f)HRk—1 <e and

1
a-(6) = {0 gi:
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proves the inequality for asymptotic hyperbolicity at —oo and £ < 0.

Thus if L is asymptotically hyperbolic at both +oo then (3.1) holds V¢ € R.

To prove the W*P bound, we apply Young’s inequality to the convolution integrals in
(3.1).

W<i<k—1: oD < K¢ e ool + KIIE — el o
Setting K" := K(||¢ — e~ *l||1p + || — e7l¢l][ ;1) we obtain
VO<i<k—1: [z < K"(|zllyr-1.00 + 2]l Lr) (3.3)
. Additionaly, as L’ is bounded, we conclude

|l2® Lo = 1L + Rl 2o

<N pwr—ro Loy |2l -1 + [|2]| Lo

3.4
<N s oK (lallwsosoe + [hllze) + Qo B4
< (14 12 pws-ro kK" ) (Izllisee + [1]120)
and the proof is finished. O

Remark 3.1.2

Suppose L is asymptotically hyperbolic 1 < p < oo and take € W*P with Az = 0,
that is « € kerAy with Ay : WEP — LP. Setting h = 0 and using Proposition 3.1.1
yields z(£) € O(e~ ) as |¢] — co. Hence V1 < p < 00 : 2 € WFP 50 we setting

AP = {z e WFP|ALz =0} (3.5)
gives (an) indentical and well defined space(s), which we will denote by K.

Lemma 3.1.3

Assume L is asymptotically hyperbolic, (x,) € (W*P)N bounded, (h,) € (LP)N with
VYn € N: Apz, = hy, and h, — hy, € LP in LP. Then there exists a subsequence x,,,
converging to some x, € WEP in WhP with Apz, = h,.

Proof. Our goal is to use the Arzela-Ascoli theorem yielding a limit in W*~1? and to
prove it to be actually in W*P and satisfying Equation (1.6).

Thus we first check the conditions for using the Arzela-Ascoli theorem. This will yield
a convergence of a subsequence x,, to some limiting function in z, € Wk=Lr but with
uniform convergence only on compact sets. We then show this convergence to be in
Wk=120 Using Proposition 3.1.1 it will follow, that Zn, is in fact a Cauchy sequence in
WP and hence that it converges to a limit 2. By continuity such . has to satisfy the
differential equation and incidentally x, and x/ will coincide. As we are concurrently
examining convergence in different spaces in this proof, we shall try to always explicitly
state the space of convergence.
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We start by proving sufficient conditions for use of the Arzela-Ascoli theorem. Since
the sequence is bounded in W*?, it is also bounded in W*=1%° that is 3C > 0 : Vn €
N:||zn|lwr-1.0 < C

If p = oo it immediatly follows from boundedness in W# that V0 < i < k — 1 : the
sequence (:cgf)) is equicontinuous.

If p < oo by Sobolev embedding x € W*=1%° 50V : 0 < i < k — 2 : the sequence (:cﬁf))
is equicontinuous. For i = k we need some more work: Let sgn(¢) denote the sign of £
and define

€] €]
H,(€) = /0 hin(sE0(€))dv H.(6) = / ha (sgn(€)v)dv

. Then V¢ € R:

&l
[1Hn(§) — Ho ()| = \/0 hn(sgn(€)v) — ha(sgn(§)v)dv||

< ( /0 : (IEll1An (sen(©)v) = hu(sen(©»)]]) (Qdu))

€] 1
<161 [ Insgnie) — hatsgnl)P () )

DI

1—1
<€l 7 [lhn = Pl

by Jensen’s inequality. Hence H,, — H, uniformly on compacts interval and as such is
equicontinuous on compact intervals.

To show this we take a compact interval K C R and £ € K,e > 0. As H, — H,
uniformly in K we obtain

EINeN:VnzN:VVEK:HHn(u)—H*(V)||<§

in K. Forall £k < N : H, is continuous, so

Vn<N:3(5n>0:Vu€K:|§—u!<5:>||Hn(§)—Hn(u)||<§<6

. Additionally, as H, is continuous, such a ¢, exists for H,. Setting 0 := min{dy, -+ ,dn_1,0x}
we get Vv € K with | —v| < and Vn > N

[1Hn (&) = Hn(W)|| < [[Hn (&) = Ho (O + [[H(€) = He(W)[| + [|Hi(v) — Ha(¥)[| <€

. Hence

Vve K :VYneN: |H,(§) — H,(v)| <e

. Moreover

(@D = H) Dl = [ Lzall o < 12| e |zallis-1.00 < L] e C

n
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(kfl))

is equicontinuous on each compact interval.
To sum up V0 < i < k—1 the sequence (mﬁf )) is uniformly bounded and equicontinuous
on each compact interval (regardless of p) and thus satisfies the conditions of the Arzela-
Ascoli theorem on each compact interval.

Fix one such compact inteval K and consider all functions restricted to K. Applying
the Arzela-Ascoli theorem to (zy|r) yields a subsequence (z,,|k) converging to some
7, € C%(K) uniformly. This subsequence naturally has all the properties of (z,|x) with

additionally z,, |k — x.. For convenience we now denote this subsequence by (z,).

so the sequence (x

Applying the Arzela-Ascoli theorem to (x%l) | i) yields a subsequence (x,(llk) |K) converging
to some g € C’%(K ) uniformly. As the convergence is uniform we have necessarily that
g= xil). Again denoting this subsequence by (x| k) for convenience and thus proceeding
till & — 1 we end up with (z,|r) converging to z. x € Ch '(K) with convergence in
CEN(K).

As R is o-compact we can find a subsequence converging on R by a classical di-
agonalization argument. Consider a decompostion R = [J;2; K; of R into compact
intervals K;. The argument in the last paragraph yields a subsequence (7n,,)ken
converging to some y; € C’E_l(Kl) uniformly in Kj. (xp,,) has all the properties
of ,. We now can find a subsequence (Zn,,)ren Of (75, ,)ren converging to some
Yo € C’]I?l(K 1). After inductively proceeding in this manner and setting ny == ny , we
have Vi € N @z, |k, — y; € C'% '(K;) with convergence in those % !(K;). As each
of those zy, is already in CE_I(R) it follows that the pointwise limit x, = limg_, =,
exists, that . € O '(R) and that the convergence z,, — z. is actually in C% *(K)
for any a compact interval K. Recalling (z,,) being bounded in W*P we additionally
conclude z, € WF1PAW*=1:% We now abuse notation and write (z,,) for the obtained
converging subsequence.

Next we show this convergence to be in W#~1:°° Proposition 3.1.1 is applicable to
Tn, hy for any n € N. We again stress the fact, that the constants in 3.1.1 do only depend
on L. Hence Vn e NNVO<i<k—-1,VE€R:

120(€) — 29 (©))) < Kem 2@ — 28| yicroe + K ||h = hou] 10
so for any 7 > 0

sup |z (&) — 22(€)|| < Ke ™ ||2) — 28 | ypieroo + K[| By — Pl o
€|>7 (3.6)

< Ke (C + ||zsllywr-1.00) + K'||hpy — hael| o
. As we already know that on the compact interval [—7,7] : V0 <i <k —1: azgf ) mgf)
uniformly we conclude

lim sup||z, — 2 |lyyr-1.00 < Ke ¥ (C + || 24| pprr-1,00) (3.7)

n—oo

. As 7 > 0 is arbitrary we have convergence in W*=1:>,

36



Hence (z,,) is a Cauchy sequence in W*~1% and naturally (h,,) is one as well in LP.
Fix € > 0. Then taking K” > 0 from Proposition 3.1.1 we have that
€
AN, e N:Vn,m > Ny @ ||zn — Tl ppr-1,00 < K
€

AN e N:Vn,m > Np o ||hp — bl < KT

Hence applying (3.2) to x, — @, and setting N = max{N,, N} we have
Vn,m > N: |z — 2mllwee < K'(||2n — Zmllwe-100 + [|An — hmlle) <€ (3.8)

. 80 (xy,) is a Cauchy sequence. As WP is a Banach space the sequence is convergent
to some z/, € WP in W*P and necessarily x, and 2, conincide. By continuity of Aj, we
finally obtain

Arz, = Ap lim z, = lim Apx, = nangO h,=h (3.9)

n—oo n—oo

, which finishes the proof. O

Corollary 3.1.4

Assume L is asymptotically hyperbolic. Then the kernel K}, of the operator Ay is finite
dimensional, i.e. V1 < p < 0o : &, is a finite dimensional subspace of W*P. As already
mentioned in remark 3.1.2 the kernel is independent from p by Proposition 3.1.1 so this
formulation is permitted.

Proof. We proceed by proving compactness of the unit ball in the kernel. Since this only
holds in finite dimensional spaces it would finish the proof. Let 1 < p < oc.

Take any sequence (z,,) € (A)Y with Vn € N : ||2,|zr < 1. Set h, = 0 as the zero
sequence in LP. By Lemma 3.1.3 there exists a subsequence x,, converging to z, in
WkP with Arzs = 0. Hence z, € K. Thus the unit ball in 8, C WP is compact and
the proof is finished. O

Before we start with formulating a Fredholm Alternative we list a small technical aid,
which can be and is directly taken from the original work [2] and is included for sake of
completeness. Note that directly copying the proof is only possible as we were able to
prove sufficiently strong extenstions to the original theorems in the preceding sections.

Corollary 3.1.5
Assume L is asymptotically hyperbolic. Then V1 <p <oo: A L(Wk’p) C LP is closed.

Proof. Let (h,) € Ap(WFP)N b, € LP with h,, — h. in LP. We need to show h, €
AL(Wk’p).

By Corollary 3.1.4 & is finite dimensional. Thus it is complemented in W*®, that
is 3B C WP closed linear subspace such that W*? = &, @ E. Certainly Az (E) =
AL (WFP) so I(x,) € EN :Vn € N: Apz, = hy.

