HYPERBOLIC CROSS APPROXIMATION OF INTEGRAL OPERATORS WITH SMOOTH KERNEL^∗

S. KNAPEK INSTITUT FÜR ANGEWANDTE MATHEMATIK ABTEILUNG FÜR WISSENSCHAFTLICHES RECHNEN UND NUMERISCHE SIMULATION UNIVERSITÄT BONN D-53115 BONN KNAPEK@IAM.UNI-BONN.DE

Abstract. This paper is concerned with the construction and use of trigonometric approximation spaces for the approximate evaluation of integral operators with smooth kernels. The smoothness classes we consider are mixtures of classes of functions of dominating mixed derivative. We define a scale of nested approximation spaces for the approximation of the kernel that includes the standard full grid spaces as well as the spaces related to hyperbolic cross points. We present theoretical results on the approximation power of these spaces and show under which circumstances these approximation spaces lead to algorithms that break the curse of dimensionality. Blending schemes for these new approximation spaces allow the use of simple data structures and the direct application of fast hierarchical methods such as multilevel methods and fast Fourier transforms. Numerical examples illustrate the theoretical findings. The results carry over to other multiscale tensor-product basis functions (specifically to biorthogonal wavelets) and to other tensor-product domains.

AMS subject classification. 41A30, 41A63, 41A65, 42B05, 42B30, 45L05, 45L10, 65D99, 65R20 Key words. hyperbolic cross points, Boolean blending, optimized approximation spaces, sparse grids, Fourier transformation, trigonometric approximation, integral equations

1. Introduction. Despite the rapid development of computer technology, many problems in scientific computing remain intractable to a direct numerical simulation due to storage requirements and numerical complexity. Especially problems in higher dimension remain well out of the range of todays largest computers even after the use of parallelization. Specifically, variational problems with solution in the standard Sobolev spaces H^t [A75] are well out of reach in higher dimensions. This is often called the “curse of dimensionality” [Wer91]. The situation often looks different when only problems with solution of higher regularity such as functions with dominating mixed derivatives are considered. Under this assumption, subspaces with relatively large dimensions that contribute only “little” to the error reduction can be identified and omitted from the approximation space [Bab60] and the dependence of the complexity on the dimension n may be weakened significantly.

This is related to the fact that the Fourier coefficients of certain multivariate functions exhibit decay properties that depend on the product of the frequencies in several coordinate directions. In contrast, the Fourier coefficients of functions from the standard (isotropic) Sobolev spaces behave like some power of the maximal frequency over all coordinate directions. In the first case, trigonometric approximation with cubes from the frequency space is inadequate, because it does not take into account these decay properties and leads to algorithms with unnecessary high cost. Instead, the approximation spaces should be adapted to the decay properties of the Fourier coefficients.

∗ SFB 256, REPORT 665, UNIVERSITÄT BONN, 2000 1

This observation has been utilized in the development of hyperbolic cross spaces. There the frequencies of the trigonometric basis functions that are included into the approximation space form a hyperbolic cross in Fourier space. These hyperbolic cross spaces (also known as sparse grid spaces) have now a long tradition in approximation and interpolation theory [Sm63] and have been used not only in connection with trigonometric approximation/interpolation but also together with other multiscale tensor-product basis functions, like wavelets [Gri95, Sp98, DeV98, Bi99, Gri99, Gri00] or splines of higher order [Bu98]. Examples from the literature concerning approximation and interpolation include [Bab60, De82, Bas85, Gon89, Bas89, Hal92, Te93b], see also [Ka96]. Applications to the approximate solution of partial differential equations and integral equations can be found in [Ca76, Z91, Bu98, Bu99, Ho00] and [Gri98, Gri99], respectively. Generalizations of hyperbolic trigonometric approximation to more general domains in frequency space may be found in [Ga78, Di88] and [Gri98, Bu98, Gri00]. In this context, one of the basic problems of scientific computing is the efficient evaluation of integral expressions of the form h(x) = Au(x) = ∫ T^n k(x, y)u(y)dy (1) with smooth global kernel k. Standard algorithms that use regular full grids for the discretization of the kernel in (1) lead to a cost that is exponentially dependent on 2n (n dimension). This makes the cost of evaluating Au at some point x very expensive, even for small dimensions (n = 2 oder 3).

To reduce this cost, the idea is to exploit the smoothness of the kernel k and the function u (and hence also the smoothness of h). Then one can construct (modifications of) hyperbolic cross spaces such that the evaluation of integral expressions of the type (1) can be performed with much lower cost but the same accuracy as with the full grid approximation space, see [P89] and [F96] for special cases with isotropic Sobolev smoothness for the kernel and [F95] for dominating mixed smoothness for k und u. In this paper we generalize the constructions of [P89, F95, F96] with respect to the considered smoothness assumptions and norms. The smoothness classes we consider are a mixture of Sobolev spaces of dominating mixed smoothness and isotropic smoothness, see Section 2 below. We construct approximation spaces of lower dimension than the standard full-grid spaces which preserve the approximation order of the standard full-grid spaces, provided that certain regularity assumptions are fulfilled. The idea is to represent the kernel k as well as u in a tensor-product multiscale basis and to translate the smoothness properties of the kernel into decay properties of the multiscale coefficients. Then these decay properties can be used to construct appropriate approximation spaces. Specifically we show under which circumstances one can break the curse of dimensionality and get rid of all asymptotic dependencies on n. The resulting approximation spaces are in general not so easy to handle numerically. However, functions from these new approximation spaces may be represented as a sum of approximations on anisotropic full grids (of small dimension). This idea has been utilized in connection with hyperbolic cross spaces [Bas85, Bas89, Gon89] and can be easily extended to the more general case we consider here. In such a way, we 2

can circumvent the necessity of complicated data structures. Moreover, this approach enables the straightforward use of hierarchical methods such as multilevel schemes and fast Fourier transformations in much the same way as it has been done in [Bas89, Hal92] for hyperbolic cross spaces.

