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on finite dimensional Riemannian manifolds are obtained. Then a sec-
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1. Introduction

The second order subjet of a function f at some point = as the Taylor expan-
sion of a twice differentiable function which minorizes f and coincides with
f at = was introduced in [7]. A fuzzy calculus for subjets was first proved
for real valued functions in [9]. Using the separable calculus rule which may
be found in [8], the result of [9] was later shown to hold for extended real
valued functions by Ioffe and Penot in [13]. Independently Eberhard and
Nyblom proved an equivalent result via approximation by infimal regular-
ization, without using the separable calculus rule; see [10]. In the paper by
Ioffe and Penot [13], a qualification assumption was proposed that enabled
the development of a subdifferential calculus for limiting subjets. It should
be noted that the prominent role which first and second order generalized
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differentiability play in connection with many fields of mathematics such as
optimization and control theory was widely recognized; see [6, 11].

The concept of generalized differentiability is often considered in finite
dimensional or infinite dimensional Banach spaces where the linear structure
of the space plays an important role. However, nondifferentiable, or non-
smooth functions arise naturally in many problems on smooth manifolds. A
manifold is not necessarily a linear space therefore, new techniques are needed
for adequately address nonsmooth problems on manifolds.

In the last few years several results have been obtained on various as-
pects of nonsmooth and variational analysis as well as their applications on
Riemannian manifolds; see e. g., [1, 2, 5, 12, 14, 15]. In [3] the authors in-
troduced second order subjets on Riemannian manifolds and carried out a
systematic study of second order viscosity subdifferentials and viscosity solu-
tions to second order partial differential equations on Riemannian manifolds.

Our aim is to obtain fuzzy calculus rules for subjets of order two on
a finite dimensional Riemannian manifolds. Then using these fuzzy calculus
rules and various qualification assumptions, calculus rules for limiting subjets
are deduced; see [13]. We do not know whether the localization for the second
order singular subjet through charts holds and it seems that our main results
may not be proved by local techniques.

In this paper, we use the standard notations and known results of Rie-
mannian manifolds. In what follows, M is a finite dimensional manifold en-
dowed with a Riemannian metric (.,.), on the tangent space T, M. We iden-
tify (via the Riemannian metric) the tangent space of M at a point = with
the cotangent space at x, denoted by T, M*. As usual, exp, : U, — M will
stand for the exponential function at x, where U, is an open subset of T, M.
Recall that the set S in a Riemannian manifold M is called convex if ev-
ery two points p1, p2 € S can be joined by a unique geodesic whose image
belongs to S.

The space of bilinear forms on T, M (respectively symmetric bilinear
forms) is denoted by £2(T,, M) (respectively £2(T,,M)). Elements of £2(T, M)
will be denoted by letters A, B, P, C, D and those of T, M* by &, n,z*,y*.
Also L4(T, M) denotes the space of symmetric linear operators in 7, M and
L(T,M,T,N) (respectively Ls(T,M,T,N)) denotes the space of linear op-
erators (respectively symmetric linear operators ) from T,M to T,N. For
A€ LXT,M), Be L2(T,N) and C € L(T,M,T,N) we set

Q(A,B,C) = ( é % ) € LT, M x T,N),

where * denotes the adjoint. Let M be a Riemannian manifold and x € M,
the conic set L2+ (T, M) of positive semidefinite symmetric bilinear forms
induces a natural order on £L2(T,M). For A and B in £L2(T,M), we denote
A > Btomean A — B € L2T(T,M).
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By i (2) we denote the injectivity radius of M at z, that is the supre-
mum of the radius r of all balls B(0,,) in T, M for which exp, is a diffeo-
morphism from B(0,,r) onto B(x,r). Similarly, ¢(M) will denote the global
injectivity radius of M, that is i(M) = inf{ips(x) : x € M}.

For a minimizing geodesic v : [0,{] — M connecting x to y in M, and for
a vector v € T, M there is a unique parallel vector field P along v such that
P(0) = v, this is called the parallel translation of v along ~. The mapping
T,M > v~ P(l) € T,M is a linear isometry from T, M onto T, M. This map
is denoted by L, . Its inverse is of course L. This isometry naturally induces
an isometry (which we will still denote by Ly,), T, M* 3 § — Ly,& € T,M*,
defined by

<ny£a v>y = <£7 Lym”>gg'

Similarly, L,, induces an isometry £2(T,M) > A — Ly, A € L2(T,M) de-
fined by

(Lay(A)v,v)y := (A(Lyav), Lyzv) 4. (1.1)
Note that L, is well defined when the minimizing geodesic which connects x
to y, is unique. For example, the parallel transport L, is well defined when
x and y are contained in a convex neighborhood. In what follows, L, will
be used wherever it is well defined.

