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ABSTRACT. Prox-regular subsets of Riemannian manifolds are introduced. A
characterization of prox-regular sets based on the hypomonotonicity of the
truncated limiting normal cone is obtained. Moreover, some properties of
metric projection mapping and distance function corresponding to the prox-
regular sets are presented.

1. INTRODUCTION

It is well known that for a closed convex set S in a Hilbert space H, the metric
projection is Lipschitz and the distance function from S is differentiable everywhere
outside of S. It was shown in [I9] that for a class of (not necessarily convex) sets,
the corresponding metric projection exists and is Lipschitz in a neighborhood of
each set. These sets were studied under the name of “prox-regular” sets in [17]. It
was proved in [I8] that the prox-regularity is a necessary and sufficient condition
for existence and Lipschitz continuity of metric projection. Moreover, the authors
established a characterization of prox-regular sets in Hilbert spaces based on the
hypomonotonicity of the truncated limiting normal cone.

Unlike a Hilbert space, a manifold in general does not have a linear structure,
and therefore new techniques are needed for dealing with the concepts of metric
projection and distance function from sets in manifolds. Moreover, these notions
are not of local type and cannot be studied by local techniques. A number of results
regarding metric projection and distance function corresponding to the convex sets
in Riemannian manifolds have been obtained. In [2I] the differentiability of the
metric projection for a closed locally convex subset S of a finite dimensional Rie-
mannian manifold M was shown. Moreover, the author proved that the distance
function from S near and outside of S is of class C*.

In 1981, Greene and Shiohama proved that for a closed totally convex set S of a
finite dimensional Riemannian manifold M, there exists an open set W containing
S such that the metric projection is locally Lipschitz on W; see [§]. It was shown
in [9] that for a closed convex set S of a finite dimensional Hadamard manifold M,
the metric projection is single-valued and Lipschitz on M.
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234 S. HOSSEINI AND M. R. POURYAYEVALI

The concept of a monotone vector field on Riemannian manifolds which was a
generalization of a monotone operator was introduced in [I6]. The relationship
between convexity and monotonicity has been studied in numerous papers such as
[22].

Our goal is to generalize the results regarding metric projection of totally convex
subsets obtained in [8] to prox-regular subsets of Riemannian manifolds. We intro-
duce the notions of regular sets and regular functions on manifolds. Then a subclass
of regular sets named prox-regular which contains convex sets is introduced. More-
over, hypomonotone mappings on convex subsets of a Riemannian manifolds are
considered and by using these mappings a characterization for prox-regular sets is
obtained. Other properties of prox-regular sets related to the corresponding metric
projection and distance function are given. In fact, we prove that for a prox-regular
subset S of a Riemannian manifold M there exists an open set W containing S such
that the metric projection is a single-valued continuous mapping on W. Moreover,
we show that if M is a Hadamard manifold, then the metric projection is locally
Lipschitz on W and the distance function from S is C** on W'\ S.

2. PRELIMINARIES

In this paper, we use the standard notation and known results of Riemannian
manifolds; see, e.g., [0, [11][13]. Throughout this paper, M is a C* finite dimensional
manifold endowed with a Riemannian metric (., .), on the tangent space T, M = R™.

As usual we denote by B(x,d) the open ball centered at « with radius § and by
N the closure of the set N. Let S be a nonempty closed subset of a Riemannian
manifold M. We define dg : M — R by

ds(z) ;== inf{d(z,s) : s € S },

where d is the Riemannian distance on M.