The remainder of the paper is organized as follows. Section 2 collects the necessary definitions on Sobolev spaces via Fourier series and defines the concept of smoothness we consider here. In Section 3 we define our trigonometric approximation spaces and we comment on the approximation properties of these spaces. Additionally we draw some conclusions for the complexity of resulting trigonometric approximation algorithms and discuss its implications for an optimal choice of approximation spaces. Section 4 shows how to construct blending schemes for our approximation spaces and in Section 5 we present some numerical examples. Finally, Section 6 contains some concluding remarks. Note that in the following we stick to trigonometric bases functions and the cube with periodic boundary conditions. However, our results can be applied to other L^2-orthogonal tensor-product basis functions and even to biorthogonal tensor-product wavelets. Hence the results carry over to problems with other boundary conditions and more general domains provided that they allow tensor-product constructions.

2. Sobolev spaces and Fourier coefficients. We denote by T^n = T ×T ×· · ·×T , T := [0, 1], the n-dimensional torus which is identified with the n-dimensional cube, where opposite faces are identified. We write x ≃ y if there exist C_1, C_2 independent of any parameters x or y may depend on such that C_1·y ≤ x ≤ C_2·y. In the rest of the paper C denotes a generic constant which may depend on the smoothness assumptions and on the dimension n of the problem. Moreover, for j, k ∈ IN^n we write |j|_∞ := max_{1≤i≤n}(|j_i|), |j|_1 := ∑n i=1 |j_i|, |j, k|_∞ := max(|j|_∞, |k|_∞) and |j, k|_1 := |j|_1 + |k|_1.

Let us define periodic Sobolev spaces in n dimensions via Fourier series, i.e. we classify functions via the decay of their Fourier coefficients. Obviously there are many possibilities to generalize the concept of Sobolev spaces in one dimension [A75] to higher dimensions. Two simple possibilities are the additive or multiplicative combination (or if you like an arithmetic or geometric averaging) of the frequencies in the different coordinate directions. We use the following definition that combines both possibilites. For −∞ < t, l < ∞, set H^{t,l}_{mix}(T^n) = u(x) = ∑ k∈ZZ^n

c_ke^{−ikx} :

‖u‖_Ht,l_{mix} = ∑ k∈ZZ^n n∏ i=1 (1 + |k_i|)^{2t} · (1 + |k|_∞)^{2l} · |c_k|^2 1/2 < ∞ . (2)

The standard isotropic Sobolev spaces [A75] as well as the Sobolev spaces of dominating mixed smoothness [Schm87] are included here. They can be written as

H^s(T^n) = H^{0,s}_{mix}(T^n)

= u(x) = ∑ k∈ZZ^n

c_ke^{−ikx} : ‖u‖_Hs = ∑ k∈ZZ^n

(1 + |k|_∞)^{2s} · |c_k|^2 1/2 < ∞ (3) and H^{t,0}_{mix}(T^n) = u(x) = ∑ k∈ZZ^n c_ke^{−ikx} : ‖u‖_Ht,0_{mix} = ∑ k∈ZZ^n n∏ i=1 (1 + |k_i|)^{2t} · |c_k|^2 1/2 < ∞ , respectively. Hence, the parameter l from (2) governs the isotropic smoothness, whereas t governs the mixed smoothness. Thus, the spaces H^{t,l}_{mix} give us a quite flexible framework for the study of problems in Sobolev spaces.

Note that the spaces H^{t,l}_{mix} are a mixture of tensor-products [Wei80] of one-dimensional Sobolev spaces. For l ≥ 0, t ∈ IR it holds H^{t,l}_{mix}(T^n) = H^{t1+le1}_{mix} (T^n) ∩ · · · ∩ H^{t1+len}_{mix} (T^n), (4) where H^k_{mix}(T^n) = H^{k1} (T ) ⊗ . . . ⊗ H^{kn} (T ), 1 = (1, . . . , 1) and e_i = (0, . . . , 0, 1, 0, . . . , 0) is the i-th unit-vector in IR^n. This may easily be seen from the definition of the tensorproduct via orthonormal systems and the intersection of spaces, compare [Gri95, Gri00]. See also [Ho00] for analogous constructions with more general boundary conditions. For negative isotropic smoothness index, i.e. l ≤ 0, the space H^{t,l}_{mix}(T^n) may be equivalently defined as the dual of H^{−t,−l}_{mix} (T^n). Because of the relations ∏n i=1(1+|k_i|)^{1/n} ≤ 1+|k|_∞ ≤ ∏n i=1(1 + |k_i|) and 1/ ∏n i=1(1 + |k_i|) ≤ 1/(1 + |k|_∞) ≤ 1/ ∏n i=1(1 + |k_i|)^{1/n} the inclusions H^{t+l,0}_{mix} ⊂ H^{t,l}_{mix} ⊂ H^{t+l/n,0}_{mix} for l ≥ 0, t ∈ IR, and H^{t+l/n,0}_{mix} ⊂ H^{t,l}_{mix} ⊂ H^{t+l,0}_{mix} for l ≤ 0, t ∈ IR, hold. When the meaning is clear from the context, we will sometimes drop T^n and write for example H^{t,l}_{mix} instead of H^{t,l}_{mix}(T^n).

The important thing about (2) (at least in our context) is the characterization of H^{t,l}_{mix} via the decay properties of the Fourier coefficients c_k. The definition (2) implies that for u(x) = ∑ k∈ZZ^n cke −ikx ∈ Ht,l mix one has |c_k| ≤ C · (∏ n i=1(1 + |k_i|)^t(1 + |k|_∞)^l )_{−1} for almost all c_k, k ∈ ZZ^n.

3. Approximation spaces. Now we turn to the construction of approximation spaces for integral expressions of the form (1). We start with the approximation of functions in H^{t,l}_{mix}.