It is worthwhile to mention that for Riemannian manifold M x N,

Loy @1,m) * Tlay) (M X N) = Ty 4,) (M x N)
is defined by

*1,y1)

Lz ) (@1,90) (0, ) := (Laz, v, Lyy, w). (1.2)
Recall that the Hessian D?¢ of a C? smooth function ¢ on a Riemannian
manifold M is defined by

DQ@(Xa Y) = <VXv907 Y>a

where Vo is the gradient of ¢, X, Y are vector fields on M and Vy X
denotes the covariant derivative of X along Y (see [16, p. 31]). The Hessian
is a symmetric tensor field of type (0,2) and, for a point p € M, the value
D?p(X,Y)(p) only depends on ¢ and the vectors X(p), Y(p) € T,M. So
we can define the second derivative of ¢ at p as the symmetric bilinear form
d*¢(p) : T,M x T,M — R

(v,w) = d*p(p)(v,w) = D*p(X,Y)(p),

where X, Y are any vector fields such that X (p) = v, Y (p) = w. A useful way
to compute d?¢(p)(v,v) is to take geodesic v with 7/(0) = v and calculate
d2
— t .
& o)
We will often write d%¢(p)(v)? instead of d?¢(p)(v,v).
Let f : M — (—o00, +00] be a lower semicontinuous function. The second
order subjet of f at a point « € domf ={x € M : f(x) < oo} is defined by

J> f(z) =
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{(de(z),d*p(z)) : ¢ € C*(M,R), f — ¢ attains a local minimum at z}.

If (¢, A) € J>~ f(x), we say that ¢ is a first order subdifferential of f,
and A is a second order subdifferential of f at x. Note that J2~ f(z) is a
subset of T, M* x L2(T,M).

Recall that a sequence (A,) with A, € £2(T,, M) is said to converge
to A € L2(T,,M) provided x,, converges to = in M and for every vector field
V defined on an open neighborhood of = we have that (A4,V(z,),V(z,))
converges to (AV(x),V(x)).

Similarly, a sequence (&,) with &, € T, M™* converge to § provided that

For a lower semicontinuous function f : M — (—oo,+00] defined on
a Riemannian manifold M, the second order limiting subjet of f at a point
x € M is defined by (see [3])

T2 f(x) :={(&,A) € T,M* x LT, M) : 3z, € M, I(&n, Ay) € T fn)

S't' (xn’ f(xn>7 gn’ An) _> (x7 f(x)’ 6’ A)}'
(1.3)
The following proposition is well known for the case when M = R"™. This
known result can be extended to the Riemannian setting (see [3, p. 313]).

Proposition 1.1. Let f : M — (—o00, +00] be a lower semicontinuous function.
Suppose that x € dom(f), € € T,M* and A € L2(T,M). Then the following
statements are equivalent:

(a) (§,4) € J f(a).

(b) flexp,(v)) = f(z) + (§,v)s + 3{Av,v)s + o(||v]]?).

(©) Timinf o [[0]] ~2(f 0 exp, (1) — f 0 exp,(0) — (€, 1), — L (A0, v),) > 0.

(d) For any e > 0 the function

v [ oexp, (1)~ F o exp, (0) — (&) — 5 (Av, v)a + el

has a local minimum at 0.

2. Fuzzy calculus rules for subjets of order two

In order to prove fuzzy calculus rules for second order subjets on Riemannian
manifolds, the following lemmas are needed.

Lemma 2.1. ([1, Lemma 6.5]). Let M be a Riemannian manifold and xo,yo €
M be such that d(zo,yo) < min{ir(xo),in(yo)}. Then

I dd(zo, Yo) _ 73d($0,y0)
Yoxo 8:1/ or

Lemma 2.2. ([3, Proposition 3.1]). Let M be a Riemannian manifold. Con-
sider the function o(z,y) = d(x,y)? defined on M x M. Assume that M has
positive sectional curvature. Then

d*p(2,y) (v, Lyyv)? <0,
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for allv e T,M and xz,y € M with d(z,y) < min{iy (z),ir(y)}.

Lemma 2.3. ([3, Theorem 2.10]). Let M, ..., My be Riemannian manifolds,
and 2; C M; be open subsets. Define = Q1 X+ xQp C My x---x M, = M.
Let u; be lower semicontinuous functions on Q;, i = 1,...,k, let ¢ be a C?
smooth function on §2 and set

w(x) = ui(wy) + - - + up(zg)

for x = (x1,...,25) € Q. Assume that & = (Z1,...,%k) is a local minimum
of w— . Then, for each € > 0 there exist bilinear forms A; € L2(Tz, M;),i =
1,...,k, such that

( 0 @(f),Ai) € J*ui(d;)

ox;
fori=1,...,k, and the block diagonal matriz with entries A; satisfies
Ay ... 0
: .| =z2H e
0 ... Ag

where H = d*p(2) € L2(T: M).

