Contemporary Mathematics Volume 00, 0000

Two Proofs of Convergence for the Combination Technique for the Efficient Solution of Sparse Grid Problems

H.-J. BUNGARTZ, M. GRIEBEL, D. RÖSCHKE, AND C. ZENGER

Abstract. For a simple model problem — the Laplace equation on the unit square with a Dirichlet boundary function vanishing for x = 0, x = 1, and y = 1, and equaling some suitable g(x) for y = 0 — we present a proof of convergence for the combination technique, a modern, efficient, and easily parallelizable sparse grid solver for elliptic partial differential equations that recently gained importance in fields of applications like computational fluid dynamics. For full square grids with meshwidth h and O(h−2) grid points, the order O(h2) of the discretization error using finite differences was shown in [5], if g(x) ∈ C2[0, 1]. In this paper, we show that the finite difference discretization error of the solution produced by the combination technique on a sparse grid with only O

(_(

h^{−1} · log_2(h^{−1})

)_{grid points is of the order} O ( h^2 · log_2(h^{−1})

)_,

if the Fourier coefficients bk of g̃, the 2-periodic and 0-symmetric extension of g, fulfill |bk| ≤ cg · k^{−3−}” for some arbitrary small positive ε. If 0 < ε ≤ 1, this is vaild for g ∈ C4[0, 1] and g(0) = g(1) = g′′(0) = g′′(1) = 0, e.g.. A simple transformation even shows that g ∈ C4[0, 1] is sufficient. We present results of numerical experiments with functions g of varying smoothness.

1. Introduction

Since their presentation in 1990 [7], sparse grids have turned out to be a very interesting tool for the efficient solution of elliptic boundary value problems. Besides the implementation of a hierarchical finite element algorithm on sparse grids [1], it has been first of all the combination technique [4] that attained attention in the sparse grid context. One of the main advantages of the combination technique stems from the properties of sparse grids [1]: In comparison to the standard full grid approach, the number of grid points can be reduced significantly from O(N^d) to O(N · (log_2(N ))^{d−1}) in the d-dimensional case, whereas the accuracy of the calculated approximation to the solution is only slightly deteriorated from

1991 Mathematics Subject Classification. 35J05, 65N06, 65N15, 65N22, 65N55. This work is supported by the Bayerische Forschungsstiftung via FORTWIHR — The Bavarian Consortium for High Performance Scientific Computing.

This paper is in final form, and no version of it will be submitted for publication elsewhere.

© 0000 American Mathematical Society 0000-0000/00 $1.00 + $.25 per page 1

O(N^{−2}) (see [5]) to O(N^{−2} · (log_2(N ))^{d−1}). Another advantage has to be seen in the simplicity of the combination concept, its inherent parallel structure, and its framework property which allows the integration of existing PDE solvers. Up to now, the combination technique has been applied to several types of elliptic PDEs including problems originating from computational fluid dynamics. Its excellent parallelization properties have been verified on different parallel architectures and on workstation networks (see the references in [3]).

For a proof of the approximation properties mentioned above, in the 2D case the existence of an error splitting of the type u(x, y) − u_{hx,hy} (x, y) = C_1(x, y, h_x)h^2_x + C_2(x, y, h_y)h^2_y + C(x, y, h_x, h_y)h^2_xh^2_y (1) with |C_1(x, y, h_x)|, |C_2(x, y, h_y)|, and |C(x, y, h_x, h_y)| bounded by some positive B(x, y) for all meshwidths h_x and h_y has to be shown [4]. Here, u(x, y) is the exact solution of the given boundary value problem, and u_{hx ,hy} (x, y) denotes the solution on the rectangular full grid with meshwidths h_x and h_y resulting from a finite difference discretization.

We present two proofs for the existence of such an error splitting in the case of Laplace’s equation on the unit square, if the Dirichlet boundary function satisfies certain smoothness requirements. Both times, we first split the discretization error u(x, y) − u_{hx,hy} (x, y) into three error terms also involving the solutions u_{hx,0} and u_{0,hy} of the Laplacian discretized in only one direction. Then, the first approach represents these error terms (differences) as integrals over differential quotients and, thus, reduces statements on u(x, y) − u_{hx ,hy} (x, y) to statements on some partial derivatives of u(x, y) and u_{hx ,hy} (x, y). The second proof works in a more straightforward way using the mean value theorem to get derivatives instead of differences. Here, we just outline the essential steps. For details, see [2] and [3].