3.1. Approximation in H^{t,l}_{mix}. We first estimate the error between a function u ∈ H^{t,l}_{mix} and an approximation u_d. Let I ⊂ ZZ^n, u ∈ H^{t,l}_{mix}, u(x) = ∑ k c_ke^{−ikx} and u_d(x) = ∑ k∈I c_ke^{−ikx}. Then it holds ‖u − u_d‖^2_Hs = ‖ ∑ k∉I c_ke^{−ik.}‖^2_Hs^{(2)}= ∑ k∉I (1 + |k|_∞)^{2s}|c_k|^2 ≤ max_{k∉I} ( (1 + |k|_∞)^{2s} ∏n i=1(1 + |k_i|)^{2t}(1 + |k|_∞)^{2l} ) · ∑ k∉I n∏ i=1 (1 + |k_i|)^{2t}(1 + |k|_∞)^{2l} · |c_k|^2 (2) ≤ max_{k∉I} ( (1 + |k|_∞)^{2(s−l)} ∏n i=1(1 + |k_i|)^{2t} ) · ‖u‖^2_Ht,l_{mix} . (5) 4

If we use in (5) for I the index set {j ∈ ZZ^n : |j|_∞ ≤ d} which corresponds to the standard approximation space with frequencies from the cube [−d, d]^n, we obtain ‖u − u_d‖_Hs ≤ (1 + d)^{s−l−t} · ‖u‖_Ht,l_{mix} . (6) A close look on (5) reveals that we can discard indices from the full grid without destroying the order of approximation in (6). This motivates the following definition of index sets and approximation spaces.

Let d ∈ IN, T ∈ (−∞, 1]. Let the index sets F I^T_d and the spaces F V^T_d be given by

F I^T_d := { k ∈ ZZ^n : n∏ i=1 (1 + |k_i|) · (1 + |k|_∞)^{−T} ≤ (1 + d)^{1−T} } , (7)

F V^T_d := span{e^{−ik.} : k ∈ F I^T_d } = {f(x) = ∑ k∈F I^T_d c_ke^{−ikx}}. (8)

As a natural extension to the case T = −∞ we define

F I^{−∞}_d := {k ∈ ZZ^n : |k|_∞ ≤ d}

and similarly F V^{−∞}_d .

The new parameter T in (7) allows us to decouple the definition of the index sets from the smoothness parameters and to investigate more closely into the relation between smoothness assumptions, the choice of approximation space and the order of approximation. The two parameters d and T govern the number of elements in the approximation space as well as the choice of frequencies that are selected from the whole spectrum. The upper bound (1 + d)^{1−T} limits the maximal frequency (in every direction) in our approximation spaces to d. Figure 1 shows the frequencies of those exponentials that are included into the approximation space F V^T_d for various parameters T in the twodimensional case. The well known hyperbolic cross [Sm63] appears as a special case for T = 0. A positive value of T leads to a smaller approximation space compared to the hyperbolic cross space, whereas a negative value of T leads to a larger approximation space. The standard approximation space connected with the regular full grid is obtained with T = −∞. Hence the spaces F V^T_d from (8) form a scale of nested approximation spaces

F V^{T1}_d ⊂ F V^{T2}_d ⊂ F V^{−∞}_d , for − ∞ < T_2 < T_1 ≤ 1,

including the hyperbolic cross spaces as well as the standard full grid approximation spaces.

The following Theorem summarizes the approximation properties of the spaces F V^T_d .

Theorem 1. Let ϵ ∈ IR^+, s < l + t, t ≥ 0, u ∈ H^{t,l}_{mix}, u(x) = ∑ k c_ke^{−ikx} and u^T_d (x) = ∑ k∈F I^T_d cke −ikx its approximation in F V T

d . Then it holds

‖u − u^T_d ‖_Hs ≤ O ( (1 + d)^{s−l−t+(T t−s+l) n−1n−T} ) · ‖u‖_Ht,l_{mix} for T ≥^{s−l}_t , O ( (1 + d)^{s−l−t} ) · ‖u‖_Ht,l_{mix} for T ≤^{s−l}_t . (9)

Fig. 1. Index sets F I^T_{100} for T = 0.5, 0, −2, −10 (left to right) in the two-dimensional case; the hyperbolic cross corresponds to T = 0

The number of elements N needed to obtain an approximation u_d with ‖u − u_d‖_Hs ≤ ϵ is bounded by

N ≤ O ( ϵ^{1s−l−t} ) for s > l, t > 0, O ( ϵ^{1s−l−t} · ln(ϵ^{−1})^{n−1} ) for s = l, t > 0, O ( ϵ 1 s−l n −t ) for s < l, t > 0, O ( ϵ^{ns−l} ) for t = 0.

(10)

Proof: Inequality (9) follows from (7) together with (5). We note that the estimates

inf_{v∈V TJ} ‖u − v‖_Hs ≤

O ( N^{s−l−t} ) · ‖u‖_Ht,l_{mix} for 0 < T, T <^{s−l}_t , O ( N^{s−l−t+(T t−s+l) n−1n−T} ) · ‖u‖_Ht,l_{mix} for 0 < T, T ≥^{s−l}_t , O (( N ln(N )^{n−1} )s_−l_−t) · ‖u‖_Ht,l_{mix} for T = 0, T <^{s−l}_t , O (( N ln(N )^{n−1} ) s−l_{n −}t) · ‖u‖_Ht,l_{mix} for T = 0, T ≥^{s−l}_t , O ( N^{s−l−tn · T −nT −1} ) · ‖u‖_Ht,l_{mix} for T < 0, T <^{s−l}_t , O ( N^{s−l}n^{−t} ) · ‖u‖_Ht,l_{mix} for T < 0, T ≥^{s−l}_t , O ( N^{s−l−t}n ) · ‖u‖_Ht,l_{mix} for T = −∞,

(11)

are a direct consequence of (9) together with the following estimate of the number of elements in F V^T_d ,

dim ( F V^T_d ) ≤ O(1 + d) for 0 < T ≤ 1, O ((1 + d) · ln(1 + d)^{n−1}) for T = 0, O ( (1 + d)^{T −1T/n−1} ) for T < 0, O ((1 + d)^n) for T = −∞.