Remark 2.4. Let M be a Riemannian manifold. Then:
(a) An easy consequence of the definition of the parallel translation along a
curve as a solution to an ordinary linear differential equation, implies that
the mapping

C:TM* = T, ,M*, C(2,§) = Lz, (§),
is continuous at (xg, &), that is, if (,,&,) — (20, &0) iIn TM* then L, ., (&)
— Lyyao (§0) = &o, for every (xo, &) € TM*; see [1, Remark 6.11].
(b) By the continuity properties of the parallel transport and the geodesic,
see [4, Theorem 35], for fixed point z € M and for each € > 0, there exists a
number 6 > 0 such that:

|LyyL.e — Loyl| < e provided that d(z,y) < 0.

Theorem 2.5. Let M be a complete Riemannian manifold with positive sec-
tional curvature. Suppose that f, g are functions on M which are lower semi-
continuous near x and finite at x and (&, A) € J>~(f + g)(x). Then for
any € > 0 there are 2 triples (x;,&,A;),1 = 1,2, such that, (§1,41) €
J37f(x1), (&2, A2) € J>g(as), d(xi,w) <e, fori=1,2, |f(x1)— f(x)] <
g, |g($2) - g($)| <g,

HLzlz(gl) + ngz(&) - SH <§g,

and
Lmlm(Al) + szm(AQ) 2 A—el.

Proof. Without loss of generality we may assume that £ = 0, A = 0. Since
both f and g are lower semicontinuous, it follows that for given € > 0, there
exists p > 0 such that

fly) > f(z) —e, gly) >g(x)—¢ if d(y,z) <p. (2.1)
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Proposition 1.1 implies the existence of a real number ¢ with 0 < § <
min(e, p) such that

1
(f +9) 0 exp,(v) = (f + g) o exp, (0) + e[z > 0 if vl <6, v #0.

Therefore
f)+g()— flx)—g(z) + %6d(z,m)2 >0 if d(z,z) <0, z#£x. (2.2)

Now we define h,, on M x M as follows:
n 2, & 2 2
hn(p,q) := foexp,(0) + goexp,(0) + §d(p7 q)° + §(d(p7 x)* 4+ d(x,q)?)
— J oexp,(0) — g oexp,(0).
We have that h,, (v, z) = 0, and h,(p, q) > —2¢eifd(z,q) < J,d(p,z) < 6.
By the completeness of M it follows that h,, attains its minimum on B(z, §) x
B(x,6) at & point (pu, gn).
AS hy,(Pn, qn) < hyp(z,x) = 0, we conclude from (2.1) that

gd(pmqn)2 < 2,

which means that d(p,,q,) — 0 as n — oco.
Let us extract a subsequence of (p,, ¢,) (without relabelling) such that
(Pn, qn) — (w,w). Then by lower semicontinuity of h,,(p, q)

F(w) + g(w) = f(z) = g(x) + ed(w,)? < Hminf hn(pn, gn) <0,

and (2.2) implies that w = z. Thus (p,) — z and (¢,) — =z, in particular
d(pn,x) < min(5, 5), d(z,gn) < min(s, %) [f (pn)—f ()] < § and |g(gn)—
g(x)| < § for large n. Moreover, Remark 2.4 implies that for sufficiently large
n’
IpnaLgnp, = Lanall <e

On the other hand, for n large enough d(p,,q,) < i(B(x,6)). Now we fix
such n and consider p,, ¢,. Then we apply Lemma 2.3 with u; = f,us = ¢
and

o(p,q) = *%(nd(p, q)* +ed(p,x)” +ed(x, q)?) + f(z) +g(z).  (2.3)

Hence there exist bilinear forms By ,, € £2(T,, M), By, € L2(T,, M) such
that

0 - 0
(87p‘p(pnaqn)731,n) € J27_f(pn) and (7

mny n 7B n j27_ nj-
aq<p(p qn), Ban) € 9(qn)

Set

1 od od
—-12 nyUn) 5 \FnsUn 2 sy a_ \Wns
5 (20000 50 (0000 + 22000, 5 (0,02))

= nexp,’ Y(qn) +eexp,, L(x). (2.4)

0
Mmn = 87?90(]97“%) =
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The third equality can be checked, for instance, by using the first formula of
the arc-length (see [16, p. 90]). Also set

0 1 od od
= =—-12 a Pn,Aqn 2 y4n) 5 \&5 dn
N2, aq@(pmqn) 5 ( nd(pn,qn)aq(p qn) + 2ed(z, q )aq(w q ))

=n exp;n1 (pn) +¢ exp;n1 (z). (2.5)

Without loss of generality we can suppose that

k= max{[|Bynll; [ Banll, [0l 1020} < 1.