Assume (z,,) is bounded in W*P. By Lemma 3.1.3 we obtain some z, € W*? such
that Apz, = h,. Hence h, € Ap(WFP).
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WhP Ap A (Wkp)
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Az (Wh)* x e pp ker AT
A h AN ;
L < l CAT £ N
AT((LP)") AL + (LP)*

Figure 3.1: “Classical” dual correspondencies

If (z,,) is unbounded, we take some subsequence (zy, ) with ||z, ||yyr, — 00 (n — 00).
For convenience we now write (z,) for this subsequence. ¥n € N set

Yn = ananaflkp ip = hn”xnna}k,p

. Then Vn € N: Aryn = in A ||ynllyyrr = 1 and iy, — 0 in LP if n — co. With Lemma
3.1.3 we obtain, after passing to some subquence, that v, — y, in W*? with Apy, = 0.
Hence y, € 81 and y, € E. Thus y, € ker ALNE = {0}. However Vn € N : ||y, ||yyrr = 1,
8O ||y«||yyxr = 1 which is a contradiction. Therefore (z,,) is bounded and by the first
part of the proof z, € Ap(W*P). Hence AL(W*P) is closed. O

3.2 The Fredholm Alternative

Assume L were asymptotically hyperbolic, the associated operator Aj were Fredholm
and 1 < p < co. Then the “classical” Fredholm Alternative would yield dual correspon-
dencies as in Figure 3.2 and Definition 1.1.3. Unfortunately the duals of the Sobolev
spaces are generally not very nice to handle so we would prefer some special asymptot-
ically hyperbolic linear operator L*(L) superseding any need to directly consider those
duals. We will show that this can indeed be done, yielding a duality structure as illus-
trated in 3.2 with some appropriately defined L* such that

Ap(WHP) = (R+) v (3.10)

Definition/Lemma 3.2.1
Let L € (RF1)R with matrix coefficients A;; : R — C%? uniformly bounded and
measurable as in 1.1.4. Then the family of operators L* € (RF"1)R defined by

LH(€) : O ([=rs —r]) — €
fo—
@ (CDF D03 (1Y (Al — ) e (=)
=0

i=1j

—

(3.11)

where £ € R, is called the adjoint ([2]) or quasidual (family) of L.



er,p — Ajp AL(Wk’p)

A A
Ul Ap . 2 1
v
AL R kS TP R
A e,
L - - A N
AL* (Wk’q) AL* { kaq

Figure 3.2: “Dual” correspondencies for L and pseudodual L*

Formulating our differential equation (1.1) for L* yields the adjoint equation or quasid-
ual equation

k—

N
yP(©) =L Oy = ()" — )Ty (€ —ry) (3.12)

i=1 ]:0

|_|

Then the following hold for 1 < p,q < oo, % + % =1.

1. (L*)*=L

2. L has constant coeflicients iff L* has constant coefficients

3. L is asymptotically autonomous iff L* is asymptotically autonomous
4. L is hyperbolic iff L* is hyperbolic

5. L is asymptotically hyperbolic iff L* is asymptotically hyperbolic

6. if L is asymptotically hyperbolic then K1+ C ker AZE

Proof. 1, 2, 3 follow directly from definition.
Ad 4: Let £ € C, L be constant. Then

k—

N
Ape(€) = FT (=) Y N (—1) AT e
=1 :0
N k-1

= (CDH((-OF LT =YY (e ale )

i=1 j=0
= (-DkFAaL(=¢)"

,_n

<.

. Hence Vv € R
det Ap«(iv) = (=1)* det Ap(—iv) (3.13)

so L is hyperbolic iff L* is hyperbolic.
5 follows directly from 3 and 4.
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Ad 6: Using integration by parts for Sobolev functions we obtain Yz € Wk» y €
Rp» C Wha c (LP)*

r) = /R (y(), (hp2) () dv
N k-1

_/R<y(y), ZZA 1/—1—7“Z >d1/

=17

[y

/ (OO0 — 3 S ALy — 7, T
h ]:ON — . _
N (_1)k/R<y k;]:(] ! AT (v = i)y (v — i), a(v))dv
= (_1)k/R<(AL*y)(V),x(V)>d1/
= (—1)’“/R<o,x(u)>du -0 .

Lemma 3.2.2
Let 1 < p,q < o0, p, q conjugated, L asymptotically hyperbolic. Then

Ar (Wk’p) (ﬁL*)J_Lp (3.14)

Proof. As our previous results are rather strong we can again use almost the exact
wording as in the original work [2]. By Corollary 3.1.5 Az (W*P) is a closed linear
subspace. We recall some properties of annihilators and dual operators:

Ap(WHRP) = (AL (WFP)L) | = (ker AT) | (3.15)

As always with LP spaces the case 1 < p < oo is rather simple:
It is well known that C§° is dense in all L” spaces. Hence Wk lies dense in LY so it
suffices to show that (ker AT N W*4) C &7+. Then

ker AT = ker AT nWka C & C ker AT = ker AT
by 3.2.1,6 would yield

(Rr)ire = (R )ire C (Rre)ior = (ker AT) | C (Rp)1pw

where wx* denotes closure in the weak-* topology on (LP)*.
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Assume y € ker A% NWk4 » e &. Thus clearly ¢ € W*P. Applying Az to y yields

0= (ATy)(¢)
- /R (y(v), hz) ()

N k-1
- / W), 6@ () = 33 Ay () (w + 72))dw
=1 5=0
JN k—1
- / (). P @dr =303 [ (AL = rulw ). 00 0)
i=1 j=0

Therefore y satisfies the quasidual equation tempered distributionally. As y € Wk4
it follows that y € K« and the proof is finished for finite p.

Now assume p = oco. We use a more direct approach as for the finite case. We claim
that any h € L™ can be written as h = hy + ho such that hy € Ap(W*P) and hsy has
compact support.

Assume this were proven and h € (kerAr+) . Since h = h; + hy and by 3.2.1,6
hi € (ker AT), C (Rp+)1rr we get hy € (RL+) 1 1» as this is clearly a closed linear space.
As ho € L™ and hs has compact support it follows that V1 < p’ < co: hy € LY as well
and moreover hy € (R1+), /. Fix any such p'.

By the first (finite p) part of the Lemma we thus have hy € Ap (W) so 3z € Wh?' .
Az = hy. Using the Sobolev embedding we get € W+ =1 and hence by L>™ bound-
edness of hy and using boundedness of the differential operator L' € B(W*~12° L) we
obtain that 2 € Wk, Hence hy € AL (W*™) so h = hy + hy € Ap(W">). Together
with 3.2.1, 6 finally

(Rr<)1ire € AL(WF™) = (ker AT), C (Rp+) 1w

To obtain such a decomposition h = hy + hs as above, it is sufficient to find x € W
such that Equation (1.1) holds for large |£|, say for || > 7. Then setting hy = Apz and
hy = h — hy we have hy € A (W5) and hy € L* with supp(hs) C [~T, 7]. We employ
a construction used in the proof of Proposition 3.1.1.

L is asymptotically hyperbolic. Therefore 3L, ,L_ € RF1 M, , M_ € (R*1¥ such
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that
VEER: L(E) = Ls+My(€) = L + M_(§)

M ()| pr—1 — 0 (£ — o0)
M ()| gr-1r — 0 (£ = —o0)

. Let 19 > 0 and set

_ )0 &< o (6=l §=-m
04+(§)—{1 £> 7 —(5)—{0 &> —7
L1(8) = Ly + aq ()M (8) Lo(§) = L+ a_(§)M_(¢)

. By Theorem 2.2.2 we can choose 7y sufficiently large such that Ap, € B(W*>, L>)
and Ap, € B(W" L) are isomorphisms. Then with x; = Azllh and x_ = Azzlh we
have

VE> 19 :c(f) = L(§)T_¢xy VE< —79: 2™ = L(&)T_¢x—
. Now if 3 € C*(R,R) : Bl(c0,00 = 0, Bl[1,00) = 1 the function defined by
z(£) = B(§z+ (&) + B(=&z-(£) (3.16)

satisfies Equation (1.1) for |£] > (2 + 79 + maxj<;<n|7;|) and the proof is finished. [

Summarizing some of our results we get

Theorem 3.2.3 (A Fredholm Alternative)
Assume all our assumptions hold and that L is asymptotically hyperbolic, 1 < p, ¢ < oo
and that p, ¢ are conjugated. Then

1. Ay, is Fredholm

2. ker Ay is independent of p

3. Ap(WHP) = (Rp+)1rr and Aps(WH9) = (R) 114

4. dimker Az+ = codim Ap(W*P), dimker A = codim Ap«(W¥*9), indA; = —ind Aps

5. If L is a hyperbolic constant coefficient operator then Ay is an isomorphism

Proof. Ad 1: By Corollary 3.1.4 : dimker A; < oo and dimker Ap« < oo. By Lemma
3.2.2 : codim A (W*P) = codim(ker Ap+); = dimker Az« < co. Thus Ay is Fredholm
Ad 2: see remark 3.1.2 and Proposition 3.1.1
Ad 3: by Definition/Lemma 3.2.1 and 3.2.2,1
Ad 4: by 3.2.2 and 3.2.1,1:
ind A7 = dim &7, — codim A, (W*?) = codim Az (W*4) — dim &7~ = —ind Ap-

Ad 5: see Theorem 2.1.2 O
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4 An Application

In the orignal work [2], Mallet-Paret not only introduces the beforementioned but also
several results on calculating the Fredholm index. To make up for this obivous lack of
content we dwelve into [3].

Obtaining (formal) solutions to linear equations is fairly easy along the lines of 2.1.2.
Hence one might consider applications to nonlinear equations.

We faithfully reproduce parts of [3] which i.a. showcases such an application to first
order equations and d = 1 by using [2] to ascertain conditions for use of the implicit
function theorem. Of course the original work contains more and more interesting find-
ings so again we refer the interested reader to the orginal papers for further reading and
references.