(12)

For a proof of (12) see [Di83, Gri00]. Now we have to assume that the right hand sides in (11) are smaller than ϵ and to solve for N . The choice T =^{s−l}_t then shows (10). 6

Fig. 2. order_1 for s = 1 and the spaces H^{0,2}_{mix}, H^{1,1}_{mix} and H^{2,0}_{mix} (left to right); 2 Theorem 1 shows that the optimal order of approximation is kept when changing from the full grid approximation space F V^{−∞}_d to an approximation space F V^T_d with T ≤ (s − l)/t. However, the use of approximation spaces F V^T_d with T > (s − l)/t leads to a deterioration of the optimal order of convergence. Moreover we obtain from (10) that the number of elements necessary to obtain an ϵ-approximation of a function from H^{t,l}_{mix} is asymptotically independent of the dimension n if s < l, t > 0 hold. The relevant sizes in the estimates in (11) are the exponents of N . They are a measure for the approximation power of our approximation spaces. If we disregard eventual logarithmic factors, we are led to a nice possibility to visualize the implications of Theorem 1 by plotting the negative N -exponents in (11). We denote these by order_1 and plot them versus T for different n, different smoothness classes H^{t,l}_{mix} and different error-norms ‖.‖_Hs. Figures 2 and 3 show some examples.

For the standard Sobolev space u ∈ H^{0,2}_{mix} (i.e. t = 0, l = 2). and the approximation spaces with T ≤ 0 the resulting order is independent of T but dependent on the dimension n. This reflects the so called ‘curse of dimensionality’ which makes problems in isotropic Sobolev spaces (3) intractable for higher dimensions n, see Figures 2 and 3 (left). For T > 0 the order deteriorates with larger T .

If we restrict the class of functions, now to the smoothness class H^{1,1}_{mix} (i.e. t = 1, l = 1) we obtain the results of Figures 2 and 3 (middle). For example Figure 2 (middle) shows that for s = 1 (i.e. the error is measured in the H^1-norm) the order is dependent on the dimension n for all T . But for T = 0 the dependence is only logarithmically. For the smoothness class H^{2,0}_{mix} (i.e. t = 2, l = 0) the situation is different again. For example for T < 0 and s = 1, the complexities are again dependent on n, but in the range 0 < T ≤ 1/2 the order is independent of T and n, see Figure 2 (right). For T > 1/2 the order deteriorates.

Similarly Figure 3 shows the corresponding graphs for the case s = −1/2. Again, the dependence on the dimension n is reduced with higher smoothness. However, there remains a slight n-dependence also for the case of higher (mixed) smoothness, which is in contrast to the case of positive s.

Fig. 3. order_1 for s = −^1_2 and the spaces H^{0,2}_{mix}, H^{1,1}_{mix} and H^{2,0}_{mix} (left to right);

3.2. Kernel approximation. Now we turn to the approximation of the integral operator A from (1), i.e. we look for approximation spaces for k, u and h in (1). We write ψ_j(x) =

(_1 2π )n/_2 e^{−ijx}, j ∈ ZZ^n. Let k(x, y) = ∑ jk a_{jk}ψ_j(x)ψ_k(y), u(x) = ∑ k b_kψ_k(x) and let there be given an approximation of the kernel of the form k_d(x, y) = ∑ (j,k)∈I a_{jk}ψ_j(x)ψ_k(y)

with some index set I ⊂ ZZ^{2n}. We define the operator A_d by A_du(x) = ∫ T^n k_d(x, y)u(y)dy. (13) The following Theorem estimates the error ‖(A−A_d)u‖_Hs between the integral operator A and its approximation A_d.

Theorem 2. Let (A − A_d)u ∈ H^s, s ∈ IR. Then ‖(A − A_d)u‖^2_Hs ≃ ∑ j (1 + |j|_∞)^{2s} ∑ k:(j,k)∉I a_{jk}b_k 2 . (14)

Let moreover u ∈ H^{p,q}_{mix}(T^n) and k ∈ H^{t,l}_{mix}(T^{2n}), with p, q, t, l ∈ IR, then it holds ‖(A − A_d)u‖_Hs ≤ C · ( max_I ) · ‖k‖_Ht,l_{mix} · ‖u‖_H^{p,q}_{mix} , (15) where

max_I := max_{(j,k)∉I} ( (1 + |j|_∞)^s (1 + |j, k|_∞)^l(1 + |k|_∞)^q · ∏n i=1(1 + |j_i|)^t(1 + |k_i|)^{t+p} ) .

Proof: Due to the L^2-orthonormality and the stability of the basis in H^s we have ‖(A − A_d)u‖^2_Hs = ‖ ∫ ∑ (j,k)∉I a_{jk}ψ_j(x)ψ_k(y) · ( ∑ l b_lψ_l(y) ) dy‖^2_Hs 8

= ‖ ∑ (j,k)∉I a_{jk}b_kψ_j(x)‖^2_Hs

= ‖ ∑ j ∑ k:(j,k)∉I a_{jk}b_k ψ_j(x)‖^2_Hs (3) ≃ ∑ j (1 + |j|_∞)^{2s} ∑ k:(j,k)∉I a_{jk}b_k 2 . (16)

Under the assumptions u ∈ H^{p,q}_{mix}(T^n) and k ∈ H^{t,l}_{mix}(T^{2n}) we obtain

‖(A − A_d)u‖^2_Hs ≃ ∑ j (1 + |j|_∞)^{2s} ∑ k:(j,k)∉I a_{jk}b_k 2

≤ ( max_I

)_2 · ∑ j ∑ k:(j,k)∉I (1 + |j, k|_∞)^l ( n ∏ i=1 (1 + |j_i|)^t(1 + |k_i|)^t ) a_{jk}·

·(1 + |k|_∞)^q n∏ i=1 (1 + |k_i|)^pb_k

)_2

≤ ( max_I

)_2 · ∑ j ( ∑ k (1 + |j, k|_∞)^{2l} ( n ∏ i=1 (1 + |j_i|)^{2t}(1 + |k_i|)^{2t} ) a^2_{jk} )

· ( ∑ k (1 + |k|_∞)^{2q} n∏ i=1 (1 + |k_i|)^{2p}b^2_k )