Otherwise we change ¢ into

Plp,0) = — 5 (nd(p,4)? + ed(p,2)? + ed(z,0)?) + £(2) + (z),

. : Bi,r
and B;p, i = 1,2 into —*.

On the other hand,
M + Layp, (N2.n) =nexp,(qn) +  expy, (2)
+ Lo, p, (nexpg, (pn) +eexp, | (z))
=¢ exp;n1 (x) +eLqg,p, (equ_n1 (2)).

Note that Lemma 2.1 implies that Lg,p, (nexp, ' (pn)) = —nexp,'(qn), so
the last equality is true.
Since parallel translation preserve the norm, we have

HLPnI ("717” + Lann (T]2777/)) H = Hnlﬂl + Lann (772777')”
= lleexp, ! (2) + eLg,p, (expy ! (2)) ]

< el exp,  (z)| + <] exp; ()] (2.6)

1 1
= Ed(pna "E) + €d(x, qn) < 55 + 55 = c.

Using the smoothness of the function (21, x2) + d(z1,72)?, we deduce that
the function F(p, q) := d(p, x)?+d(x,q)? is smooth. Hence, there exists k1 > 0
such that

1
5@ F (P, 0) (v, Lp,q, (v))° < ky, forall v e Ty, M, [Jol| = 1.

Lemma 2.2 implies —nd?(d?)(pn, gn)(v, Lp, 4. (v))? > 0. Therefore,
d*@(pn, @n) (v, Ly, g, (v))? > —kie for all v e T, M, |v|=1.
Without loss of generality we can assume that
d*@(pn, @) (v, Ly, 4. (v))? > —¢ for all v e T, M, ||jv]|=1.
Therefore Lemma 2.3 implies that
(B1,nv,0) + (B2,nLp,q, (V) Lp,q, (V) = —€ = €l(v, Ly,q, (v))*.
Hence

(B1.n0,0) + (B Lp,q, (v), Lp,q, (v)) = —¢ = ([0]|* + || Lp, q, ()]*)-
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Now assume that v = L, (u), where u is an arbitrary unite vector in T,, M.
Thus

<B17nL$pn (u)7 prn (u)> + <B2;annQn (prn ('U,)), Lann (prn (u))>
> —¢ — 2¢|Lap, ().

By Definition 1.1
<Lpn$(len)u’u> + <Lpnw(anPnBQ7n)u7u> Z —€ = 28||U’H2 = _35 (2'7)

Hence, we proved that there exist (1., B1.n) € J%~ f(pn), (N2,n, Ban) €
J*~g(qn) such that d(pn,x) < /2, d(z,q,) < /2 and | f(pn) — f(2)] < €/2,
l9(qn) — g(2)] <e/2.

By (1.3) there exists (91,m, B1,m) € J*7 f(pn.m) such that p, m — pn,
f(pn,m) — f(pn)7 nl,m — nl,nyandBl,m — Bl,n-

Also, there exists (72,m, Ba.m) € J2~9(qn.m) such that ¢, m — gn,
9(Gn,m) = 9(qn), M2,m — N2, and Ba ,, — Ba,. Now, for m large enough

||Lpn,mx(771,m) + an,mz(nlm)u < HLpn,mr(nl,m) - Lpnm(nl,n)”
+ HLpnw(nLn> + Lp,oLq,p, (772,n)H
+ Hanw(W,n) - an,mw(m,m)n

+ HLpn:chnpn (772,n) - anm(W,n)H
< 4e.

Similarly, one can deduce that
Lpn,mx(Blym) -+ anymr(BQ’m) Z 766[

FOI' large m, d(pn,'rrnpn) < 5/2u d(qn,maqn) < 5/27 ‘f(pn,m) - f(pn)| < 5/27
and |g(gn,m)—9(gqn)| < £/2. Now we fix such an m and call it «.. It remains to

set 1 = Pn,as T2 = Gn,a; 51 = M, 62 = 12,c5 A = Bl,av Ay = BQ,a- U

The following proposition is concerned with the composition operation.
It is proved in the case when M and N are finite dimensional Euclidean
spaces, see [13]. In a similar way one can prove the case when M and N are
finite dimensional Riemannian manifolds.

Proposition 2.6. Let M and N be Riemannian manifolds, x € M, y € N.
Suppose that g : N — R U {oo} is lower semicontinuous near y and finite at
y. Consider the function f on M x N given by f(p,q) = g(q).
(a) Forany (n,B)€J* g(y) and A € L2(T, M), A<0, S € L(T,M,T,N),
one has, setting D := B+ SoAoS* and C := S50 A,

((0,m),Q(A, D, C)) € J> f(a,y),

in particular, ((0,1),Q(0, B,0)) € J>~ f(z,y).