We will make extensive use of the exponential mapping exp, throughout the
paper. Recall that for every x € M there exists a mapping exp,, defined on a
neighborhood of 0, in the tangent space T, M, and taking values in M, which is a
local diffeomorphism and maps straight line segments passing through 0, € T, M
onto geodesic segments in M passing through x. Any open neighborhood U of
x € M that is the diffeomorphic image under exp, of an open neighborhood of 0,
is called a normal neighborhood of z. We will also use the parallel transport of
vectors along geodesics. For a given curve v : I — M, number ¢ty € I, and a vector
Vo € Ty(4,)M, there exists a unique parallel vector field V(t) along v(t) such that
V(to) = Vb. Moreover, the mapping defined by Vj — V(¢1) is a linear isometry
between the tangent spaces T ;)M and T, ;) M, for each ¢; € I. In the case when
v is a minimizing geodesic and (o) = x,v(t1) = y, we will denote this mapping
by L,,, and we will call it the parallel transport from T, M to T, M along the curve
. Note that L, is well defined when the minimizing geodesic which connects x to
y is unique. In what follows, L, will be used wherever it is well defined.

Recall that a subset S of a Riemannian manifold M is called convex if every two
points p1, p2 € S can be joined by a unique geodesic whose image belongs to S.
Moreover, for every convex subset U of a Riemannian manifold M and arbitrary
points p1, py in U, exp, !, for i = 1, 2 is well-defined on U and

lexpp,' (p2)|l = d(p1, p2).
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ON THE METRIC PROJECTION ONTO PROX-REGULAR SETS 235

Now we present some definitions and results in nonsmooth analysis on Riemann-
ian manifolds; for more details see [10].

Let M be a Riemannian manifold, x € M and let f : M — R be a locally
Lipschitz function. The Clarke subdifferential of f at z, denoted by dcf(x), is
defined as follows:

acf(x) = 8C(f o expm)(01)7

where ¢ (f o exp,)(0,) is the Clarke subdifferential of f o exp, at 0, as a locally
Lipschitz function defined on a subset of T, M.

Let S be a nonempty closed subset of a Riemannian manifold M, x € S and let
(p,U) be a chart of M at z. Then the (Clarke) tangent cone to S at z, denoted by
T§ (), is defined as follows:

T§ (x) = d(2) " [Tg(sney (9(2)],

where TE(SOU)(QO(J?)) is a tangent cone to ¢(SNU) as a subset of R™ at ¢(z). Note
that the definition of Ts(z) does not depend on the choice of the chart ¢ at x; see
[15, Lemma 3.4].

Obviously, 0, € T§ (x) and T (z) is closed and convex. In the case of subman-
ifolds of R™, the tangent space and the normal space are orthogonal to each other.
In an analogous manner, for a closed subset S of a Riemannian manifold M the
normal cone to S at z, denoted by NS (z), is defined as the (negative) polar of the
tangent cone T (z), i.e.

NS (2) =TS ()° = {€ € T,M* : (£,2) <0 Vze TS ()}

It follows from [, Proposition 2.5.2] that v € TS (z) if and only if for every
normal neighborhood U of x and every sequence (z;) C exp, *(S N U) converging
to 0, and sequence ¢; in (0, 00) decreasing to 0, there exists a sequence (v;) C T, M
converging to v such that for all i, z; + t;v; € exp, (SN U).

Let M be a Riemannian manifold, + € M and f : M — (—o0,+00] be a lower
semicontinuous function. The proximal subdifferential of f at x, denoted by 9p f(z),
is defined as Op(f o exp,)(0y).

As a consequence of the definition of dp(f o exp,)(0;) one has that v € dp f(z)
if and only if there is ¢ > 0 such that

(2.1) Fy) = f(a) + (v,expz () —t/2 d(,y)°

for every y in a neighborhood of .
Suppose now that S is a closed subset of a Riemannian manifold M and that
x € S. We define the proximal normal cone to S at z, denoted by NZ(z), as

Nipfl(UmS)(Oz)’ where U is any normal neighborhood of z.

The following lemma is an easy consequence of the definition of N¥ (z).

Lemma 2.1. Let S be a closed subset of a Riemannian manifold M and let x € S.
Then v € NE(z) if and only if there is p > 0 such that

(v,expz(y)) < p/2 d(y.x)?,
for every y in a neighborhood of x.