(2) ≃ ( max_I

)_2 · ‖k‖^2_Ht,l_{mix} · ‖u‖^2_Hp,q_{mix} . This shows (15). 2 In the rest of this section we assume l, t, p, q ≥ 0 and l + t ≥ s ≥ −(p + q). Then, if we use in (15) for I the index set {(j, k) ∈ ZZ^{2n} : |j, k|_∞ ≤ d} which corresponds to the standard approximation space with frequencies from the cube [−d, d]^{2n}, we obtain ‖(A − A_d)u‖_Hs ≤ C · (1 + d)^{s−l−t} · ‖k‖_Ht,l_{mix} · ‖u‖_H^{p,q}_{mix} . (17) Note that this index set has O((1 + d)^{2n}) elements. Hence the integral evaluation would require O((1 + d)^{2n}) operations. However, a close look on (15) and (17) reveals that we can discard indices from the full grid index set without destroying the order of approximation. We see from (15) that the smallest index set that preserves the approximation properties of the standard approximation space is given by

F KI_d(s, t, l, p, q) = {(j, k) ∈ ZZ^{2n} : (1 + |j|_∞)^{−s}(1 + |k|_∞)^q(1 + |j, k|_∞)^l · · ( n ∏ i=1 (1 + |j_i|)^t(1 + |k_i|)^{t+p} ) ≤ (1 + d)^{l+t−s}}. (18)

Fig. 4. Example 2: Index sets F KI_{100}(s, r, 0, r, 0) for s/r = −1, −0.5, 0, 0.2 (left to right) onedimensional case;

Fig. 5. Example 1: Index set F KI_{100}(s, 0, r, 0, r) for s/r = −1, −0.5, 0, 0.2 (left to right) onedimensional case;

The corresponding trigonometric approximation space is F KV_d(s, t, l, p, q) := span{e^{−ijx}· e^{−iky} : (j, k) ∈ F KI_d(s, t, l, p, q)}. The parameter d and the smoothness parameters s, l, t, p and q govern the number of elements in this approximation space as well as the choice of frequencies that are selected from the whole spectrum. The upper bound (1 + d)^{l+t−s} limits the maximal frequency (in every direction) in our approximation spaces to d.

Figures 4 and 5 show the index sets F KI_d(s, r, 0, r, 0) and F KI_d(s, 0, r, 0, r) in the one dimensional case for various choices of s and r. Note that in these cases, the resulting index sets depend only on the quotient s/r.

A special case is the index set F KI_d(0, t, 0, 0, 0) = {(j, k) : ∏n i=1(1 + j_i)(1 + k_i) ≤ d} for t > 0, corresponding to the (standard) hyperbolic cross. It is optimal for the approximation of the kernel if the error ‖(A − A_d)u‖ is measured in the L^2-norm and if we have k ∈ H^{t,0}_{mix}(T^{2n}) and u ∈ L^2(T^n). Another special case is the index set F KI_d(0, 0, l, 0, 0) = {(j, k) : (1 + |j, k|_∞) ≤ d} for l > 0, corresponding to the full grid approximation space. It is optimal if the error is measured in the L^2-norm and if we have k ∈ H^l(T^{2n}) and u ∈ L^2(T^n).

The index set F KI_d from (18) can now be used to compute an approximation h_d = ∑ j h_jψ_j(x) of h via the expression

h_j = ∑ k:(j,k)∈F KI_d a_{jk}b_k. (19)

Note that the index set F KI_d(s, t, l, p, q) for the kernel k implies index sets for the approximation of u and h in (1). This may be seen directly from (19). The corresponding 10

index sets are

{k ∈ ZZ^n : (0, k) ∈ F KI_d(s, t, l, p, q)} for u and (20) F I^{s−lt}_d = {j ∈ ZZ^n : (j, 0) ∈ F KI_d(s, t, l, p, q)} for h. (21) The following Lemma summarizes the approximation properties of our new approximation spaces. Lemma 1. Let s ∈ IR, t, l, p, q ∈ IR^+_0 , t+l ≥ s ≥ −(p+q), k ∈ H^{t,l}_{mix}(T^{2n}), u ∈ H^{p,q}_{mix}(T^n) and ϵ ∈ IR^+. Let A, u, h, A_d as above, where we take A_d as in (13) with k_d(x, y) = ∑ (j,k)∈F KId(s,t,l,p,q) a_{jk}ψ_j(x)ψ_k(y).

Moreover let h_d(x) = ∑ j∈F I^{s−lt}_d h_jψ_j(x) an approximation of h where the coefficients h_j

are defined via (19). Then it holds ‖h − h_d‖_Hs ≤ C · (1 + d)^{s−l−t} · ‖k‖_Ht,l_{mix} · ‖u‖_H^{p,q}_{mix} . (22) In the case t > 0, i.e. for a kernel with dominating mixed smoothness, the number of elements N needed to obtain an approximation h_d with ‖h − h_d‖_Hs ≤ ϵ is bounded by

N ≤ O(ϵ^{1s−l−t} ) for s − l > 0, O(ϵ^{1s−l−t} ln(ϵ^{−1})^{n−1}) for s − l = 0, O ( ϵ 1 s−l n −t ) for s − l < 0, (23)

compare (10). In the case of isotropic smoothness, i.e. t = p = 0, the number of elements N needed to obtain an approximation h_d with ‖h − h_d‖_Hs ≤ ϵ is bounded by

N ≤ O(ϵ^{ns−l} ) for s − l + q > 0, O(ϵ^{ns−l} ln(ϵ^{−1})) for s − l + q = 0, O ( ϵ^{2ns−l−q} ) for s − l + q < 0. (24)

Proof: The inequality (22) follows directly from (15) and the definition of F KI_d in (18). To proof (23) and (24) compute the dimension of the index set F KI_d(s, t, l, p, q) (apply Theorem 6 from [Di83]), plug these estimates into (22), assume that the right hand sides of the resulting estimates are smaller than ϵ and solve for N . 2 Inequality (22) repeats the fact that the index set F KI_d(s, t, l, p, q) results in the same error as the standard full grid approximation space, although the dimension of F KI_d(s, t, l, p, q) is (in most cases) much smaller.