(b) Conversely, if ((&,n), P) € J>~ f(z,y) and P = Q(A,D,C), then £ =
0, A <0 and for any positive « there exist an S € L(T,M,T,N), such
that C = So(A—al), B:=D —So(A—al)oS* (n,B) € J> g(y)
and Q(0,B,0) > P — Q(«al,0,0).
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We proceed now to derive fuzzy chain rule for second order subjets on
Riemannian manifolds.

Theorem 2.7. Let M be a complete Riemannian manifold with positive sec-
tional curvature and F : M — R™ be a map of class C* near x € M. Suppose
that g : R™ — R s lower semicontinuous near y = F(x) and finite at y. Set
f =goF and assume that (£*,A) € J?~ f(x). Then, for each € > 0, there
are z € M, £ € T,M*, r, ¢, n € R" and B € L2(R"), C € L2(T.M) such
that d(z,z) <e, ||[r —y|l <e, | L& —&*|| <e, | =] <& and
(&.C) € J* " (no F)(2), (¢,B) € J*g(r), (2.8)
C+dF(z)*oBodF(z) > L., A—¢l. (2.9)
Proof. Let x € M, y = F(x). Since F is C', there exists k > 0 such that for
€ > 0 small enough and for all ¢ € M with d(q,z) <e¢, ||[dF(q)| < k.
Let hi(p,7) = g(r) and hy denote the indicator function of graph F.
Moreover, assume that h = hy + hy. Obviously, for each (p,r), h(p,r) > f(p).
Therefore for every § > 0,

1
h(p,m) = h(z,y) > f o exp,(u) = f o exp,(0) > (€7, u) + 5 [(Au,u) = d]ulf?],
for all uw € T, M provided that ||ul|, is sufficiently small. By Proposition 1.1
((€7,0),Q(A,0,0)) € J*~h(z,y).

Hence Theorem 2.5 implies the existence of z;, y;, 27,y and P;,i = 1,2,
such that

((z7,97), Po) € J*"hi(wi,p),  i=1,2, (2.10)
L(mlyyl)(mvy)Pl + L(fz,yzy)(z,y)}% Z Q(A,0,0) - 5(2 + 2k2>_1‘[7

| Laya(27) + Laya(23) — €l <&, lyi +u5ll <e,

d(z;,z) <e, |yi—vyll<e i=1,2

By Proposition 2.6 we have 2 = 0, and there is a B € £2(R") such
that (y7, B) € J»~g(y1) and Q(0, B,0) > P —Q((2+2k?)~11,0,0), so that

Loy ) () @(0, B,0) 4+ Ly 1)y P2 > Q(A,0,0) — e(1+ k%) 7'

Hence

Lo ) (2,92) Li@r,p1) ) @0, B, 0) + P
> Lz y)(ways) @A, 0,0) = Lz ) (g ye)e(1 + £ 71 (2.11)
We define G : U(0,,) C Ty, M — R™ by
G(u) := Foexp,,(u) — F oexp,, (0).
Then the inclusion for ¢ = 2 in (2.10) implies that for each § > 0,
0= (z3,u) + (y3,G(u)) + %(Pz(%G(U))a (u, G(w))) = 8([Jull® + [|G(w)]1?),

(2.12)
for all sufficiently small v € U(0y,).
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Note that since F' is differentiable at x5 it follows that
G(u) = dF (z2)(u) + o([Jul])- (2.13)
Furthermore, we define C' € £2(T,, M) by
(Cu,u) := (Pa(u, dF(z2)(w)), (v, dF(x2)(u))).
Now, considering (2.11) at (u, dF(x2)(u)), using (1.1) and (1.2) we conclude
that
(dF(x2)" o BodF(xa)u,u) + (Cu,u) > (A(Lyyptt), Ly,zu) — (elu, u)
which means
dF(z2)" o BodF(x2) + C > Lyz, A —el.
On the other hand, we obtain from (2.12) and (2.13) that

1
—(y3, I o expy, (u) = Foexp,, (0)) > (23,u) + 5 {Cu,w) = 6(1 + k) [[ul]?,

provided wu is sufficiently close to zero in T,, M. As ¢ is an arbitrary positive
number we get

(23,C) € J*7 (~y3 o F)(x2),
and we arrive at the proof if we set r = y1,{ = yi, n = —y3, 2 = 29, £ =
5. ]

3. Main Results

In this section using fuzzy calculus rules obtained in the previous section,
calculus rules for limiting subjets are deduced.

Definition 3.1. Let M be a Riemannian manifold and = € M. Suppose that
A is a subset of £2(T,M) and A € A, we say A is efficient in A if ||4] =
min{||B||: B> A, B € A}.