2. The Combination Technique

Let L be an elliptic operator of second order. Consider the partial differential equation Lu = f on the unit square Ω =]0, 1[^2 with appropriate boundary conditions. Furthermore, let G_{i,j} be the rectangular grid on Ω̄ with meshwidths h_x := 2^{−i} in x- and h_y := 2^{−j} in y-direction (i, j ∈ IN). In [4], a technique has been introduced which combines the solutions u_{hx ,hy} of the discrete problems L_{hx ,hy} u_{hx ,hy} = f_{hx ,hy} associated to Lu = f on different rectangular grids G_{i,j}:

u^c_n := ∑ i+j=n+1 u_2�i_{,2}�j − ∑ i+j=n u_2�i_{,2}�j . (2)

The resulting solution u^c_n is given on the sparse grid G̃_{n,n} with O(2^nn) grid points instead of the usual full grid G_{n,n} with O(4^n) points. Figure 1 shows the sparse grids G̃_{3,3} and G̃_{4,4}. For a detailed introduction to sparse grids, see [7] and [1]. Note that we have to solve n different problems with O(2^{n+1}) grid points (i+j = n+1) and n−1 different problems with O(2^n) grid points (i+j = n). These 2n − 1 problems are independent from one another and can be solved in parallel.

Figure 1. Sparse grids G̃_{3,3} and G̃_{4,4}.

Finally, their bilinearly interpolated solutions have to be combined according to (2).

Assuming that, for each inner point (x, y) ∈ Ω, the pointwise error of the solution u_{hx ,hy} = u_2�i_{,2}�j obtained on the rectangular grid G_{i,j} is of the form (1), it has been shown in [4] that the error e^c_n(x, y) of the combined solution u^c_n(x, y) fulfills |e^c_n(x, y)| := |u(x, y) − u^c_n(x, y)| ≤ B(x, y) · h^2_n · ( 1 + 5 4 log_2(h^{−1}_n ) ) , (3) where h_n = 2^{−n}. In this paper, we deal with the question, which smoothness requirements have to be fulfilled by the Dirichlet boundary function in order to get a behaviour of the error u(x, y) − u_{hx ,hy} (x, y) on G_{i,j} as indicated in (1).

For the remainder, we concentrate on the Laplace equation Δu(x, y) = 0, (x, y) ∈ Ω, (4) with the Dirichlet boundary condition u(x, y) = { g(x) : (x, y) ∈ δΩ̄, y = 0 0 : (x, y) ∈ δΩ̄, y > 0. (5) Throughout the paper, we assume that the Fourier coefficients b_k of g̃, the 2-periodic and 0-symmetric extension of g, fulfill |b_k| := | | ∫_1 −1 g̃(x) sin(kπx)dx | | = | |2 ∫_1 0 g(x) sin(kπx)dx | | ≤ c^g k^{3+ε} (6) for some arbitrary small positive ε and a constant c_g depending only on g. For 0 < ε ≤ 1, e.g., it is a well-known fact from Fourier theory that (6) is valid if g̃ ∈ C^4(IR) or if g ∈ C^4[0, 1] and g(0) = g(1) = g^{′′}(0) = g^{′′}(1) = 0.

3. Explicit Solutions and Error Splitting

In this section, we are looking for explicit representations of the solutions u, u_{hx ,hy} , u_{hx ,0}, and u_{0,hy} of the Laplace equation (4) and the following three associated discretized problems with meshwidths h_x = 2^{−i} and h_y = 2^{−j}:

(7) 0 = u_{hx ,hy} (x − h_x, y) − 2u_{hx ,hy} (x, y) + u_{hx ,hy} (x + h_x, y) h^2_x + u_{hx ,hy} (x, y − h_y) − 2u_{hx,hy} (x, y) + u_{hx ,hy} (x, y + h_y) h^2_y ,