Remark 1. Tt is easy to verify that NZ(z) = Opdg(x); here ds is the indicator
function of S defined by ds(x) =0if z € S and ds(z) =0 if x ¢ S.
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236 S. HOSSEINI AND M. R. POURYAYEVALI

Let us define the limiting subdifferential of a lower semicontinuous function f
at x, denoted by Jr, f(x), and the limiting normal cone to a closed subset S of a
Riemannian manifold M at z € S, denoted by N (z), as follows:

O f(x) = {lim;,00v; 1 v; € 8pf(xi),xii>x},

Ng(:zr) = {lim;, 00v; : v; € Ng(xi),ziix},
where x; i} x means that z; and f(x;) are respectively convergent to « and f(z) and

z; S« denotes the convergent sequence {z;} CStox.
The following lemma states the connections between Clarke and proximal and
limiting subdifferentials. Also, it shows the relationships between normal cones.

Lemma 2.2. Let M be a Riemannian manifold.
(a) If f is Lipschitz near x, then

Oc f(x) = cof{limiocd; = & € Opf(wi), xs — x}.
(b) If S is a closed subset of M containing x, then
where co signifies convex hull.

We conclude this section with the definition of the Bouligand (or contingent)
tangent cone to a closed subset S of a Riemannian manifold M at a point = € S,
which is a generalization of the definition of the contingent cone to a closed subset
of a Banach space; see [5, p. 90]. Let S be a closed subset of a Riemannian manifold
M and z € S. The Bouligand (or contingent) tangent cone to S at x, denoted by
T8(x), is defined as follows:

T8 (z) .= {Zlirgo ﬁ ©z;—= 0y and t; [ 0,2 € exp, H(SNU)},
1

where U is a normal neighborhood of x.

3. MAIN RESULTS

3.1. Regular sets and functions on Riemannian manifolds. In this subsec-
tion, we study regular sets and functions on manifolds. Moreover, prox-regular sets
and primal lower nice functions on Riemannian manifolds are defined, and some
related results to these concepts are proved.

Definition 3.1. A function f: M — R defined on a Riemannian manifold M is
said to be proximally subdifferentially regular, or regular for short, at z € M if f
is Lipschitz near z, and

oLf(z) = 0cf(x) = Opf(x).

Definition 3.2. A closed subset S of a Riemannian manifold M is said to be
tangentially regular, or regular for short, at x € S if

TS (2) = T8 (a).

It is worth pointing out that every convex set is a regular set. In order to illustrate
nonconvex regular sets, nonconvex prox-regular sets in Riemannian manifolds are
introduced. For the definitions of prox-regular sets and primal lower nice functions
on Riemannian manifolds, we need to use a convex neighborhood around each point.
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ON THE METRIC PROJECTION ONTO PROX-REGULAR SETS 237

The existence of this convex neighborhood is ensured by Whitehead’s theorem; see
[11].

Definition 3.3. A closed subset S of a Riemannian manifold M is said to be prox-
regular at Z € S if there exist € > 0 and p > 0 such that B(Z,¢) is convex and for
every z € SN B(Z,¢) and v € N%(z) with v < e,

(3.1) (v,exp, *(z')) < p/2 d(2',x)?, for every 2’ € SN B(7,¢).

It is easy to verify that if S is prox-regular at Z, then N (z) is closed.

A closed subset S of a Riemannian manifold M is said to be prox-regular if it is
prox-regular at each point of S. It is worthwhile to mention that convex sets are
prox-regular.

Definition 3.4. Let M be a Riemannian manifold. A lower semicontinuous func-
tion f: M — (—o0,+0o0] is said to be primal-lower-nice (p.l.n.) at z € dom(f) if
there exist top > 0, b > 0 and € > 0 such that B(Z,¢) is convex and

(3.2) Py > () + (expy (), 0) — /2 dla’, 2)?
provided that t > tg, |[v]| < bt, v € Ipf(x), d(z',Z) < e, d(x,T) <e.

Note that dom(f) denotes the effective domain of f.