Interestingly, even in the case of kernel with isotropic smoothness, sparse grid constructions are more suitable for the approximation than the full grid. This has been discovered in [P89] for the special case k ∈ H^r(T^{2n}), u ∈ H^r(T^n) and s = 0, see also [F96]. 11

Fig. 6. Index sets BI^{−∞}_8 , BI^{−1}_8 , BI^0_8 and BI^{0.5}_8 in grey shading (left to right) and coefficients r_j from (29), 2D case. Only the coefficients r_j ≠ 0 are shown.

4. Blending-schemes. In this section we construct an algorithm for the evaluation of integral expressions of the type (1) that uses the index sets F KI_d from (18). The essential idea is to construct our approximation spaces as sums and differences of simpler spaces via blending schemes. Such constructions are of special interest, as our approximation spaces are in general not so easy to handle numerically as standard spaces connected with full grid point sets. Moreover, this approach enables the straightforward use of the fast Fourier transform and circumvents the necessity of complicated data structures. See [Bas85, Bas89, Gon89] for similar constructions for the space F V^0_d . For implementational reasons it is convenient to use dyadic refinement and dyadic hyperbolic crosses. Let

G_J (s, t, l, p, q) := {(j, k) ∈ IN^{2n} : − s|j|_∞ + l|j, k|_∞ + t|j, k|_1 + q|k|_∞ + p|k|_1 ≤ (l + t − s)J}. (25) Then, instead of the index sets from (18) we use I_J (s, t, l, p, q) := {(j, k) ∈ IN^{2n} : ∃(v, w) ∈ G_J (s, t, l, p, q) such that j_i ≤ 2^{vi} , k_i ≤ 2^{wi} , 1 ≤ i ≤ n} (26)

and instead of F I^T_d from (7) we use BI^{s−lt}_J := {j ∈ IN^n : (j, 0) ∈ I_J (s, t, l, p, q)}, (27) where J denotes the level of refinement. The statements from section 3 on the dimension of our spaces and their approximation properties carry over directly (just substitute (1 + d) by 2^J in Lemma 1 and Theorem 1). Figure 6 shows some examples for the index sets BI^T_J from (27) in the two-dimensional case. Our algorithms are based on the following Blending-Theorem.

Theorem 3. Let I ⊂ IN^N , N > 1 have the following property: If j ∈ I, then every k with k ≤ j is in I.

Let W_j = span{ψ_k : k ≤ j}, V = ∑ j∈I W_j and u = ∑ j∈I w_j, w_j ∈ W_j. Let V_j = ∑ k≤j W_k be the anisotropic full grid space and let

u_j = ∑ k≤j w_k for j ∈ I. (28) 12

Then we have

u = ∑ j∈I:r_j≠0

r_ju_j with r_j = N −1∑ k=0 (−1)^k ∑ {l:l=j+ ∑ i∈M ei∈I, M⊆{1,...,N},|M|=k} 1 . (29)

That is, every element u from V can be written as a weighted sum of approximations u_j from anisotropic full grid approximation spaces V_j.

To proof (29), note that every element w_j from W_j may be written as sum and difference of elements u_k = ∑ k≤j w_j from the spaces V_k, k ≤ j,

w_j = N∑ k=0 (−1)^k ∑ {l:l=j− ∑ i∈M ei∈I, M⊆{1,...,N},|M|=k} u_l.

Now we plug this into u = ∑ j∈I w_j, collect equal terms in the sum and exploit the fact that r_j = 0 if j + 1 ∈ I.

Now we apply Theorem 3 for the interpolation of smooth functions and the evaluation of integral expressions.

Example 1: Interpolation For trigonometric interpolation and also for integration purposes one needs sampling/interpolation points in physical space. Our approximation spaces imply certain grid sequences that can be used for these purposes. For j = (j_1, . . . , j_N ), N ∈ IN we define the anisotropic full grid

S_j := { (a_12^{−j1} , . . . , a_n2^{−jN} ), a_i = 0, . . . , 2^{ji} − 1, 1 ≤ i ≤ N }

The grid sequence associated with an index set I ⊂ IN^N is

S_I := ∪_{j∈I} S_j. (30)

Note that the number of grid points in S_I is given by dim(I). For example for the index set BI^T_J from (27) the corresponding grid point set is given by S_{BI}T_J := ∪_{j∈BI}T_J S_j. These grid point sets are nested and include the full grid (T = −∞) and the grids connected with the hyperbolic cross spaces (T = 0) as special cases. Figure 7 shows some examples of S_{BI}T_J in the two-dimensional case.

The following algorithm may be used for the interpolation of a (sufficiently smooth) function f at the grid points S_I from (30). The algorithm is an extension of the algorithm described in [Bas89, Hal92] for the interpolation on standard hyperbolic crosses F I^0_d.

Algorithm 1. (Interpolation)

1. Sample function values of f at the grid points of those anisotropic grids S_j that have j ∈ I, r_j ≠ 0.

Fig. 7. Grid points S_{BI}�2_8 , S_{BI}0_8 , S_{BI}0:5_8 in the two-dimensional case

2. For each such grid Fourier transform the obtained grid values. This results in the coefficients c_m of the functions u_j = ∑ l≤j c_lψ_l ∈ V_j from (28).

3. Combine the u_j according to (29).

Step 2 may be performed by the fast Fourier transform [Co65]. A short consideration shows that the number of grid points ∑ j∈I |S_j| that are used in the blending scheme is of the same order as dim(I). Hence, the cost of algorithms using these blending schemes is bounded by the sum of the cost of the multiscale transformations on the anisotropic grids S_j, j ∈ I.