0 = u_{hx,0}(x − h_x, y) − 2u_{hx ,0}(x, y) + u_{hx ,0}(x + h_x, y) h^2_x + ∂^2u_{hx ,0}(x, y) ∂y^2 , (8)

0 = ∂^2u_{0,hy} (x, y) ∂x^2 + u_{0,hy} (x, y − h_y) − 2u_{0,hy} (x, y) + u_{0,hy} (x, y + h_y) h^2_y . (9) Thus, u_{hx,hy} solves the discrete problem resulting from the use of central finite differences in x- and y-direction. Accordingly, u_{hx,0} and u_{0,hy} denote the solutions of the problems discretized only in x- or in y-direction, respectively. Defining T (t, y) := sinh(tπ(1 − y)) sinh(tπ) , (10)

we know from [6] that the solution u of (4) fulfilling (5) can be written as u(x, y) := ∞∑ k=1 b_k sin(kπx)T (k, y). (11)

As shown in [3], the three discrete problems (7)–(9) are solved by u_{hx ,hy} (x, y) := ∞∑ k=1 b_k sin(kπx)T (μ_k, y), (12)

u_{hx,0}(x, y) := ∞∑ k=1 b_k sin(kπx)T (ν_k, y), (13)

u_{0,hy} (x, y) := ∞∑ k=1 b_k sin(kπx)T (λ_k, y), (14)

where

(15) μ_k(h_x, h_y) := 2 πh_y · arsinh ( h_y h_x · sin ( kπh_x 2 )) , ν_k(h_x) := lim_{hy →0} μ_k(h_x, h_y), λ_k(h_y) := lim_{hx →0} μ_k(h_x, h_y).

In each sum (12), (13), and (14), sin(kπx)T (., y) solves the corresponding problem (7), (8), and (9), respectively. The series converge, because T (t, y) ≤ 1 and because of our smoothness assumptions (6). Furthermore, u_{hx ,hy} , u_{hx ,0}, and u_{0,hy} fulfill all he same boundary condition (5) as u does. This results from the fact that we always use the continuous Fourier coefficients b_k.

Now, we use the explicit representations of u, u_{hx,hy} , u_{hx,0}, and u_{0,hy} to split the discretization error u_{hx ,hy} − u into three terms:

u_{hx ,hy} − u = Γ^{(1)}_{hx} + Γ^{(2)}_{hy} + Γ_{hx ,hy} ,

(16) where

(17)

Γ^{(1)}_{hx} := u_{hx ,0} − u, Γ^{(2)}_{hy} := u_{0,hy} − u, Γ_{hx ,hy} := u_{hx,hy} − u_{hx ,0} − u_{0,hy} + u. We have to learn under which circumstances

(18)

Γ^{(1)}_{hx} = h^2_x · C_1(x, y, h_x), Γ^{(2)}_{hy} = h^2_y · C_2(x, y, h_y), Γ_{hx ,hy} = h^2_xh^2_y · C(x, y, h_x, h_y) hold, where |C_1|, |C_2|, and |C| are bounded from above by some B(x, y).

4. Order of the Error Terms

We restrict ourselves to Γ_{hx,hy} . Looking at the explicit representations (11)–(14) of u, u_{hx ,0}, u_{0,hy} , and u_{hx,hy} , we see that Γ_{hx ,hy} can be written as a series, too: Γ_{hx ,hy} = ∞∑ k=1 b_k sin(kπx) · ( T (μ_k, y) − T (ν_k, y) − T (λ_k, y) + T (k, y) ) . (19)

Here, the crucial task is to transform the differences in (19) to derivatives, since the latter ones are easier to deal with. We study two possible ways of doing so.

For the first approach, we note that Γ_{hx ,hy} = ∑_∞ l=0 ∑_∞ m=0 γ_{hx ·2}�l_{,hy ·2}�m , where γ_{hx ,hy} = u_{hx ,hy} − u_{hx ,hy /2} − u_{hx/2,hy} + u_{hx /2,hy /2}. Then, introducing v(x, y, s, t) := u_2�s_{,2}�t (x, y) for arbitrary s, t ≥ 1, we get

γ_{hx ,hy} = γ_2�i_{,2}�j =

∫_{i+1} i ∫_{j+1} j ∂^2v(x, y, σ, τ ) ∂σ∂τ dσdτ. (20)

In a last step, we have to find estimates for the partial derivative^{∂2v}_{∂σ∂τ} . This can be done profiting from the help of tools of symbolic computation (see [2] for details).