One can prove that if f: M — (—oo,+00] is p.l.n. at Z, then dp f(Z) is closed.
The following theorem states an interesting property of a function f which is p.l.n.
at = € dom(f). Employing the following theorem, we can prove that if f is p.l.n.
at & and Lipschitz around Z, then it is regular at z.

Theorem 3.5. Let M be a Riemannian manifold, and f : M — (—o0,400] be
p.ln. at & € dom(f). Then for all x in a neighborhood of T,

ILf(x) = Op f(x).

Proof. Since f is p.l.n. at %, we need only to prove the theorem at z. Let ty > 0,
b > 0 and £ > 0 be such that B(Z,¢) is convex and

(3.3) J(@') > f(2) + (exp;  (2'),0) — t/2 d(@’ @)’

provided that t > to, ||v]| < bt, v € Opf(x), d(2',T) < e, d(z,T) < e. Suppose that
v € 01, f(Z). Then there exist sequences {z, } converging to Z, and {v, } converging
to v with v, € Op f(x,). For all i large enough, {||L,,z(v;)||} is bounded. Therefore,
one can deduce, for all ¢ large enough, that there is ¢t > to such that [jv;|| < bt.
Eventually, d(z,,Z) < € and we pick ¢ > tg such that ||v,| < bt. Thus,

(3.4) F(@) = f(wn) + (expy,) (2),vn) = /2 d(w, 20)?,
for all « with d(z, Z) < e. Taking the limit in :4) as n — oo, we get v € Ip f(Z). O

In Lemma the relationship between prox-regular sets and p.l.n. functions on
Riemannian manifolds is presented. The proof of it can be obtained along the same
lines as [I8, Proposition 2.1].

Lemma 3.6. A subset S of a Riemannian manifold M is proz-reqular at & € S if
and only if the indicator function of S is p.l.n. at T.
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Now we are going to prove the regularity of prox-regular sets in Riemannian
manifolds.

Lemma 3.7. Let M be a Riemannian manifold and let S C M be prox-regular at
ze€S. Then:

(a) T (z) C (N§ (2))°.
(b) N§ (7) = N§ () = N§ ().
(¢) T3 (z) = TS (7).

(d) TB(Z) is a convez cone.

Proof. To prove (a), let w = lim % be in T#(z), and let v € N (). Then there
exist € > 0 and p > 0 such that

<W exp; () < p/2 d(y, 7)?,

for every y in B(Z,¢). For large enough i, exp;(z;) € B(Z,¢) and

eV 2z d(exp,(2i),7)?
(T ) <p/2 ———.
[vll” ¢ t;

By limiting, we deduce (v, w) < 0, which completes the proof of (a).

Let us prove assertion (b). The set S is prox-regular at Z; hence there exist € > 0
and p > 0, such that B(Z,¢) is convex and for every z € SN B(Z,¢) and v € N&(x)
with |Jv|| < e,

(3.5) (v,exp, t(2')) < p/2 d(z',x)?, for every 2’ € SN B(z,e).

This can be deduced from Theorem 3.5 Lemma and the convexity property of
NL (7).

We turn to (c). It is easy to prove that TS (z) is a subset of T#(Z). On the other
hand, part (a) and part (b) imply TZ(7) C (NE(2))° = (Nk(7))° = (NS(2))° =
T§ (%), as required.

Assertion (d) can be obtained from part (c) and the convexity property of T (7).

]

3.2. Hypomonotone mappings and their connections with prox-regular
sets. In this subsection we recall the definitions of monotone and strongly mono-
tone mappings on convex subsets of Riemannian manifolds; for more details see [3].
Then, we define hypomonotone mappings on convex subsets of Riemannian man-
ifolds and find the relationship between monotone and hypomonotone mappings.
Furthermore, prox-regular sets are characterized by the hypomonotone truncated
limiting normal cone.