4.1 Preliminaries

Consider the following nonlinear autonomous equation with shifts r; as in 1.1.1 and let
p = oco. Unless stated otherwise we are now examining real functions only, but still as
part of complex function spaces. Consider

— c@(€) = F@(€ + 1), 2(§ + 72), 2( + 1), p) (4-1)

for ¢ € R, x € WH®(R,R) C WH®(R,C), ¢ € R\{0}, p € V, where overlineV is
the closure of an open subset V of some Banach space, and additionally the following
properties hold.

(i) F:RY xV — R, (u, p) — F(u,p) is C'. D,F : RN xV — RY is locally lipschitz
in wu.

(i) Vo e V:3U(p) C{2,--- ,N}:U(p) # 0 such that
a) Vj e U(p) : Vu e RN : (%F}(u, p) >0
b) Vje{2,--- ,N}\U(p) : F(u, p) independent of u;

(iii) Setting

®:RxV —R
(a:,p)»—>F(x, ava)
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this function satisfies Vp € V : Jq(p) € [-1,1] :

Vo € (—oo,—1)U (q(p),1) : O(x,p) >0
Vo e (—1,q(p)) U(1,00) : ®(x,p) <0
®(—1,p) = 2(q(p); p) = 2(1,p) =0
and Vp € V : q(p) € (—1,1).

(iv) For this ¢(p) additionally

D1®(-1,p) <0 if g(p) > —1
D1®(1,p) <0 if g(p) < 1
D1®(q(p),p) >0 if ¢(p) € (-1,1)

We specifically seek real solutions joining the equilibria £1, that is solutions z € R¥
satisfying the boundary conditions

lim z(§) = -1 lim z(§) =1 (4.2)
E——o00 £—o0
As ¢ # 0 the equation implies that solutions to (4.1) are at least C? smooth and that x
and () are uniformly continuous.
Using (iv) and assuming ¢(p) € (—1,1) we can apply the implicit function theorem
and obtain that p — ¢(p) is C''. For convenience we additionally introduce

W={peV|-1<q(p) <1} (4.3)

First we present some technical aids. Let G : R x RN — R satisfy

G:RxRY SR, (&,u) — G(£,u) is continuous and locally lipschitz in u (4.4a)
0

VEER :Vue RV :Vje{2,--- ,N}: (=—G)(&u)>0 (4.4b)

6Uj -
as appear in (4.1) at specific values of p € V. Note that local lipschitz continuity implies
existance of (‘% in a weak sense.

Let ¢ € R\{0},J C R an interval, J# := J+{r;|]1 <i < N} and z : R — R, satisfying

x| ;4 € C(J¥ R) (4.5a)
x|y € CH(J,R) (4.5b)
veEe J: —caV(&) = G& x(E+m1),-,x(E+rN)) (4.5¢)
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be called a solution to (4.1) on J, as might appear from (4.1) for specific values of p or
linearizatins about particular solutions. If ¢ = 0 by a solution we only mean a function
x: R — R (possibly discontinuous) satisfying

ngJG(g,x<f+’f‘1),,fL’(g—i-TN)):O (46)
and no further regularity properties.

Lemma 4.1.1
Assume G as in (4.4), c € R\{0}, 1,22 as in (4.5) and assume further that

VEEeR: x1(&) > x2(f) (4.7a)
dreR: zi1(r) = xa(7) (4.7b)

.Ife>0then V€ > 7:x1(§) = x2(§). If ¢ <0 then V€ < 7: x1(§) = x2(E).

Proof. Set y = x1 — x2. Then by (4.7) y > 0 and y(7) = 0. We recall r; = 0 and by
(4.4b) obtain

_Cy(l)<£) = G(§,$1(§ + 7'1),1'1(5 + T2)7 T ,$1(§ + TN)) - G(€7x2(5 + Tl)v T 7$2(€ + TN))
= G(§7$2(£) =+ y(f)axl(f + T2)7 T ,[E1(§ + ’I“N)) - G(§7$2(£)7 e ,$2(§ + T’N))

Setting
H(§7 y) = _%G(fv Q?Q(f) + Y, 1'1(5 + T2)7 o

it follows that V¢ € R : H(£,0) < 0 and that y is a solutions to the initial value problem
y M (&) = H(&,y(€)),€ > 7,y(r) = 0. Hence it follows that y < 0. Assume this were not
true. Then 7y := sup{m1 > 7|V{ < 11 : y(§) < 0} would exist. As H is continuous and
locally Lipschitz in the second argument, the Picard-Lindel6f theorem implies that for
some € > 0 this initial value problem possesses a unique solution on [y, 79 + €]. This
solution must coincide with y on [79,70 + €] and can be obtained by the limit of the
Picard iteration.
Hence V¢ € [r9, 70 + €] : y(§) = limy, o0 Yn(§) where

Yo(§) =y(10) =0

By induction we have V¢ € [19,70 + €] : Vn € N: y,(§) =0 as y > 0 and for n € N and
5 € [7—077—0 + 6]
3
yn(g) = ynfl(g) +/ H(gaynfl(é) d¢ <0
T0 7"

——
=0 =0

<0

. Thus y|(7y,7,+¢q = 0 which is a contradiction to the definition of 79 so V§ > 7 : y(§) = 0.
Likewise if ¢ < 0 then V¢ < 7: y(&) = 0. O
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Lemma 4.1.2
Assume G as in (4.4), c € R, z1, 22 as in (4.5) for some interval J C R and additionally
that (4.4b) is strict, that is

0
vgeR:vueRN:we{z,.--,N}:(%G)(g,upo (4.8)
J
LAfdre J:
[T+r,7+ry] CJ (4.9a)
Vee[r+r_,m+ry]: x1(8) = x2(8) (4.9b)
then one of the two following holds.
VEe JF N (oo, T +ry]: x1(8) = 22(€) (4.10a)
r—=0Ac=0 (4.10b)

The analogous result holds for [7 + r_,00) and 7.

Proof. As J contains a closed interval of length r, — r_, J# is a closed interval too.
Now assume (4.10a) does not hold. Hence by continuity 3m € J# N (co, 7 + r_]

Ve € [ro, 7 +ry] s x1(§) = 22(6)
Ve>0:3¢ € J#* N (10 —€70) : 21(£) # x2(6)

. The second property implies that there exists some open (in R) neighbourhood U C J#
of 79 and the same applies to 79 — r— € (19,7) C J#.

Assume further that r_ < 0. Without loss of generality let r_ = ro. Let € > 0 :
To—r_—€e€ J¥ andVj #2:m9—r_ —e€+7rj > 719. Consider (£ € Tg—r2—€,790—12) C J.
By assumption Vj # 2 : x1(§+7j) = 22 +15). AsT > T+1r0—10 > T9— 12 >
&> E&+ry > 19— 19 — € > 1) there exists some open neighbourhood U C (79,7) C J,
of & Hence if ¢ # 0 if follows that #{”(€) = z{"(¢). Recall that if ¢ = 0 then for
j€1,2: G zij(E+r1), - ,zj(§+rn)) =0. Thus Ve e R :

G x(E+m1), -, z1(E+rn) =G xa(E+11), -+ ,z2(E+7N))
=G(&z1(§+r1),22(§ +12), w1 (E+73), -+, 21§+ 7N))

. Using the strict inequality (4.8) it follows that z1({+r_) = z2({ +7r_) where { +r_ <
790 — r_ + r_ = 79, which contradicts the definition of 7. Hence r_ = 0.

It remains to be shown that r— =0 = ¢ =0. Assume r_ = 0,c # 0. As G is locally
lipschitz, solutions to (4.5) and (4.9b) are uniquely determined in backwards direction,
ie. J# N (—o0o,7+7.]. So (4.10a).

The proof for £ > 7 4 r_ follows similar lines. O
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4.2 Linear Equations

In the next part we reproduce some results on linear equations.

We consider linear equations, which may arise from linearizations about particular
solutions (compare to (1.1), 1.1.4) in spaces of functions mapping to C as in the prelimi-
naries of this thesis, even though the better part of the remaining thesis deals exclusively
with real solutions.

Consider

N
— @M (€) = L(E) (r_ex) + hE) = 3 A(&)a(rs +€) + h(©) (4.11)
i=1
where all the asumptions made in the preliminary section hold and additionally A; = A; o
are continuous. For sake of convenience introduce

Aep s WHee — [

N

(AeLz)(€) = (=eA_12)(6) = —ca V(&) = Y Ai(©z(€ +7)  (412)
=1

ﬁqL = ker Ac,L (4.13)

Rep = Ao (WH) (4.14)

We recall that by Proposition 3.1.2 the kernel is independent of the W*® space Aer =
—cA_1; is defined on and our Fredholm Alternative theorem 3.2.3 gives

Mer = (Rerr) o = {h € DX € Repe s [ MOWOUE =0} (415)
As a special case also consider the homogeneous constant coefficient equation

N
—caM(€) = Lo (T_¢z) = Z Az (r; + &) (4.16)
1=1

for which in accordance to (1.9) and (1.7) we introduce

N
Acro(€) = —eA_1p (6) = —c€ = Y A (4.17)
=1

. We remark that using this definition A, r, and A 1 Lo both can be used to determine

hyperbolicity of the system (4.16).
For such a constant coeflicient system we define its eigenvalues to be the point spec-
trum of —1L{ (see (1.5)) that is

N
Te,Ly = Up(—%%) = (Af%L’O)_l({O}) = (A 1,){0y) ={¢eCl—cg— ZAieﬁ”i — 0}
T )
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To any such A € o, corresponds a finite dimensional set of eigensolutions = of the
form e*p(¢) with some polynomial function p, that is functions satisfying

N N
—chx(§) = —c(—% ZAix(f +14)) = ZAix(f + 1) = —caM (&) (4.19)
i=1 i=1

Later we will impose additional restrictions on A; stemming from the original problem
(4.1). To avoid writing them down several times we will list them here.
From (ii) we will later obtain

3041 ER,HO@,”- ,ON € (0,00),E]Bl,--' ,BNER:VSER:O&Z‘SAZ‘(f) Sﬂz (4.20)

and
A €R, Ag,--- Ay € (0,00) (4.21)

for constant coefficient systems. In some instances we will impose these restrictions only
for some interval [1,00) or (—oo, 7], e.g. when studying asymptotic behaviour in only
one direction.