The second proof starts with studying properties of T , ν_k, λ_k, and μ_k introduced in (10) and (15). As a result, applying the mean value theorem twice, we get

(21) T (μ_k, y) − T (ν_k, y) − T (λ_k, y) + T (k, y) = ∂ ∂h_y ( T_t ( F (ξ_k, h_y), y ) · F_t(ξ_k, h_y) )| |_{αhy} · hy · (νk − k), where F (t, h) := arsinh(th^π_2 )/(h^π_2 ), ξ_k ∈ ]ν_k, k[, and α ∈ ]0, 1[. Finally, we have to find bounds for the occurring partial derivatives of T and F (see [3] for details).

5. Numerical Experiments

We present some numerical results for the Laplacian on Ω =]0, 1[^2 with Dirichlet boundary conditions and the solutions u^{(α)}(x, y) := Im ( (x −^1_2 + iy)^α ) and u(x, y) := sin(πy) · sinh(π(1 − x))/ sinh(π). Here, α indicates the smoothness of u^{(α)} in the critical point (^1_2 , 0). If, e.g., α ≥ 4, then u^{(α)}(x, 0) ∈ C^4([0, 1]). Note that these examples can be reduced to the situation of (4), (5). For the discretization on the full grids G_{i,j}, we used finite differences as indicated in (7). The

Figure 2. Decrease in e^c_n(P )/n proceeding from level n − 1 to level n.

resulting systems were solved with the help of the NAG library routine D03EDF written by P. Wesseling (see [3] for details). Figure 2 shows the decrease in e^c_n(P )/n proceeding from level n − 1 to level n for our examples. Here, e^c_n(x, y) := u(x, y) − u^c_n(x, y) denotes the error of the combined solution, and P := (^1_4 ,^1_4 ). We see the O(h^2_n log_2(h^{−1}_n ))-behaviour for α ∈ {1.5, 2.5, 3.5} and for u and a worse convergence if α < 1.

References

1. H.-J. Bungartz, Dünne Gitter und deren Anwendung bei der adaptiven Lösung der dreidimensionalen Poisson-Gleichung, Dissertation, Technische Universität München, 1992.

2. H.-J. Bungartz, M. Griebel, D. Röschke, and C. Zenger, A proof of convergence for the combination technique for the Laplace equation using tools of symbolic computation, Proc. Internat. IMACS Symp. on Symbolic Computation (G. Jacob, N. Oussous, and S. Steinberg, eds.), IMACS / Université des Sciences et Technologies de Lille, Lille, 1993, pp. 56–61 (also: SFB-Report 342/4/93 A, Institut für Informatik der Technischen Universität München, 1993).

3. H.-J. Bungartz, M. Griebel, D. Röschke, and C. Zenger, Pointwise convergence of the combination technique for Laplace’s equation, SFB-Report 342/16/93 A, Institut für Informatik der Technischen Universität München, 1993.

4. M. Griebel, M. Schneider, and C. Zenger, A combination technique for the solution of sparse grid problems, Proc. IMACS Internat. Symp. on Iterative Methods in Linear Algebra (P. de Groen and R. Beauwens, eds.), Elsevier, Amsterdam, 1992, pp. 263–281.

5. P. Hofmann, Asymptotic expansions of the discretization error of boundary value problems of the Laplace equation in rectangular domains, Numerische Mathematik 9 (1967), pp. 302–322.

6. J. Walsh and D. Young, On the degree of convergence of solutions of difference equations to the solution of the Dirichlet problem, J. Math. & Phys. 33 (1954), pp. 80–83.

7. C. Zenger, Sparse grids, Parallel algorithms for partial differential equations: Proc. Sixth GAMM-Seminar (Kiel, 1990), Notes on Numerical Fluid Mechanics, vol. 31 (W. Hackbusch, ed.), Vieweg, Braunschweig, 1991.

Institut für Informatik der TU München, D-80290 München, Germany E-mail address: bungartz, griebel, roeschke, zenger@informatik.tu-muenchen.de