Suppose that f : M — (—o0,+00] is a lower semicontinuous function
defined on a Riemannian manifold M, x € dom(f). Consider the set

TP f(x,6) = {A € LUTM) = (& A) € > f(a) }.
The efficient elements of J%~ f(z,£) denoted by J*¢f(x,&) will be called
efficient subhessians of f at x for £. Moreover, we define the second order
efficient subjet of f at x denoted by J?¢f(x) as
TR f () = {(& A) : Ae TP f(x, ).
Since J%~ f(z,€) is a closed subset of L2(T,M), it has an element of least

norm.
The following lemma is a direct consequence of [3, corollary 2.3].

Lemma 3.2. Let f : M — (—o0,+00] be a lower semicontinuous function
defined on a Riemannian manifold M, x € dom(f). Then

(€. A) € J*“f(x) & (£, A) € J**(f 0 exp,)(0,).
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Definition 3.3. Let f : M — (—o0,+0o0] be a lower semicontinuous function
defined on a Riemannian manifold M, x € dom(f). We define the second
order singular subjet of f at z denoted by J* f(x) as

J2f(x) :={(&, A) : Jz,, € M, 3(&,, An) € T f(2), A, € (0, 400)

s.t. (>\n7 In, f({L‘n), )\nfn, )\nAn) — (07 z, f(.’L‘), 67 A)}
(3.1)

Definition 3.4. Let M be a Riemannian manifold, and let F' : M — R"
be continuous at =, we define the second order singular cosubjet of F' at x
denoted by D% F(x,y) as follows,

D? F(x,y) :={(&A) : Fx,, € M, Iz, € R™, (&, Ay) € T>{z,, F(21)),

I\, > 0s.t. (Anazmmna)\nfna /\nAn) — (O,y,x,{,A)}.
(3.2)

Definition 3.5. Let M be a Riemannian manifold, and let ' : M — R" be
continuous at x, we define the second order singular cojet of F' at  denoted

by 52F(x, y) as follows,

EQF(x’y) :{(é-vA) : E'.’En S M7 El'z'n € Rna El(gnvAn) € J2’_<Zn,F(.’En)>7

s.t. (Zn,ﬁ?n,gn,An) — (971‘767‘4)}
(3.3)

We do not know whether the analogue of Lemma 3.2 for the second
order singular subjet holds.

Theorem 3.6. Let M be a complete Riemannian manifold with positive sec-
tional curvature and f, g : M — (—o0,+00] be lower semicontinuous func-
tions. Suppose that x € dom(f)Ndom(g) and the following assumption holds:
if(fl,Al) S JZ’OOf(l‘), (52,142) S JQ’OOQ(JZ) and £1+§2 = O, A1+A2 > O,
then
5125220 andAle, AQZO
Then

TH(f +g)(@) € J>7 f(a) + J*g(x).

Proof. Assume that (£, 4) € J*~(f + g)(z). Hence there exist z,, € M,
(&ns An) € J*7(f + g)(xn) such that (zn, (f + g)(2n),&ns An) — (2, (f +
9)(@),&, A).

Theorem 2.5 implies that for a given positive sequence (g,,) converging
to 0 there exist (@;n,&n, Ain),t = 1,2, such that for every n = 1,2, ...,
(fl,naAl,n) S J277f(1'1,n)a (52,7“142,77,) S J2’79($2,n), d(zi,fuxn) < En, for
1=1,2, |f(x1n) — flan)| < en, |g(x27n) —g(wn)| < en,

HLzlvnxn (gl,n) + ngﬁnzn (52,71) - Sn” < En, (34)

and
Lml,nzn (Al,n) -+ L12,nfﬂn (Agm) 2 An — €nI. (35)
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Set
fin, = min{||By|| + || Bz : By € J>7 f(z1,n,&1n): B2 € J¥ 7 g(w2,n, E2.n),
Lz o, (B1) + Lay 0, (B2) 2 An — enl}.
(3.6)
Without loss of generality we can suppose that [|Aj .|| + ||A2,n| = pn and
Al,n S Jz’ef(x17n,§17n)’ A2,n S J2’eg(x2,n7£2,n) fOI‘ all n= 1727
ObViOHSly, (xl,naf(‘rl,n)) - (l‘,f(x)), and ($2,n7g(xl,n)) - (J),g(l‘))
Now we define the sequence (r,,) as follows:
|+ [ Azl + I€nll + [€2:n -

If (ry) is bounded, then [|Ls, ,.(&in)|l 7 = 1,2 is bounded in T, M*, thus it
has a convergent subsequence. Without relabeling we assume that Ly, . (&in)
tends to 7;, for i« = 1, 2. Hence for every C'*°-vector field V on a neighborhood
of x € M,

<§i,na V(mi,n» = <Lwi,nz(€i,n)aLwi,w(v(%‘,n)» — (m,V(:C)>,

which means &; , converges to 7; for ¢ = 1,2. Similarly one can prove that
A; », has a convergent subsequence to an element B;, ¢ = 1,2. We shall prove
that (n1, B1) + (12, B2) = (§, A). By (3.4),

||La:1,nzn (fln) + Lmz,nrn (5271) - Lmn (f)H
S ||Lx1,n:1:n (fl,n) + ng,nrn (62,71) - gn” + HLxmn (5) - §n|| — 0.