Set

N
Asry =Y Ai=—7c1,(0) (4.22)
=1

. Then the linear constant coefficient equivalent to (iv) is

AZ,LO <0 (4.23)

For further use with asymptotically hyperbolic systems We write L, L_ for the lim-
iting constant coefficient operators at oo, —oco. We recall and (re)define

N
L(&p = Ai(&)e(r:)
=1

N
Lip =) Airo(r)
=1

N
Lop=> Ai_o(r;) (4.24)
=1

Ap v = As L,
Ay =Ax
asin 1.1.4 and 1.1.6.

First we show some results on solutions and eigenvalues of constant coefficient systems,
as obtaind from the limiting equations in asymptotically hyperbolic linear systems.
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Lemma 4.2.1

Let A; e R, b€ R, c€ R\{0}, € >0, F C 0., a finite set of eigenvalues, WH>(R,R)
y # 0 a nontrivial solution to the linear Equation (4.11) given by a finite sum of eigen-
solutions to eigenvalues A € F. Let YA € F : ReA = —b and z € R satisfy

z—y €O e "TI) (¢ - ) (4.25)

. VYA € F : ImA # 0, then there are arbitrarily large £ such that z(§) > 0 and x(§) < 0,
le. V7 >0:36,& > 7:x(&) > 0,2(&%) < 0. If F={-b} then 37 >0:V{ > 7:
x(€) # 0. The analogous results holds for £ — —oc0.

Proof. First assume VA € F : Im\ # 0. Recalling 2 € R® we can, without loss of
generality, assume that all functions are R valued . Hence

M
y(€) = Rey(§) = Re Y e¥p;(€)
j=1
M
= Z e % cos(ImA;€)p;(€)
j=1

M M
= ¢l (Z cjcos(Tm);€) 4+ ¢ F Z R; ({)cos(lm)gﬁ))

Jj=1 Jj=1

for \; € F; M € N, L = maxdegp; the maximal degree of the real nontrivial polynomial
functions p; where & +— eM¢p;(€) are eigensolutions to eigenvalues \; € F and R;
are residual functions in the decomposition p;(¢) = ¢;€% + R;(€)) with deg R; < L.
By assumption of y being nontrivial ¢(§) = >

=1 ¢jcos(ImA;€) defines a quasiperiodic
function of mean value 0. In particular

ligm inf ¢(§) < 0 < limsup ¢(&)
—00 £—o0

. For £ — oo we now have that

Elehu() —q(¢) e O(¢ 7Y

As ¢ takes both signs for large ¢ so does € — ¢ Mebx(€) and thus z.
If = {—b} then y(&) = e %p(¢) for some real polynomial function p. Hence taking
the leading coeflicient of p to be ¢y, with L = degp we have

lim £ 7e"x(6) =cr #0

§—00
So z(§) # 0 for large &. O

Next we reproduce some lemmata on the existance of certain eigenvalues which will
later enable us to give exponential bounds for solutions to the linear Equation (4.11).
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Lemma 4.2.2
Assume that A; asin (4.21), a € R,c € R\{0}.
If Acry(a) >0then Vi e R: Acr,(a+ipn) #0
If Acry(a) =0 then V€ R\{0} : Ac r,(a+in) #0

Proof. Suppose A, r,(a) >0 and p € R: A.r,(a+ipn) = 0. Then recalling r1 = 0 we
have both

N
cla+ip) + Ay = =Y Aenletin)
=2

N
ca+ A < — Z A;e’i@
=2
. Hence as VA € C: |[Re\| < |\ we get

N N
—(ca+ A1) <|ca+ Ai1| < |ecla+ip)+ Ai| = ]Z Aie”aei”“\ < ZAie”al < —(ca+ Ay)
i=2 i=2

(4.26)
. Thus all the inequalities are actually equalities so it follows that A, 1, (a) = 0.
Suppose Ac 1,(a) = 0. Then A, r,(a) > 0 still holds and (4.26) gives
lca + A1|> = |c(a +ip) + A1 > = |ca + A1)* + |cipl?
. S0 ¢ =0. As ¢ # 0 it follows that p = 0. O]

Proposition 4.2.3
Assume again that ¢ # 0, A; as in (4.21) and additonally that (4.23) holds, that is

N
Ag =) A; <0 (4.27)
=1

and consider the corresponding operator L.

Then A, 1, is hyperbolic and there exist at most one real positive eigenvalue A* €
(0,00) and one real negative eigenvalue A\~ € (—00,0). As a convention we write A~ =
—o0, respectively AT = oo, whenever one of those real eigenvalues does not exist.

These eigenvalues, whenever they actually exist, are simple, that is AS}JO(Ai) # 0,
and depend C' smoothly on both ¢ and the coefficients A;.

Furthermore whenever A\~ exists, resp. AT exists

9 4
— 4.2
8c>\ <0 (4.28)
Additionally
VEe (AT,AT) A, (§) >0 (4.29)
and
VA€ 0er, \{AN AT} Red € (—o0, A7) U (AT, 00) (4.30)

with the conventions (—oo, —00) = (00, 00) = ().
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Proof. (4.22) implies that A.r,(0) = —Asx > 0. Hence by Lemma 4.2.2 V§ € R :
Ac.1,(i&) # 0 so Ly is hyperbolic.
Consider f: R — R, & — A, r,(€). Then f € C*(R,R), f(0) >0 and V€ € R

Z A; r2 rié <

i=2 30

. The mean value theorem implies f and thus A. 1, possessing at most one zero in each
(—00,0) and (0, 00).

By continuity V€ € (A7, A7) : As 1, (§) > 0.

By Lemma 4.2.2 we know

Va,v e R: A po(a+iv) =0= A py(a) <0

. Hence

((=00,0))

Re(oer, \ {A", AT} C A}
= (—00,A7) U (AT, )

with A, 1, being interpreted as € RE.
Writing Lo = Lo(A1,- -+, Ax) and setting

H(ga ¢, Ala T ,AN) = AC,LO(Al,"' ,AN)(g)
we get

9 + _ A +
(8—§H>()\ AL A =AY 05 S0 (4.31)

whenever those eigenvalues exist, for example by applying the mean value theorem again.
This implies that these real eigenvalues are simple.

H:R¥*2 R being C1, HO, ¢, Ay, -+, Ay) = 0 and (%H)()\i,c,fll, AN S
0 enable us to use the implicit function theorem yielding A* : R¥N*1 S R, (v, a1, -+ ,an) —
ME(y,a1,---,ay) is C! in some neighbourhood of (¢, Ay, -+, An).

Furthermore by implicit differentiation, fixing A1, --- , Ay and setting A*(c) = A*(c, Ay, - - -

we have

-1
(iAi)(c)z(OH)(Ai(c),c,Al,.--,AN)) (806 )()\i( )e, AL+, AN)

o€
1 _
=AY iy @) TN ()
<0
by definitions of A* and (4.31) O

The next lemma gives some insight into conditions for existance of these eigenvalues.
We will occasionally speak of finite and infinite real eigenvalues instead of existing and
nonexisting real eigenvalues as already set forth in preceding conventions.
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Lemma 4.2.4
Assume that (4.20) hold for some A; € R. Let ¢ € R\{0}. Then

)\+:oo<:>r+=0/\c<0
_ (4.32)
AN =—o0&r_=0Ac>0

Proof. =: As existance of eigenvalues boils down to zeroes of A, 1 we study conditions
for Ac r(§) # 0, that is A, 1,(§) > 0 by continuity and A, r,(0) > 0.

N N
0< Apro(€) =—c6— Y A"t = —ct— Ay — Y Aje"* (4.33)
=1 =2
>0

If AT does not exist, then V& > 0 : A, 1,(¢) > 0. Then the last summand in (4.33) is
bounded for £ — oco. Hence ry = 0. Additionally 37 > 0 : V&€ > 7 : —¢£ > 0 must
necessarily hold, so ¢ < 0. If A~ does not exist, then V& < 0 : A.1,(¢) > 0. Then
the last summand in (4.33) is bounded for £ — —oo. Hence r— = 0. Additionally
Ir < 0:VE <7 —c£ > 0 must necessarily hold, so ¢ > 0. <«: Consider A.r, as
€ CY(R,R). Calculating its derivative we obtain

N
A (€)= —c= " Amen€ (4.34)
1=2

So if ¢ < 0,ry = 0 then V§ > 0 : Acr,(§) > 0. If ¢ > 0,7~ = 0 then V& < 0 :

AS}JO () < 0. By using continuity and an application of the mean value theorem the
proof is finished. O

Now we obtain our first results on asymptotics of solutions to (4.11).

Proposition 4.2.5
Consider (4.11) on [r,00) for some 7 € R. Assume that ¢ # 0, A;, o, 3; satisfy (4.20) on
[T,00). Assume x : J# — [0,00) is a solution to (4.11) on J := [r,00) as in (4.5).

Then Ja,b € R, R € [0, 00) such that

VE>T4+R: ax(€) < azW(€) < ba(f) (4.35)
. The analogous result holds for (—oo, 7].

Proof. The case (—oo, 7| can be handled by a change of variable £ — —¢ and considering
the linear equation for —c and A;(€) = A;(—¢),7 = —r;, which fulfills all requirements
of this Proposition.