Definition 3.8. Let M be a Riemannian manifold. A mapping T : M = TM*
with T'(x) C T, M* for every x € M is said to be monotone on a convex subset U
of M if

<U17 eXp;l (.’[2)> + <U2’ exp;; (x1)> <0,
provided that zq, 2o € U, v1 € T(z1) and ve € T(x3). Moreover, T is strongly
monotone on U if there exists o > 0 such that
(v1,expy, (w2)) + (v2, expy) (1)) < —od(z1,22)%,
provided that z1, 22 € U, v1 € T(x1) and ve € T'(23).
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ON THE METRIC PROJECTION ONTO PROX-REGULAR SETS 239

Definition 3.9. Let M be a Riemannian manifold. A mapping T': M = TM*
with T'(z) C T, M* for every € M is said to be hypomonotone on a convex subset
U of M if there exists o > 0 such that

(v1,expy, (22)) + (va, expy, (21)) < +od(x1,22)?,
provided that z1, 25 € U, v; € T(21) and vy € T(z3).

Similar definitions hold for a set-valued mapping 7" defined from a Riemannian
manifold M to its tangent bundle T'M.

Remark 2. Let U be an open convex subset of a Riemannian manifold M and
let y € U be an arbitrary fixed point. The map d?(.,y) : U — R is C! and
grad(3d*(z,y)) = —exp, '(y), where grad denotes the gradient vector field. On
the other hand, —exp, ! (y) = Lya(exp, ' (z)); see [1]. Moreover, grad(3d*(x,y)) is
strongly monotone with o = 1; see [7]. Hence

(—expy ! (y), expy (z2)) + (—exp,. (y), expy, (#1)) < —d(z1, 32)%.

Therefore, if T : M = TM with T(x) C T, M for every x € M is c—hypomonotone
on a convex subset U and y € U, then

(v1, expy,! (22)) +(v2, €xpg, (1)) < o fexpy (1), expg, (w2))+(expy, (v), expy, (21)),
which means x — T'(2) + 0 Ly, (exp, *(x)) is monotone on U.

The next result provides a characterization for convexity in the case of a differ-
entiable function.

Lemma 3.10. Let U be a convex open subset of a Riemannian manifold M, and
let f: M — R be a differentiable function on U. Then f is conver on U if and
only if the vector field grad(f) is monotone on U.

Proof. See [1]. O

Let us define for 7 > 0 the mapping N&" : M = TM* by Ni"(2) = Nk(2) n
B(0,,7) if € S and NE"(z) = 0 if ¢ S. Note that B(0,,r) is the open ball in
T, M* of center 0, and radius r.

The connection between a prox-regular subset S of a Riemannian manifold M
and the mapping N ér will now be established. The proof of it can be obtained
along the same lines as [I8, Theorem 1.3 (g)],

Theorem 3.11. A closed subset S of a Riemannian manifold M is proz-regular at
z € S if and only if there exist a real number r > 0 and a convexr neighborhood U
of T such that Né“r s hypomonotone on U.

3.3. Metric projection and distance function corresponding to the prox-
regular sets. Let M be a Riemannian manifold and S C M be a nonempty set.
Let

Ps(q) ={p € S: d(qg,p) =ds(p)}

be the set of metric projection of the point ¢ € M to the set S. In this subsection
we establish our main results. We prove the existence and properties of metric
projection of prox-regular sets in Riemannian manifolds. Due to the theorem of
Hopf-Rinow, if M is a complete finite dimensional manifold, then any closed set
S C M is proximinal, i.e., Ps(q) # @ for all ¢ € M; see [14, p. 108].
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240 S. HOSSEINI AND M. R. POURYAYEVALI

First we prove that for every prox-regular set in a Riemannian manifold M,
there exists an open subset containing S on which the metric projection exists and
is continuous.

Theorem 3.12. Let S be a prox-regular subset of a Riemannian manifold M. Then
there exists an open set W containing S such that Ps is a single-valued continuous
mapping on W.