Moreover, changing A; ,, into
Aimn —1/2(Le, 2, . (Lay pa, (A1n) + Lay 2, (A2n) — (An —n1))), fori=1,2,

we obtain (3.5) in the equality form and conclude By + By = A.

It remains to obtain a contradiction when (r,) — oo. In this case we
define w; , = Tglfi,n and C;,, = T;lAi,n, i = 1,2. We can assume that
these sequences converge to some w; and C; respectively, for ¢ = 1,2. Hence
(w1,C1) € J>*®f(x), (wa,Co) € J>¥g(x) and (3.5), (3.4) imply that w; +
wy = 0, Cy + Cy > 0. By assumption, w; = ws = 0, C; >0, Cy > 0, and
[C1] +[[C2 = 1. Set

D, = Lﬂc1,nxn (Al,n) =+ L:62,nxn (AQ,H) - (An - 5n1) >0,

Tn = HAl,n

and
A;,n = Ai,n - ﬂiLrnmi,n(Dn) = (1 - 51)Azn + Bi(Ai,n - LGxi,n (Dn))a
where f; = |G|, for i = 1,2. Note that Ay, € J>~ f(x1 5, &1.0), thus Propo-
sition 1.1 implies that for any € > 0 the function
1
v foexp,(v) = foexp,(0) = (§1n,v)x = 5 (A1nv, v)a +elloll?,

has a local minimum at 0,. Hence
1
0< foexp,(v) — foexp,(0) = (§1,n,v)e — §<A1,nvvv>r + 5”””2

1
- *<A/17n’l),’l)>x + 5||U||2a

< f o expz(v) - f © esz(O) - <€1,nvv>$ 2
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which means A}, € J*~ f(x1,,&1.,). Similarly, Ay, € J>7g(w2.0,E2.0)-

1,n
Moreover, Ly, 2, (A} )+ Lay 2, (A5 ,,) = Ap —nl. Therefore we will arrive

at a contradiction if we prove that [[A || + [[A5, || < pn-
We define the sequence «,, converging to zero as follows,

an = Iy (An = en )| + 1m0 Loy (Lay i (A1) = Las,, (G|
+ 1 Lonoy o, (Lay on (A2,0)) = Laay,, (C2)]-
Since Co > 0 it follows that for each v in the unite sphere S of T, M™,
(ra AYv,v)
= (1= B){ry " Arnv,v) + Bi((ry (ALn = Lo,y . (Dn))v, v))
< (1= B){ry A, v) + Bi((r (A = Loy (D) + Lo, . (C2)v,0)).

Let us extract a subsequence of r,; ' Ay ,, (without relabeling) such that

I Avall < By 4
Thus it can be deduced that
[ AL, )] < (1= B1)(Br+ ) + Brom,
On the other hand 7, ~ u, and
limsup g, (1|47, |+ [[45,]1) < 1
that means [|A] ||+ A5, || < pn for n large enough, which is a contradiction.

O

In the following theorem using a qualification assumption based on a
second order singular subjet and cosubjet, a second order chain rule is proved.

Theorem 3.7. Let M be a complete Riemannian manifold with positive sec-
tional curvature and F : M — R™ be a map of class C' near x € M. Suppose
that g : R™ — R is lower semicontinuous near y = F(x) and finite at y. Set
f =goF and assume that the following condition is satisfied:

(y*,B) € J**g(y), (0,C) € D3F(z,y"),
dF(z)*oBo dF(z)+C>0= y*=0, B=0.
Then for any (¢,A) € J>~ f(x), there exist (y*,B) € J*g(y) and C €
L2(T, M) such that (¢,C) € ﬁQF(x,y*) and
A=dF(z)*oBodF(z)+C.
Proof. Assume that (&, A) € J?>~ f(x). Hence there exist z,, € M, (&,,4,) €

J2’7f(‘rn) SuCh that (l‘n, f(xn)vfnaAn) - (xv f(x)vfa A)

Theorem 2.7 implies for a given positive sequence (&, ) converging to 0,
there are z, € M, v, € T., M*, 7,(n,nn € R™ and B,, € L2(R™),C,, €
L2(T,, M) such that d(zn,2n) < €n, |[[rn — ynll < en for yn = F(zn),
1Lz an 0 = &nll < €ns [[Gn — Ml < €n and

(Y0 Cn) € T2 (00 © F)(2n), (Gn, Bn) € J*>7g(rn), (3.7)
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Cp+dF(zp)" 0o BpodF(2zn) > Ly, ., An —enl. (3.8)
Set
pn = min{||B||+||C| : BxC € L2(R™)x L2(T,, M), (3.7) and (3.8) hold }.
Without loss of generality we can suppose that ||B,|| + ||Cp|| = pn, for all
n=12,....