Hence consider the case [1,00). Assume ¢ > 0.
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We have V& > 7 :

1 N
2 W) = —- Y 4;(©z(E+ 1)
—~— i=1
<0
N
= T A(O2(0) — D Aa(E + ) (4.36)
=2
>0
< L A(O(0) < (~a0)a()

. Setting b == —%al establishes the right hand inequality in (4.35)

For the left hand inequality first consider the case r— < 0. Let y(&) = e %x(¢).
Then V¢ > 7 : y(D(€) < 0. Set € = J|max{r;|r; < 0}|. Fix & > 7 —r_ + . For any
celr—r_,&|lwegetViel,--- N :&+r; > 7. By applying the bounds (4.20) and
(4.36) we obtain

yD(€) = —be % -bﬁZA 2(€ +71)

N

IN

1 ZO‘ iy (E + 7o) (4.37)
%,_/
>0 for all ¢
1 ,
<) e y(& + i)

——
>y(&1+ri) >y(max{&1+r;|r;<0})=y(£1—2¢)

< 77<Z ae b“) (&1 — 2e)

r; <0

. Integrating (4.37) over [{1 —€,&1] C [7 — r_, &1] yields

—y(&—e)gy(&)—y(»sl—e):/:le (g (r;oa’ )/& e =20
—%e <TZ<:O aieb”> y(& — 2¢)
=

-1
. Thus setting C' := ce™! (Z'ri<0 aieb”> we obtain

y(&r = 2¢) <Cy(&1 — )
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So if § € [0,¢] and & > 7 — r_ then £ + € satisfies the conditions imposed on &
making the last inequality applicable to £ + €. Hence by using the last inequality and
y’s monotonicity

VExT—r V5[0, y(€—0) <y€—e) =y((§+e)—2) < Cy(((+e¢)—¢€) = y(e)

(4.38)

. Assume £ > 7 —r_ and r < 0 such that { +r > 7 —r_. Then using |-| : R — Z,{ —
Ir|

max{z € Z|z < £} we observe £ > ¢ — (1 + [1])e > £ — € so repeated application of
(4.38) yields

VE>T—r_Vr>Tr—r_ =& ylE+r)<ylE-(1+ L’Z‘J)e) < CHL@JQ(&) (4.39)

IfE>T—2r_thenVie{l,--- N} : &+ r; > 7 —r_. Using the second line of (4.37)
and (4.39) we get

1 1 1
y (€)= (—- A1) — b)w(e) — - T;Ai(é) y( Za — ;)Ai@) y(§ + i)
<y '

> (-%(Z e @CHU?‘J) - b)?J(f)

>0 <0

[
< y©)  (4.40)

for such £ and hence setting a := _%(ZMZO 0B — Zn<0 ﬂiClﬂ@J) yields

Ve > 7 —2r:aD(€) > ba(€) + (a — b)a(§) = ax(§) (4.41)

If _ = 0 then, with y(¢) = e~%z(€) as before, we again have V& > 7 : y(J(€) < 0 and
Viiel,--- \N:yl&+r) <y(§). SoVE> 1

N
y(€) = ~by(€) — = D" Ax(eHmy(e + )
=1 (4.42)
1 N
> (—b -2 Zz; aiekri>y(f)
. Therefore
Ve > 1M (€) > ax(€) (4.43)

The proof for ¢ < 0 is very similar but with inequalities the other way round and ;s
instead of ays. ]

Proposition 4.2.6
Assume ¢ # 0, A; as in (4.11) satisfying (4.20) and the associated operator family L
being asymptotically autonomous. Let A4, Ay, 1 as in (4.24), which we assume to satisfy
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Ay + < 0 as in (4.23). Further assume the limiting operators being approached at an
exponential rate, that is 3k > 0 :

IML(©)] = [IA(E) — Axll € O(e™™) (4.44)

for £ — +o0.
Then for these A;, ¢ Equation (4.11) is asymptotically hyperbolic. Additionally there
exist four (by previous convention possibly infinite) quantities )\i satisfying

—00< A <0< A <00

such that, if finite, /\f are real eigenvalues of Ly and AT are real eigenvalues of L_,
defined as in (4.18). They are uniquely determined by the property of being real posi-
tive/negative eigenvalues of the limiting equations. Whenever finite, they, i.e. every one
that is finite is, are simple.

If, similar to the last Proposition, the assumptions only hold for [r,00), 7 € R and
moreover a bounded function z satisfies Equation (4.11) in this interval [7,00)) exists
then the following holds.

If \{ > —ocothende>0:3C; € R

2(€) — Cype+é € O(eP+79%) (4.45)

for & — oco. Additionally the asymptotic bound obtained by formally differentiating
(4.45) holds, with different in the residal terms constants though. If 37 € R : V& > 7:
z(§) > 0 and ;o) # 0 then C; > 0.
If \] = —oo, that is V§ <0: A.p, #0, then V& > 7: 2() = 0.
The analogous results holds for (—oo,7]). In particular if AT < oo then 3C_ € R :
Je>0:
2(€) — C_eM € € O(eW o) (4.46)

for & — —o0.

Proof. If all the assumptions hold for some [7,00), 7 € R, then L, = lim¢ o L(§)
satisfies
Vie2,--- ,N: 5lim Ai(§) > a; >0

by assumed continuity of the coefficient functions A;. As Ay, . = sz\i 1 Aiy < 0by (4.23)
we may use Proposition 4.2.3 and obtain existance of )\f with described properties.

The same conclusions hold for (—oo, 7], 7 € R, if conditions (4.20) and (4.23) hold for
L_. This proves the first few conclusions of the Proposition.

For further use we recall Re(ocr, \ {A\f}) C (=00, A\2) U (A*, 00) from Proposition
4.2.3.

For the exponential bounds we again only present the proof for assumptions holding
in [1,00), T € R, the proof for (—oo, 7] being very similar. Hence suppose x solves (4.11)
on [r,00) for some 7 € R as defined in (4.5).
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Assume A} < co. As z is a bounded solution to (4.11) it is a O(e%) solution to

_ = ZA er rl) = —%L(é)’]’_gﬁv (447)

on [r,00). This equation is asymptotically hyperbolic and hence asymptotically au-
tonomous at co and additionally features exponential apporach of the limiting equations.
By Proposition 7.2 of [2] either I\ € 0. r, = 0p(—2Ly) : ReX € (—00,0],3e > 0 and
some nontrivial eigensolution y to A such that (&) — y(€) € O(eBA=9)E) for ¢ — oo or
Vb € R : limg oo €%2(€) = 0. If Vb € R : limg_, o0 €%2(€) = 0 then (4.45) holds trivially.
In the other case we have aldready obtained (4.45) from Proposition 7.2 as ReA < A7.

Suppose further that V€ > 7 : 2(§) > 0 and = does not vanish identically. As z > 0
in [1,00) we obviously have C > 0. Assume C; = 0. As x does not vanish identically,
Proposition 4.2.5 implies that I\ € oz, \ {A\[} : ReA < AL such that z(§) — y(§) €
O(e(Re)‘*E)g) for £ — 00,e > 0 and some eigensolution y to A. All eigenvalues of A, r,
except )\f have nonzero imaginary part. Hence by Lemma 4.2.1Vr e R: 3¢ > 7: z(§) <
0 which is a contradiction.

For the bound obtained by formal differentiation we only have to plug (4.45) into
(4.11). As it is a bit cumbersome to write this down while using formally correct Landau
notation we only outline the steps. We recall f(§) = e*+¢ being an eigensolution and
obtain

“ —ex(e) =N A(O)x(E + i)

i

I
.MZ

@
I
—

Ai(g)(c+€xl(£+m) n O(e(x;_e)(&m))

N

=Cy Z Ai(©) @7 10((30 Aufg)ele ) i)

f(§+7ﬁ) i=1

bounded
= )\;C’+6)‘15 + O(eP+ =98y »

If A} = oo then by Lemma 4.2.4 r_ = 0,c > 0. We gain use propostion 7.2 fro [2].

The first of the two alternatives is not possible as Reoc,r, N (—00,0) C (—o0, A} ) = 0.
Hence the second option holds. By Proposition 4.2.5 this is only possible if
dAR>0:V¢>717+R:2(§) =0 (4.48)

.Hence AR >0:VT+ R=7+R+r_<{<7+R+ry:2(§) =0. Obviously z =0 is
a solution to (4.11), ¢ # 0 and [1,00)" = [1,00) as r_ = 0. We apply Lemma 4.1.2 and
finally obtain

Véer,T+ R+r]U[T+ R,00) =[1,00): z(§) =0 (4.49)
O
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At this point it might be usefull to remind the reader that, as claimed in remark 3.1.2
the kernel of A, : WP — LP is independent of p, allowing notation such as both
Rer = ker(Ae : W — L) and K.+ = ker(A. : W — L) with p implied by
context (here p = oo and Fredholm Alternative (1,00 conjugated).

Proposition 4.2.7
Assume all of the prerequisites of the last Proposition hold and additionally that some
nontrivial solution p € W p >0 to (4.11) on R exists.

Then (4.11) is asymptotically hyperbolic

A; € (—00,0) AT € (0,00) (4.50)
exist and A, r, Whoo — [ is Fredholm with

dim R, 7 = dim R, - = codimR. =1 (4.51a)
ind(Ac,z) =0 (4.51b)

p € R 1 is strictly positive, i.e. V€ € R:p(§) > 0.

Proof. Proposition 4.2.6 yields asymptotic hyperbolicity and existance of )\i € RU{—o0, 00}.
As x does not vanish identically A and AT are finite, otherwise # would vanish on at
least one of the intervals |7, 00) or (—oo, 7] for some 7 € R by Proposition 4.2.6.

If p(1) = 0 for some 7 € R then by Lemma 4.1.1 V§ > 7 : p(§) =0 or V€ < 7: p(§) =
0. Then 4.1.2 would force p to vanish on the remaining domain, i.e. make p vanish
identically on R, which is a contradiction.

Theorem 3.2.3 asserts Fredholmness of A ; and also of A, 1« and additonally that the

correspondencies between those two hold. In particular, as ind(A.z) = dimRK. —
codimfR.; and dim K.+ = codimfR.; hold, it suffices to show dimR.; = 1 and
ind(Ach) =0.