Example 2: Integral evaluation The following algorithm may be used for the approximate evaluation of integrals of type (1) with (sufficiently) smooth kernel k and (sufficiently) smooth function u. We make use of Algorithm 1 to obtain interpolants of k and u. Now we use blending schemes for the approximation of k, u and h. Algorithm 2. (Integral evaluation)

1. Compute the blending representations of the interpolants of k and u according to Algorithm 1. For k use the index set I_J (s, t, l, p, q) from (26) and for u use the index set {l : (0, l) ∈ I_J (s, t, l, p, q)}, compare (20). This results in the coefficients a_{jk} for the approximation of k and b_j for the approximation of u.

2. Compute the coefficients h_j, j ∈ BI^{s−lt}_J (compare (27)) of the approximation of h according to h_j = ∑ k:(j,k)∈I_J ajkbk, compare (19).

The number of grid points that are used in this algorithm is of the order O(|I_J (s, t, l, p, q)|). Note that Algorithms 1 and 2 are naturally dimension recursive and are as such directly usable in arbitrary dimensions.

5. Numerical Examples. We compare our theoretical findings with numerical experiments. Our main goal is to emphasize the influence of the right choice of approximation space.

We choose like in [F96]

k(x_1, . . . , x_{2n}) = 1 2ζ(6)^nπ^n ∑ j_1,...,j_{2n}>0 2n∏ i=1 sin(j_ix_i) j^3_i , 14

u(x_1, . . . , x_n) = ∑ j_1,...,jn>0 n∏ i=1 sin(j_ix_i)

j^3_i

with ζ(6) = ∑_∞ i=1 1 i^6 = π^6

945 the Riemann ζ-function. The result of the integral evaluation is given by h(x_1, . . . , x_n) = u(x_1, . . . , x_n)/2. The functions k, u and h are elements of H^{5/2−ϵ,0} mix on T^{2n} and T^n, respectively, for all ϵ > 0, i.e. the index set

SGA(s) := {(j, k) ∈ IN^{2n} : 5 2 |j, k|_1 + 5 2 |k|_1 − s|j|_∞ ≤ ( 5 2 − s)J} (31) is specially suited for the approximation of the kernel, compare (18) in subsection 3.2. For comparison we also use the index sets of the full grid

V G := {(j, k) ∈ IN^{2n} : |j, k|_∞ ≤ J} (32)

and the index set

F HP (s) := {(j, k) ∈ IN^{2n} : 5 2 |j, k|_∞ + 5 2 |k|_∞ − s|j|_∞ ≤ ( 5 2 − s)J}. (33) F HP (s) is adapted to the smoothness H^{5/2} (for the kernel and for u), compare subsection 3.2. The index sets for the approximation of u and h are given by (21),(20). We use Algorithm 2 from section 4 together with these index sets to evaluate the integral.

Integral evaluation in 1D. We start with the case n = 1, that is, the kernel is two-dimensional. Figure 8 shows the accuracy of the methods that work with the above kernel- and function-approximations. The abszissa shows the number of Fourier coefficients that is used in the algorithm and the ordinate shows the error of the approximations in the L^2 or H^1-norm. The problem adapted index sets SGA(0) for the L^2-norm and SGA(1) for the H^1-norm give the best results. In the 1D case, the index sets F HP (s) does also give good results, whereas the full grid is obviously no good choice.

Integral evaluation in 2D. Again, we compare the index sets SGA(s) from (31) with the index sets V G and F HP from (32) and (33). Figure 9 visualizes the results. Now the index set SGA(s) adapted to the dominating mixed smoothness yields significantly better results than the index set F HP (s). Again, the full grid approximation spaces turn out to be not competitive.

6. Concluding remarks. In this paper we defined approximation spaces for the approximation of integral expressions with smooth kernels. We showed that the right choice of approximation space is crucial for good approximation results. Specifically we have seen that the smoothness of the kernel, the smoothness of u as well as the errornorm should be considered for the choice of approximation spaces. In extremal cases the influence of the dimension n on the cost of evaluating the integral expression can then be removed. In this way, we generalized results of [F95, F96] with respect to more general norms and general smoothness assumptions. Moreover we desribed blending schemes 15

Fig. 8. Error in L^2- and H^1-norm against number of coefficients used in the algorithm for different kernel approximations

Fig. 9. Error in L^2- and H^1-norm against number of coefficients used in the algorithm for different kernel approximations

that allow the construction of efficient and dimension recursive algorithms with simple data structures.

The constructions presented in this paper are not limited to the case of trigonometric approximation but can be utilized in a similar way for a large class of multiscale basis functions, compare [Gri00]. These considerations open the way for the extension to (non periodic) boundary conditions, see [Ho00], and allow (constructive) complexity estimates for approximation problems and operator equations in Sobolev spaces. Note that for boundary integral/element applications (pre-)wavelets have some additional advantages for compression strategies that are based on the (potential) decay properties of the kernel in physical space because they lead to a better sparsity of resulting discretized linear systems. Methods that exploit the latter decay properties are wavelet methods [Da93, Schn98] and multipol and panel clustering methods

[R85, Gre87, Hac89]. Note also that the tensor-product ansatz is not crucial for this type of compression.

REFERENCES

[A75] R.A. Adams, Sobolev spaces, Academic Press, New York, 1975.

[Bab60] K. I. Babenko, Approximation by trigonometric polynomials in a certain class of periodic functions of several variables, Dokl. Akad. Nauk SSSR 132 (1960), 672–675.

[Bas85] G. Baszenski, N -th order polynomial spline blending, in Multivariate approximation theory III, W. Schemp, K. Zeller (eds.), Birkhäuser, Basel, 1985, 35-46.

[Bas89] G. Baszenski, F.-J. Delvos, A discrete Fourier transform scheme for boolean sums of trigonometric operators, Int. Series of Numerical Mathematics 90, Birkhäuser, Basel, 1989, 15-23.

[Bi99] K. Bittner, Fast algorithms for periodic spline wavelets on sparse grids, SIAM J. Sci. Comput. 20(4) (1999), 1192-1213.

[Bu98] H.-J. Bungartz, Finite Elements of Higher order on Sparse Grids, Habilitation, Inst. für Informatik, TU München, 1998.