Proof. For any g € M, one can find the convex neighborhood B(q, ry) with compact
closure such that d(., )% is C* and strongly convex on B(gq,r,); see [12, 23]. On the
other hand, according to Theorem B.I1] for every ¢ € S there exist a real number
rfl > 0 and a convex neighborhood Uy of ¢ such that NSLTQ is hypomonotone on Uj.
Hence, there exist p, > 0 and g, with 0 < g, < min{ry, r;} such that

(36) </U17 expp_ll (p2)> + </U27 eXp;; (p1)> < qu(p17p2)2>

provided that p; € B(g,&,), vi € N&(p;) and |jvi]| < g4, i = 1, 2. Let A\, <
min{1, p,}, and set

W= U B(g, Aqgq/(2p4))-
q€eS
The set S is contained in the open set W, and for every p € W there exists
g € S such that p € B(q, \jeq/(2p,)) and ds(p) < d(p,q) < Ageq/(2p4). Moreover,
AEq/(2pg) < €4 < 14, which implies that B(q, Aqeq/(2p4)) C B(g,74). Since S
is closed and the closure of B(g,7,) is compact, there exists a point p’ € SN
B(q, M\eq/(2p4)) C SN B(g,ry) such that ds(p) = d(p,p’). In particular ds(p) <
d(p,q) < Ageq/(2p4). Hence there exists p’ € S N B(q, A\geq/(2p4)) such that p’ €

Ps(p).
It remains to show that Pg(p) = {p’}. We claim that

{Xexp, ' (p): A >0} € NE®).

Since p’ € Ps(p), it follows that for each s € S, d(p’,p)? < d(p, s)*. Moreover, let v
be the unique geodesic connecting p and p’. Now for g on ~y close enough to p, we
define ¢, : M — R by

Vq(s) = (d(q,s) + d(q, p))?,

which is C% at p’. For s near p/, let n(t) = exp,, (tv) be the unique geodesic
connecting p’ and s. Using Taylor’s Theorem, there exists ¢’ = exp, (tov) such
that

0 < d(p, 5)2 - d(Plap)Q < %(8) - qu(p,)
< (D (p'), exp, ' (s))

+ 3 (D%0g(¢)D exp, (1) (expy (5)), D exp, (o) (expy (5)
< (Di(0), x0 () + 5 Cap i 5)°

od _ 1
= <2d(p7p/)a_y(Qap/)a epr,l(S)> + icq,q'd(p/7 S)Qa
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ON THE METRIC PROJECTION ONTO PROX-REGULAR SETS 241

where Cy 4 is obtained as follows:
2

04d od
2 A / ! et V)2
D7q(q') = 2(d(q,q') + d(q,zo))—ay2 (¢:4) + Q(ay(q, q))
and ,
04d , 1 od ,
—_ R fr— 5 _— 5 = ]..
||8y2 (a,4) 0. d) Hay(q q)
Hence

5, d(g,q') +d(q,p)
1D (d) < 2—d(q7q,)

Also, by Gauss’s lemma [I3], Proposition 3.2],
(D expy (tov)(exp,' (), D expy (tov) (exp,' () = | exp, ' (s)[|* = d(p', 5)*.

By letting ¢ go to p, <2d(p,p’)g—;l(q,p’),expzj,l(s)> + %C’q,q/d(p', 5)? tends to

+2= Cq,q"

/ 8d / — /
(2d(p, p )a—y(p,p ) exp,' (s)) + 2d(p’, 5)°.

Therefore
(expzj,l(p), expg,l(s» <d(p',s)?, for s close enough to p/,

and the proof of the claim is complete.

We now show that Ps(p) = {p'}. We proceed by contradiction: let p” be any
point of S satisfying d(p, p”’) = ds(p) which belongs to B(g, Aje4/(2p4)) and p’ # p”.
Since the function d(., q)? is C°° and strongly convex on B(q, \;e,/(2p,)), by (B.6),
the previous claim and Theorem [B.5] we deduce that

2 B _ 2 B B
—pqgd(p"”,p')? < <—% exp,t(p), exp, (p")) + <—% exp,) (p), exp, (p'))
q q
< _Q%d(pllap/)Qv

q

which means \; > 2, a contradiction.