First we will establish dimR.; = 1. 0 # p € K. implies dimR.; > 1. Assume
dim K. > 1. Then Jy € &, linearly independent from p. By Proposition 4.2.6 there
are Cy(p),C_(p) € (0,00), C+(y),C_(y) € R, € > 0 such that

) = [C-FE+ 0 ¢ o
T mes - o e
(5) _ C- (y)e)\7£ + 0(6 g) 5 — =0
TG @ 09 g oo
with the usual conventions for calcuations with Landau notation. Set x = y — gﬂz; p.
This z satisfies . .
C_(z)e* + 0(eP=198) ¢ - —o0
z(§) = (o (4.52)
O(e+79%) £ — 0

. Without loss of generality let C_(x) < 0, otherwise consider —zx.
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Because of linear independence x is not the zero function. Hence there are arbitrarily
large ¢ € R for which z(§) # 0. We claim further that there exist arbitrarily large £ € R
for which z(§) > 0. Assume the contrary were the case. Then V§ € R : z(§) < 0.
Applying Proposition 4.2.6 to —x > 0 yields 3C' > 0 such that for £ — oo

2(€) = —Ce*+& + 0(eP+79%)

which is a contradiction to our construction of z. Assume & > 0: z(&) > 0.
Let 1 > 0 and consider p — px. As p is bounded Jug > 0 : (p — pox)(§o) < 0. Our
asymptotic bounds imply

(C-(p) = O (@) ) €+ O+ ¢ = o0

_ £ = >0 _
(p— px)(§) Cy(p) ATE L O(e(A+—€)§) & — 0
>0

. We know that the residual terms in this formulas become arbitrarily smaller than the
leading terms, so 37 > & > 0: V|| > 7 :Vu > 0: (p — px)(§) > 0. x is continuous
and hence x; = max{z(§)|¢ € [—7, 7]} exists. As the set S = {u € [0, uo]|V¢ € R :
p(§) —px(€) > 0} 5 0 is nonempty and bounded above by pg, ps = sup S is well defined.

By definition V¢ € R : p(§) — pex(§) > 0 and 3¢ € R : (p — psx)(&1) = 0. The
first is obvious from definition of p.. Assuming the second to be wrong would imply
(p — px)|[—r,7) > 0. This continuous function would take a minimum p_ in the compact
set [—7,7]. Now if 2y <0 then V6 > 0: (p— (s +9)z)|[—r 7] > 0. If 21 > 0 then taking
0<é< 5—; we would obtain V¢ € [—7,7] :

(p— (pse +6)2) (&) = (p — ) (§) — 62(§) > p— — 64 >0

As (p — p2)|(—o0,—7]Ujr,00) > 0 anyway this would give p. < p. + 0 € S and hence lead
to a contradiction. Thus 3§ € R: (p — p*xx)(&§) = 0.

However then Lemma 4.1.1 would imply p — .z = 0 on (—o0,&;] or [£1,00) contra-
dicting existance of 7. Hence y cannot exist and the proof, that & , is one dimensional,
is thus complete.

To show ind(A. ) = 0 we note that by setting L’ = ((1 — p)L— + (14 p)L4)/2 the
corresponding constant coefficient system is hyperbolic for all p € [—1,1]. An Application
of Theorem B of [2] thus finishes the proof. O

We finish our section on linear equations by gathering all introduced parts and formu-
lating Theorem 4.1 from [2], which will later be the basis for application of the implicit
function theorem.

Theorem 4.2.8

We follow notation and assumptions already set forth in 1.1.1, 1.1.4, 1.1.6, (4.11), (4.13),
(4.14), (4.12), (4.20) and (4.23) i.a. . Let all of these assumptions hold, that is, the
assumptions of the last proposition.
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Then our linear equation is asymptotically hyperbolic, and A, € B(Wh*°, L>®) is
Fredholm with

dim ﬁc,L = dim Rc,L* = codim fﬁcyL =1 ind(AqL) =0
p € R, 1, satisfies p > 0 and there exists some p* € & 1+ satisfying p* > 0 as well.

Proof. Asymptotic hyperbolicity has been established in Proposition 4.2.6. By 3.2.3 it
followed that A, r, is Fredholm. In 4.2.7 we have proven the results on kernel dimension,
Fredholm index, positivity of p and finitness of the eigenvalues )\I,)\J_r.

All that remains to be shown are the existance and positivity of some p* in K r+.
As with p in Proposition 4.2.7) it suffices to show p* > 0 and p # 0 for one nontrivial
p* € R 1+ as strict positivity follows through Lemmata 4.1.1 and 4.1.2 exactly as for p.
We already know that K. ;- is one dimensional. Hence nontrivial elements exist in the
kernel. If one of them satisfied p* > 0, then all real functions ¢ € K.~ would satisy
g > 0 or ¢ <0. Thus assume existance of some p* € & 1+, {1,& € R such that

p*(&1) >0 p(&2) <0 (4.53)

We seek a contradiction.

Lemma 4.1.1 implies that p* cannot vanish on any interval of length r. — r_, if p* is
truly nontrivial. Hence assume |§; — & < 74 — r—. It follows next, that there exists a
nontrivial continuous function i : R — R such that

Aﬂ@%@ﬂﬁ=0 (4.54)

We briefly discuss one possible way ob obtaining such h. p* is continuous so
Je > 0:p*|e,—ee14¢4 > OA D |[er—e 0+ < 0. Now set

1—@ §elér—e& +€
h(f) _ h(&—ﬁz-ﬁé})kzé)('&—&-&-@ ce [52 — 6,6+ 6]
0 EeR\([61— & +e|U[& — €6 +¢

Then h is continuous, nonnegative and compactly supported and

. e | St . p*(§)

/p (§)n(&)dE = p*(§)h(€)dS +/ h(& — & +Ep* (& — &+ &) 7 dé
R &1—¢ Er—e Ip (5)’
———

=—1

&1+e &1+e
=4 POMEAE — [ p(Oh(E)dE =0

1—€ §1—e€

By choosing € small enough we can assume 31 < 79 € R such that A is supported in
[T1, 2] and 79 — 74 <7y —r_. As dim K.z« = 1, (4.54) and Theorem 3.2.3 imply that

heRer = (ﬁc,L*)J_Loo- Hence 3z € Who : Acpz = h.
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As h is compactly supported z satisfies the homogeneous equation for large |¢|. Propo-
sition 4.2.6 assures that x and p enjoy estimates (4.45) and (4.45) for some € > 0 and
quantities C4(z),C_(z) € R, C+(p),C—(p) > 0. Hence 319 > 0 : Jug > 0: V|¢| > 79 :
V> po : (z+ pp)(€) > 0. On the compact set [—79, 7p] the continuous function p takes
a minimum. This fact and x’s boundedness imply that Ju; > 0 : V|¢] < 79 : Vu > uy -
(x + pp)(&) > 0 as well (compare to proof of Proposition 4.2.7). Similarily we conclude
that 3 < 0: (x4 pup)(§) < 0. Thus

pr = min{p € R|x 4+ pp > 0} (4.55)

is a well defined element of R.

Consider the function y = x + p.p € A;}J({h}) Of course y > 0, y solves A, Ly = h,
y solves the homogeneous equation for & éé [11, 2] and by Proposition 4.2.6 enjoys the
estimates

C_ (y)e)\;g + O(e(/\;fﬁ)g) £ — o0 (456)
with C4(y) > 0,C_(y) > 0 and some € > 0. As y > 0, Proposition 4.2.6 further implies
either that C'y(y) > 0 or that y vanishes for large £, i.e. I3 € R: V& > 713 : y(§) = 0,
and similarily either that C_(y) > 0 or that y vanishes for small £, i.e. 37y € R: V¢ <
T4 :y(€) = 0.

We claim that y cannot vanish for both small and large £. Assuming otherwise would
yield 3rp > 1 : V€ € [t +r_,00) D [14 +7r—, 74 + r4] : y(§) = 0. Then by setting
J = [r 4+ r_,00) Lemma 4.1.2 would imply that V¢ € (—oo, 7 + 7] N J# = [ +
r—, 7+ +7r4+] : x(§) = 0. Hence V€ € [1o +7_,00) : z(§) = 0. Additionally 37— < 7 :
VE € (—oo, 7 +ry| Dr— +r_,7— +ry] 1 y(§) = 0. Setting J = (—o0, 71 +r4+] we could
use Lemma 4.1.2 again, yielding V¢ € (—oo, 71 +74] 1 2(§) =0. But m — 70 < ry —7_
so 71 + 71y > 19+ r_. Hence (—oo,71 + 4] U2 +7r_,00) = R and y = 0. Thus
0#h=A.ry =A.0 =0, which would be a contradiction.

We again have 3¢ : y(§o) = 0. If not then y > 0 and hence Proposition 4.2.6 would
imply that Cy(y) > 0 and C_(y) > 0. The rest of the argument is similar to the last
proof’s but a little bit more cumbersome to write down. The following formulas are but
conclusions obtained directly from the definition of Landau notation. As

y(&) = {C+<y>eﬁg + O o o

J(6) = {C(y)e“w(é) €< -5
Cr(y)e™* +as(§) €75
(€)= {C_<p>eAtg Th-(6) £<-m
Cr(p)es +b4(6) €275
with
VE < 75 cfa(6)] < Dyl oS VE 2 75 ifas (€)] < Doee S
VE <~ b (€)] < DyelHO VE > 75 :[by (€)] < Daele e
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for some € > 0,75 > 0 and various constants Di,--- , D4 > 0 by our asymptotic bounds,
we could then conclude that if 74 > 75 such that

Vgl > 760 max{Dyli € {1,--- 4} }e < %min{C—(y),C+(y)70—(P),C+(p)}

, which really does exist, then V|{| > 76 : V0 < 0 < ¢ := min{ 3%*_((%, 3%1(52)} :

(x + (ux — )p)(&) = (y — dp)(§)
_ {c<y>e“ +a_(§) = 6(C_(p)ME+b(€)) €< -7
Cr(y)eME +ar(§) = 5(Cor(p)eE +b4(8)) €=

L (C) — Die) e~ 5(C-(p) + Dye) e g <y
= L (Ci(y) = Do) € — 5(Cy (p) + Dae=€)e € € > 7
)

+
% 3()_@)%0—(?) et §< —T6
> 1 Ci(y) 3 AT €
2C+(y) — 3c+(p)§C+(P) e+t £2>7Tg
>0

(4.57)

. Furthermore the continuous functions y and p would take a minimum y_ > 0 and a
maximum p4 > 0 in the compact set [—7¢, 76]. Finally by setting 01 = g—; > 0 we would
obtain V0 < § < min{dp, 1} :

VEER: (x4 (ux —)p)(§) = (y — p)(§) >0 (4.58)

which would be a contradiction to the definition of ..