[Bu99] H.-J. Bungartz, M. Griebel, A note on the complexity of solving Poisson’s equation for spaces of bounded mixed derivatives, J. Complexity 15 (1999), 167-199.

[Ca76] J. C. Cavendish, W. J. Gordon, C. H. Hall, Ritz-Galerkin Approximations in Blending Function Spaces, Numer. Math. 26 (1976), 155-178.

[Co65] J. W. Cooley, J. W. Tukey, An algorithm for the machine calculation of complex Fourier series, Math. Comp. 19 (1965), 297-301.

[Da93] W. Dahmen, S. Prößdorf, R. Schneider, Wavelet approximation methods for pseudodifferential equations II: Matrix compression and fast solution, Advances in computational Mathematics 1 (1993), 259-335.

[De82] F.-J. Delvos, d-Variate Boolean interpolation, J. Approx. Theory 34 (1982), 99–114. [DeV98] R.A. DeVore, S.V. Konyagin, V.N. Temlyakov, Hyperbolic Wavelet Approximation, Constructive Approximation 14 (1998), 1-26.

[Di83] Din’ Zung, The approximation of classes of periodic functions of many variables. Russian Math. Surveys 38 (1983), 117-118.

[Di88] Din’ Zung, Approximation by trigonometric polynomials of functions of several variables on the torus, Math. USSR Sbornik 59 (1988), 247-267.

[F95] K. Frank, Complexity of local solution of multivariate integral equations, J. Complexity 11 (1995), 416-434.

[F96] K. Frank, S. Heinrich, S. Pereverzev, Information complexity of multivariate Fredholm equations in sobolev classes, J. Complexity 12 (1996), 17-34.

[Ga78] E.M. Galeev, Approximation by fourier sums of functions with several bounded derivatives, Math. Notes 23 (1978), 109-117.

[Gon89] H. H. Gonska, Simultaneous approximation by generalized n-th order blending operators, Int. Series of Numerical Mathematics 90, Birkhäuser, Basel, 1989, 173-180.

[Gor71] W. J. Gordon, Blending-function methods for bivariate and multivariate interpolation and approximation, SIAM J. Numerical Analysis 8 (1971), 158-177.

[Gre87] L. Greengard, V. Rohklin, A fast algorithm for particle simulations, J. of Comp. Physics 73(2) (1987), 325-348.

[Gri95] M. Griebel, P. Oswald, Tensor product type subspace splittings and multilevel iterative methods for anisotropic problems, Advances in Computational Mathematics 4 (1995), 171-206.

[Gri98] M. Griebel, S. Knapek, Optimized approximation spaces for operator equations, SFB-256 Bericht Nr. 568, Universität Bonn, 1998.

[Gri99] M. Griebel, P. Oswald, T. Schiekofer, Sparse grids for boundary integral equations, Numer. Math. 83(2) (1999), 279-312.

[Gri00] M. Griebel, S. Knapek, Optimized tensor-product approximation spaces, Constructive Approximation, to appear.

[Hac89] W. Hackbusch, Z. P. Nowak, On the fast matrix multiplication in the boundary element method by panel clustering, Numer. Math. 54 (1989), 463-491.

[Hal92] K. Hallatschek, Fouriertransformation auf dünnen Gittern mit hierarchischen Basen, Numer. Math. 63(1) (1992), 83-97.

[Ho00] R. Hochmuth, S. Knapek, G. Zumbusch, Tensor products of Sobolev spaces and applications, in preparation.

[Ka96] A. Kamont, On Hyperbolic Summation and Hyperbolic Moduli of Smoothness, Constructive Approximation 12 (1996), 111-125.

[Ku97] F. G. Kupka, Sparse grid spectral methods for the numerical solution of partial differential equations with periodic boundary conditions, Dissertation, Inst. für Mathematik, Universität Wien, 1997.

[P88] S.V. Pereverzev, On the complexity of finding solutions of Fredholm equations of the second kind with differentiable kernels, I, Ukrain. Mat. Zh. 40 (1988), 84-91.

[P89] S.V. Pereverzev, On the complexity of finding solutions of Fredholm equations of the second kind with differentiable kernels, II, Ukrain. Mat. Zh. 41 (1989), 169-173.

[R85] V. Rohklin, Rapid solution of integral equations of classical potential theory, J. of Comp. Physics 60(2) (1985), 187-207.

[Schm87] H.-J. Schmeisser, H. Triebel, Fourier Analysis and Functions spaces, John Wiley, Chichester, 1987.

[Schn98] R. Schneider, Multiskalen- und Wavelet-Kompression: Analysisbasierte Methoden zur effizienten Lösung großer vollbesetzter Gleichungssysteme, Advances in Numerical Analysis, Teubner, Stuttgart, 1998.

[Si99] W. Sickel, F. Sprengel, Interpolation on sparse grids and tensor-products of Nikol’skij-Besov spaces, J. of Computational Analysis and Applications 1 (1999), 261-286.

[Sm63] S.A. Smolyak, Quadrature and interpolation formulas for tensor products of certain classes of functions, Dokl. Akad. Nauk SSSR 4 (1963), 240–243.

[Sp98] F. Sprengel, Periodic interpolation and wavelets on sparse grids, Numerical Algorithms 17 (1998), 147-169.

[Te93b] V. N. Temlyakov, Approximation of periodic functions, Nova Science, New York, 1993. [Tr88] J. F. Traub, G. W. Wasilkowski, H. Wozniakowski, Information-Based Complexity, Academic Press, New York, 1988.

[Wa95] G. W. Wasilkowski, H. Wozniakowski, Explicit cost bounds of algorithms for multivariate tensor products, J. Complexity 11 (1995), 1–56.

[Wei80] J. Weidmann, Linear operators in Hilbert spaces, Springer, New York, 1980. [Wer91] A. G. Werschulz, The computational complexity of differential and integral equations, An information based approach, Oxford University Press, New York, 1991.

[Z91] C. Zenger, Sparse grids, Parallel Algorithms for Partial Differential Equations, Notes on Num. Fluid Mech. 31, W. Hackbusch (ed.), Vieweg, Braunschweig, 1991.