Now we define the sequence (w,,) as follows:
wn = [|Bnl[ + [|Cnll + [ ]-

If (w,) is bounded, then we conclude the proof. In the case that (w,) —

00, introducing C), = Ly, . (A, —enl) — dF (z,)* o By, o dF(z,) leads to a
contradiction along the same lines as the proof of the previous theorem. [

Acknowledgment

The authors would like to thank the anonymous referee for his/her useful
comments that helped to improve the presentation of the paper.

References

[1] D. Azagra, J. Ferrera and F. Lépez-Mesas, Nonsmooth analysis and Hamilton-
Jacobi equation on Riemannian manifolds. J. Funct. Anal. 220 (2005), 304-361.

[2] D. Azagra and J. Ferrera, Prozimal calculus on Riemannian mantfolds.
Mediterr. J. Math. 2 (2005), 437-450.

[3] D. Azagra, J. Ferrera and B. Sanz, Viscosity solutions to second order partial
diffrential equations on Riemannian manifolds. J. Diffrential Equations 245
(2008), 307-336.

[4] D. Azagra and J. Ferrera, Applications of prozimal calculus to fized point theory
on Riemannian manifolds. Nonlinear. Anal. 67 (2007), 154-174.

[5] A. Barani and M. R. Pouryayevali, Invariant monotone vector fields on Rie-
mannian manifolds. Nonlinear Anal. 70 (2009), 1850-1861.

[6] F. H. Clarke, Yu. S. Ledayaev, R. J. Stern and P. R. Wolenski, Nonsmooth
Analysis and Control Theory. Grad. Texts in Math. 178, Springer, 1998.

[7] M. G. Crandall, H. Ishii and J. P. Lions, User’s guide to viscosity solutions of
second order partial differential equations. Bull. Amer. Math. Soc. 27 (1992),
1-67.

[8] M. G. Crandall, Viscosity solutions: a primer. Viscosity solutions and applica-
tions, 1-43, Lecture Notes in Math. 1660, Springer, 1997.

[9] R. Deville and E. Haddad, The subdifferential of the sum of two functions
in Banach spaces II, second-order case. Bull. Austral. Math. Soc. 51 (1995),
235-248.

[10] A. Eberhard and M. Nyblom, Jets, generalized convezity, proximal normality
and differences of functions. Nonlinear Anal. 34 (1998), 319-360.

[11] A. Eberhard, Proz-regularity and subjets. Optimization and Related Topics,
237-313, Appl. Optim. 47 Kluwer Academic Publ. 2001.

[12] S. Hosseini and M. R. Pouryayevali, Generalized gradients and characteriza-

tion of epi-Lipschitz sets in Riemannian manifolds, Nonlinear Anal. 74 (2011),
3884-3895.



Vol. 10 (2013) Calculus of Limiting Subjets 607

[13] A. D. Ioffe and J. P. Penot, Limiting subhessians, limiting subjets and thier
calculus. Trans. Amer. Math. Soc. 349 (1997), 789-807.

[14] Y. S. Ledyaev and Q. J. Zhu, Nonsmooth analysis on smooth manifolds. Trans.
Amer. Math. Soc. 359 (2007), 3687-3732.

[15] C. Li, B. S. Mordukhovich, J. Wang and J. C. Yao, Weak sharp minima on
Riemannian manifolds. to appear in STAM J. Optim.

[16] T. Sakai, Riemannian Geometry, Trans. Math. Monogr. 149, Amer. Math. Soc.
1992.

Mansoureh Alavi Hejazi, Seyedehsomayeh Hosseini and Mohamad R. Pouryayevali
Department of Mathematics
University of Isfahan
P. O. Box 81745-163
Isfahan, Iran
e-mail: m.alavi@sci.ui.ac.ir
hoseini@math.ui.ac.ir
pourya@math.ui.ac.ir

Received: March 18, 2011.
Revised: August 7, 2011.
Accepted: October 19, 2011.



	On the Calculus of Limiting Subjets on Riemannian Manifolds
	Abstract
	1. Introduction
	2. Fuzzy calculus rules for subjets of order two
	3. Main Results
	Acknowledgment
	References