Now we prove that Pg is continuous on W. Suppose the sequence {p;} C W con-
verges to po € W. One can find B(g, Aqeq/(2p4)) such that py € B(g, \geq/(204))-
Hence except for a finite number of p;, the others are in B(g, Aje4/(2p,)). Thus we
suppose that p; € B(g, \jeq/(2p,)) for all i =1,2,.... Moreover,

d(Ps(pi);q) < d(pisq) +d(Ps(pi); pi) < 2d(pi; @) < 20484/ (2p4) < 7g.
Therefore Ps(p;) € B(g,74) NS, which has compact closure. Consequently, Ps(p;)
has a convergent subsequence to some point p’ € B(g,7,) N S. Now d(Ps(p;), pi) =
ds(p;) — ds(po) = d(p', po), which implies that Ps(po) = p’ = lim; Ps(p;), and the
proof is complete. O

Recall that a complete simply connected Riemannian manifold of nonpositive
curvature is called a Hadamard manifold; for more details see [13].

Theorem 3.13. Let S be a prox-reqular subset of a Hadamard manifold M. If q
is a point of the boundary S in M, and if Meq/(2pq) is as in the proof of Theo-
rem [3.12], then there is a positive constant C such that for any two points p1, pa in
B(Qv >‘q5q/(2pq)) \ S;

d(Ps(p1), Ps(p2)) < Cd(p1, p2).
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Proof. Let p1, p2 be arbitrary points in B(g, \geq/(2p4)) \ S. In order to prove
the theorem, we shall use Shapiro’s variational principle; see [20]. Consider the
optimization problems

3.7 min d(p1,2)* = min d(p1,exp,(v))?
(37) 2€SNB(q:Aq2q/(2P4)) p1,2) veexpg H(SNB(a,Xq84/(204))) (P, x4 (v)
and

3.8 min d(pg, 2)? = min d(pa, exp, (v))?.
( ) 2€8NB(q,Aq84/(2pq)) (p2 ) vEcxp;l(SﬂB(q,)\qEq/(qu))) (p2 pq( ))

Let Ps(pi;) = p}, ¢ = 1,2. Since M is Hadamard, then by [I3] Theorem IX. 4.8],
for every z € SN B(q, \geq/(204)),

(3.9) d(p1,2)* —d(p1,p})* > —2<exp;,11 (pl),exp;,ll(z)> +d(p}, 2)%
From the prox-regularity property of .S,
2p _ _ 1
<>\—qlepp/11(p1)76XPp/ll(Z)> < _qu(p/hz)?

Hence it follows from (B.9) that
d(p1,2)* — d(p1,p1)* > (=Ag + 1)d(py, 2)%
Without loss of generality we suppose that exp;1 is C-Lipschitz on B(g, Aeq/(2p4))-
Therefore, if exp,(w;) = p;, i =1, 2 and exp,(v) = z, then
1
d(plv 2)2 - d(plap/l)z > (_>‘q + 1)d(p/1, Z)2 > E(l - )‘q)d(wla 1))2.

By Shapiro’s variational principle,
3

11—,

d(p/17p/2) S Cd(’ll}l,'ll]g) S 2 d(plap2)'

O

Theorem 3.14. Let S be a proz-regular subset of a Hadamard manifold M. Then
for every o > 0 and q € S, there is a convex neighborhood U, around q on which
the function d%(.) + od(.,q)?* is convex.