Without loss of generality we now assume that C (y) > 0 as the proof when C_(y) > 0
runs along the same lines. Ci(y) > 0 implies y(§) > 0 for large £&. As y(&) = 0,
y~1({0}) C R is not empty. Moreover this set is bounded, as y(&) > 0 for large &, and
closed, as y is continuous, so

§o = sup{¢ € RJy(¢) = 0} € y~'({0}) (4.59)
is well defined.

Certainly y(&) = 0 and V€ > &y : y(§) > 0. We recall that h, y and A;s are continuous
and conclude that y is C'. Hence & is a minimum of a C' function and it necessarily
follows that y(M (&) = 0.

On the other hand, if, without loss of generality, r2 = r4+ > 0 and hence & + r+ > &g,
we obtain

N
—cyM (&) = Z Ai(80)y(&o + i) + h(6o)
i=1
N

= A1(&) y(&o) + Z Ai(&o) y(&o + 1)

> Aa(&)y(&o +12) >0
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, which is false.

If 7, = 0 then AT < oo implies ¢ > 0 by Lemma 4.2.4 and necessarily r_ < 0. If
C_(y) > 0 then y(&) > 0 for sufficiently small £ and an argument at inf{¢ € R|y(§) = 0}
analogous to the last one yields a contradiction. If C_(y) < 0 then y vanishes identically
for sufficiently small £, that is 377 € R : V€ < 77 : y(£) = 0. Set

& =sup{T e R|V{ < 7:y(&) =0} (4.60)

which is well defined as the set in question is bounded above by &. Now take 0 <
€1 < min{|r;||1 < ¢ < N} and consider Equation (4.11) on the interval [£1,&1 + €1].
By definition of ¢ it holds that V§ € [§1,61 + 6] : V2 < i < N &+ < & so
VE €€, +€e]:V2<i<N:y(+r;) =0. Thus (4.11) dissolves into

—cyM (&) = AL(E)y(&) + h(&) = H(E,y(€))

on [£1,&1 + €1]. As A; is bounded we have H continuous and Lipschitz continuous in y.
Hence by the Picard-Lindel6f existance theorem y‘[&,& +e,] is the pointwise limit of the
Picard iteration, that is V& € [£1,&1 + €1] @ y(§) = limy— 00 Yn(§) where

yo(§) =y(&) =0
£
(&) = 1) = = [ Ar(E)ynr(€) + h(E)de

CJg

. A simple induction using y > 0 yields Vn € N : V€ € [£1,&1 + €1] @ yn(§) = 0. Hence
Yl(e, ¢1+e;) = 0. This is a contradiction and completes the proof. O

4.3 Nonlinear Equations

We finish our chapter on applications by paving the way for and proving Proposition 6.4
from [3].

Lemma 4.3.1
Let c#0, p €V, and x € WH*°(R,R) be a solution to (4.1). Let

p— = inf{z(£)|¢ € R} py = sup{z(§)|€ € R} (4.61)
Then

p— € [=1q(p)| U {1} s € {1} Ulq(p), 1] (4.62)

The same conclusion holds for

P oo = liEm inf () Pt oo = limsup ()
—00 £—00

H— —oo = liminf z(&) fg —oo = limsup z(&)
§——o00 £——00
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Proof. We first remark that py and pg 1o really exist as # € WH(R, R).
By (i) we have

p- € [=1,q(p)]U[1,00) & (-, p) <
pr € (=00, =1] U [q(p), 1] & P(p4, p) =

As p_ < py it follows that if

0
0

P(p—, p) <0< D(py,p) (4.63)

then

p- € [=1q(p)] U {1} py € {11 Ulq(p), 1]

which is what we need to show for the first third of the theorem. Hence we attempt to
prove (4.63).

We only show ®(u4,p) > 0, the proof for the other inequality being similar. Let
(¢2) € RY be a sequence such that lim, o z(£,) = py. Without loss of generality we
may assume that this sequence satisfies Vn € N : |(Jz(&,) — p4) < 1. For any 2 <i < N
the sets {x(&, + 7;)|n € N} are bounded as V1 <i < N :Vn € N:

[2(En + 7] < [2(€n)] + rill20] oo < [y | + 1+ ma{Jril|1 < i < NHJaD e < 00
(4.64)
Hence, after passing to a subsequence, we may assume that Jug, -+, uy € (—o0, pt],
such that V1 <4 < N : lim,, 00 ©(&,+7i) = pi. Hence lim,, o x(l)(gn) = limy, 00 F(2(&n), 2(&n+
r9), -+ ,x(§n +TN), p) exists.

We claim that lim,_. z(V(&,) = 0. If (&,) is a bounded function then there ex-
ists a convergent subsequence (&, )ken With limg o0 &n, = o € R and necessarily
x(&) = py. Hence 2(M(&) = 0 and limy,_oo 20 (&,,) = 0. Thus lim, .., z(D(&,) =
limg 00 20 (€,,) = 0. Now assume (£,) is unbounded. Hence after passing to a subse-
quence we may assume |&,| — co. Assume lim,,_o (M (&,) = ¢ # 0. We consider the
case ¢ > 0, the proof for ¢ < 0 being very similar. Then setting ¢ = ¢ we may pass to a
subsequence of z,, such that ¥n € N : z(1)(,) > 2. By uniform continuity of z(!) there

exists 6y > 0: V&, & € R : € — & < 8o = |21 (&) — 21 (&)] < e. In particular
VO <d<dp:VneN:zW(g, +6)>zW(E,)—e>e (4.65)
Fixing 6; € (0,dp) we obtain Vn € N

it 53; — ) 5 ingaO(E)lE € [6n + 6, €al} = 2(En +0) > 2(€0) + e

using the mean value theorem. But this leads to a contradicition as

lim z(&, +6) > lim x(&,) + de = py + de > py (4.66)
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Thus, having already passed to appropriate subsequences, lim,,_, sy (&n) = 0. There-
fore, by using (ii), p; < py and continuity of F', we obtain

0= lim zM(&,)

= lim F(2(€0), 2 +72). 2 (6 +7n).p)
= F(lim (&), lim 2(& +r2),---, lim 2(6 +7v), p) (4.67)

(M-"—J/’LQ?"' 7NN7/))
SF(M—s—aM—s—?"' 7,U/+7p)
(

We now proceed to prove (4.62) for piy o, the proof for pi_ o and 4 o being similar.
Let (£,) € RY be a sequence such that &, — oo and z(&,) — p4 0o for n — co. Set
Yn = T—g, Y, L.e. V& € R:y,(&) = y(§ + &,). Each of those y, is a solution to (4.1) and
hence uniformly continuous. Thus ¥, are uniformly bounded and equicontinuous, so by
using the Arzela-Ascoli theorem we may pass to an uniformly convergent subsequence
on each compact interval. As in the proof of 3.1.3 we conclude that, after passing to
a subsequence, ¥, converges pointwise to some y € W, with this convergence being
uniform on each compact interval. Of course this argument also applies to y(l) SO we
have no problems with smoothness. Thus y is also a solution to (4.1) by continuity of
F and y satisfies yu_— <y < py o and in fact pig o0 = limg_,o0 2(§) = sup{z(§)|{ € R}.
Therefore, from the first part of this proof, we have hat uq oo € {—1} U [g(p),1] as
claimed. O

Corollary 4.3.2
Let ¢ # 0, p €V, and P € Wh*°(R,R) be a solution to (4.1) satisfying the boundary
conditions (4.2).
Then
VEeR: —1< P <1 (4.68)

Proof. Lemma 4.3.1 implies that V§ € R: —1 < P(§) < 1. Assume 37 € R : P(§) =
1. The constant 1 function is a solution to (4.1) so by Lemma 4.1.1 P|; .y = 1 or
Pl(—s,s] = 1. In either case Lemma 4.1.2 would imply V§ € R : P(§) = 1. Then P
cannot satisfy lime_,_ P(§) = —1 and we have a contradiction.

The same arguments can be applied for —1. O

Theorem 4.3.3
Let c#0, p € W, and P € WH(R,R) be a solution to (4.1) satisfying the boundary
conditions (4.2).

Then ACy > 0, de > 0, such that

—14C_eMNE+ 0N H9E) ¢ - —o0

P(§) = {1 0.1 00 £ oo (4.69)
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where \* € (0,00) is the unique positive eigenvalue of the linearization about z = —1,
i.e. A' obtained from a linearization about x = —1, and A® is the unique negative
eigenvalue of the linearization about z = 1, i.e. A obtained from a linearization about
z = 1.

The formulas obtained by formally differentiating (4.69) also hold.

Proof. Again we only consider the case £ — 00, as the proof(s) of the results for £ — —o0
are similar.
Consider y = 1 — P. Let £ € R. For any two v, w € RY we have

1
Fv, p) — F(w, p) = /O %F(tv L (1= B, p)dt

:Zi;(/;(

(4.70)

F)(to+ (1 — t)w, p)dt) (v; — w;)

Hence setting

1
Ai(§) = /0 (a(zi F)t+ (1 —t)P(E+r1), -, t+ (1 —t)P(E+ry))dt (4.71)

we conclude that y solves the linear equation

— cy Z Ai(©y(&+ ) (4.72)

Without loss of generality we may assume U(p) = {2, -, N}. As P satisfies the bound-
ary conditions (4.2) we have V1 <i < N :

Ai,+ = Elim Az(f)
1

= Jim [ (e F) e+ (1= 0P+ ), 4 (1= OP(E+ 1), o)
—0 J i

1
=/ (ai F)(t+(1—t)£lggoP(§+r1>,-~- 4 (1=1) lim P(¢+r), p)dt

1, p)dt
aul 1, p)

(auz )(1 o 1,p)

using dominated convergence and continuity. Hence for £ — oo the matrix coefficients
are exactly those obtained from a linearization around the solution x = 1. Moreover (iv)
implies that

N N

A= A= (Z(aif))u, o 1,p) = D1®(1,p) < 0 (4.73)
i=1 ¢

=1
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. An application of Proposition 4.2.3 yields hyperbolicity of the linear equation (4.72)
at co. Hence this equation is asymptotically hyperbolic at co. We now obtain Ja > 0 :
y € O(e=%) for & — oo from Proposition 3.1.1 with h = 0.

D F is locally Lipschitz by (i) so this function is Lipschitz continuous on compact sets.
By Corollary 4.3.2 we already know that —1 < P(£) < 1. Hence {t + (1 —t)P(§)|{ €
R,¢ € [0,1]} € R is bounded and hence relatively compact. Thus, if L is the Lipschitz
constant of D1 F on this set’s closure, then V¢ € R :

A4(€) — Ais] = |/
- / (1= 0P€).9) — (5 F) (L)t
<[ '(aiF)( <1—t>P<§>,p>—(iﬁ)(l,pndt

/ Clt+ (1 —t)P(&) — 1|dt (4.74)

+(1 = P )t — (3 F) (1)

=c/0\1—tu1— P(€)dt

=Cly)] [ 1—tdt

Boundedness of the functions A; follows from continuity of F' and boundedness of
arguments for F' in (4.71). All that remains to be shown for Proposition 4.2.6 to be
applicable are the lower bounds for Ay, -+, Ay. Fixi € {2,--- | N}. We already know
that A;(§) — A;+ > 0 for £ — oo. Hence 37 > 0: V€ > 7: A;(§) > A;*. Moreover the
continuous function A; takes a minimum a; > 0 on the compact set [0,7]. Thus we
have V€ > 0: A;(§) > min{AiT’*, a;o} > 0.

Proposition 4.2.6 is now applicable for the case £ — oco. As P(§) < 1 implies y =
1— P > 0 and hence y does not vanish identically on any [7,00) with 7 € R, Proposition
4.2.6 implies that \* = A} > —oo and 3C; > 0,3e > 0 such that

1—P(&) = y(&) = CoeM¢ + 0N 79%) (4.75)

for & — oo. Moreover the formula obtained by formally differentiating 4.75 holds.
Subtraction of 1 and multiplication with —1 in 4.75 finishes the proof. O

We know prove strict monotonicity of solutions joining the equilibria £1.

Proposition 4.3.4
Let c#0, p € W, and P € WH°(R,R) be a solution to (4.1) satisfying the boundary
conditions (4.2).

Then V¢ € R: P(M(£) > 0.
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Proof. By Theorem 4.3.3, i.e. from formally differentiating (4.69), we have 79 € R :
V|¢| > 7o : PM(€) > 0. P takes a minimum 1 > P_ > —1 and a maximum 1 > Py < 1
in the compact interval [—79,70]. As P satisfies the boundary conditions there exists
some 11 > Tp, T2 > 79 such that V& > 7 : P(§) > Py and V€ < —19 : P(§) < P_. Taking
7 = max{7p, 71, T2} we obtain

vig|>r: PO 0
Vil <T: P(—7) < P(§) < P(7)

. Hence we have Yk > 27 : V€ € R: P(£ + k) > P(£). Suppose now that P()(£) < 0 for

some ¢ € R and set

ko = inf{k > OVE e R: P(E+ k) > P(€)} (4.77)

. As PU(€) < 0 for some ¢ we certainly have kg > 0. Also, kg < 27 and V¢ € R :
P(& + ko) > P(§). By definition, if 0 < k < ko then P(§ + k) < P(&) for some
&, where necessarily [§9] < 7 and [y + k| < 7. We consider the continuous function
k— P(§0 + k?) — P(&o) and hence P(&) + ko) — P(fo) = limk/ko P(fo + ]{7) — P(fo) <0.
Therefore P(&y + ko) = P(&o). Both P and 7_, P are solutions of (4.1) so Lemma 4.1.1
implies that P(§ + ko) = P (&) either V& < &y or V& > &y which are both impossible. We
conclude that P () < 0 is impossible.

The strict inequality follows from yet another application of Lemma 4.1.1, this time
to the linearization about P, where we take the two solutions z; = P and 29 = 0,
knowing that P1)(€) > 0 for large |€]. O

We know see that if P € W1°(R R) satisfies Equation (4.1) for some p € W and
¢ # 0, then P is strictly increasing and the operator A, r associated to the linearization
about P satisfies all the conditions of Theorem 4.2.8, exponential approach of the limiting
equations following from exponential approach of the equilibria (see 4.3.3 and its proof),
boundedness of the matrix coefficients A; following directly from the properties of F' and
the exponential approach of the limiting coefficients, Ax4+ < 0 also directly following from
properties of F' and taking p = P() for some solutions P as the nontrivial, nonnegative,
bounded solution.

The strict monotonicity of solutions joining the equlibria +1 and their smoothness
allows us to seek a uniquely determined (for each particular solution) translate satisfying
x(0) = 0. We shall therefore seek solutions in the subspace

Wy ™ = {x € WH®|z(0) = 0} (4.78)

At last we arrive at our final theorem/proposition, Proposition 6.4 from [3], and again
refer the interested readers to the original papers for more results and references.

Proposition 4.3.5
Let
M = {(c, P, p) € R\{0} x Wy"™ x W|P solves (4.1) with (4.2)} (4.79)
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& RxXW)™ x W — L™
(8(c, P,p))(€) = —cPV(&) = F(P(E+ 1), ,P(E+7N),p)

and (CO, P(),p()) e M.
Then the derivative of & at this point with respect to the first to arguments, is an
isomorphism from R ><I/V01 > onto L, i.e.

(4.80)

D12 i RxWE™ x W — (L) *Wo™

" (4.81)
((D128) (e, ) (w,9) | (€) = —wP (&) + (Ae1p)(€)
where (w,y) € R x W™ and
0
is the linear operator associated with the linearization at P and
(D128)(co, Po, po) : R x W™ — L™ (4.83)

is an isomorphism.

Thus by the implicit function theorem, there exist for each p near py a unique point
(c(p), P(p)) € (R\{0}) x WOI’OO near (co, po), depending C'* smoothly on p for which

&(c(p), P(p),p) =0 (4.84)

For each such p the solution P(p) to (4.1) satisfies the boundary conditions (4.2), hence
(c(p), P(p), p) € M.

Proof. We first take note that G really is Fréchet C! with

((D8(c. . p)) (€.Q.0))(€) = ~dP(E) + (AesQ)E) + (5 F)R(P.6), )

for (¢, P, p),(d,Q,0) € R ><W01’oo x W. To prove this we first note that

1(&(c+d,P+Q.p+0) = 8(c, P,p) - (DB(c, P.p)(d,Q,0)) (£)]
N

— IF((P.€) + K(@.€).p +0) = FI(P.E).p) = 3 (5 F) (€ pH(E +75) = (3 F) 6(P.).0)]
i=1 !

< IF((P,€) + K(Q.€). p + ) ~ F(s(P.). 0+ 0) — (DF)(x(P,&).p + 0)(K(Q.)]

HIF((P,),p+ @) = F6(P).p) — (4 F) (K(P.€),0)]
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where
K(P,§) = (P(&1+m1), -, P(E+TN))
. Hence, by C'ness of F, we have that

i [B(c+d,P+Q,p+0c)—&(c,P,p) — (D&(c, P, p))(d,Q,0)| L

(4.Q.9)0 [[CAC]— !
so & is C! as D@ is clearly continuous in (¢, P, p). Therefore we can apply the implicit
function theorem as soon as we know that Dj2® is an isomorphism.

Consider the linearization of (4.1) about Py, i.e. the linear equation (4.11) with A;
as in (4.82). Let A, 1 denote the associated linear operator from W1 — L. We see
that this operator satisfies all the conditions of Theorem 4.2.8 as already mentioned in

(1)

the paragraph before this theorem. In particular, F;~ solves 4.11 so Proposition 4.3.4

gives the nonnegative element p = Po(l). Thus by theorem 4.2.8 the kernel K, 1, of Ag, 1,
(1)

is precisely the one dimensional span of F;

The strict positivity P\") > 0 and particularily P{"(0) > 0 implies P ¢ W"*°. Hence
the restriction of A, 1 to W1 is injective. Hence it is naturally an isomorphism from
VVOI’OO to its range R, € L°°, which has codimension one by 4.2.8. 4.2.8 further
provides existance of 0 < p* € R, 1+, 50

/R ()P (€)de > 0 (4.85)

Theorem 4.2.8 now implies P §Z R, by a Fredholm Alternative. We conclude from
this, the formula of Dj2® and the fact that R, 1 is complemented by the one dimen-
sional span of Po(l) that D12® : R XWOLOO — L% is an isomorphism. With this the
implicit function theorem yields ¢(p) and P(p) satisfying (4.84).

It remains to be shown that this P(p) satisfies the boundary conditions (4.2). As P (p)
varies continuously with p, so do p4(p) == px(P(p)) and p4 +00(p) = ,ui,ioo(P(p))
satisfying the boundary conditions (4.2) implies that 14+ o (po) = 1 and g+ —oo(po) =
By continuity and Lemma 4.3.1, i.e. Equation (4.62), we conclude that p+ o (p) =1 and
H4,—oo(p) = —1 for any p near py and hence have finished the proof. O
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