Proof. We claim that for arbitrary points ¢; and ¢s in B(q, Ajeq/(2pq)), we have
that Opd%(q;) # 0 for i = 1,2. Otherwise, there exist ¢] and ¢ in B(q, \je4/(2p4))
such that for i = 1,2, dpd%(q}) = 0. By the density theorem [2, Theorem 3.2],
there are points p; and ps in B(gq, \je4/(2p,)) such that for i = 1,2, Opd%(p;) # 0.
Then [2, Theorem 3.3] implies that dQS is differentiable at these points. Moreover,
Ps(p;) = p}, i =1, 2. By [13, Theorem IX. 4. 8], Theorem B.I3] and Remark 2l one

can deduce
403 -1 -1 -1 -1
(7= — 2)((expy, (a), expy,, (p2)) + {expy, (a), expy, (p1)))
q
3
> —2d(p1,pa)* + 4 d(p1,p2)?
11—\,
Z _2d(plap2)2 + 2d(p17p2)d(pllap/2)
> —d(p1,p})? — d(p2,p5)? — d(p1,p2)? — d(p1,p2)* + d(p},p2)? + d(ph, p1)*
> —2(exp,.' (P}), exp,, (p2)) — 2(exp,, (1), expy,, (p1)).
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On the basis of Lemma .10 we conclude that d% + (% — 1)d(.,q)? is convex

on B(q,\¢gq/(2p4)). This shows our goal, and it also in turn implies that dpd?% is
nonempty-valued on B(q, \geq/(2p4)), which proves our claim. O

Now, we define the notion of locally Lipschitz vector fields on Riemannian man-
ifolds.

Definition 3.15. Let M be a Riemannian manifold. A mapping X : M — TM
satisfying X, € T, M for all y € M is said to be a Lipschitz vector field of rank k
near a given point x € M if for some € > 0, we have

|Lye X (y) = X ()| < kd(y,2) for all 2,y € B(xse),

where B(z;¢) is convex, and L, is the parallel transport along the unique geodesic
connecting z and y.

Note that if we consider the Riemannian metrics on M and TM, then the above
definition is equivalent to the usual definition of locally Lipschitz functions on metric
spaces; see [4, p. 241]. Any two Riemannian metrics, each of which is bounded
locally by a constant multiple of the other, give equivalent concepts of Lipschitz
continuity though not the same local Lipschitz constant.

Remark 3. By Theorem B4 we deduce that d% is differentiable on the neigh-
borhood B(q, Aqeq/(2p4)) which is defined in the proof of Theorem Also
[2, Theorem 3.3] implies that for every p1 € B(q, \j&q/(2p4)) with Ps(p1) = pi,
grad(d%)(p1) = 2d(p1,p’1)%(p1, ¢1), where ¢; is on the unique geodesic connecting
p1 and p] and closed enough to p;. Indeed, X (p) = %(p, qp) is the unit tangent to
the unique minimizing geodesic segment from p to Ps(p), where g, is on the unique
geodesic connecting p and Ps(p) and closed enough to p. Along the same lines as
[8) Proposition 4.1] one can prove that the vector field X is locally Lipschitz on
W\ S, where W and S are defined as in the proof of Theorem

Theorem 3.16. Let S be a proz-reqular subset of a Hadamard manifold M. Then
there exists an open set W containing S such that d% is O'F on W\ S; i.e., d%
is differentiable on W \ S with the locally Lipschitz gradient vector field grad(d%) :
WA\S —-TM.

Proof. Consider the set B(g, \qeq/(2pq)) which is defined in the proof of Theo-
rem Let p1, p2 be arbitrary points of B(q, Ageq/(2pq)). Assume that the
vector field X defined in Remark Blis &, Lipschitz on B(q, A\¢e4/(2p,)). Then with-
out loss of generality we suppose that d(p2,ps) < d(p1,p}). Thus

ad ad
IILp1p2(2d(p1,p’1)6—x(p1, q)) — 2d(pz,p’2)%(pz, a)|l

od od
< 2d(p1,p’1)|\Lp1p2(a—I(p17 q)) — %(pz, a2)|| + 2||d(p1, p}) — d(p2, p5)||
< 2k,d(p1,p})d(p1,p2) + 2(d(p1,P5) — d(p2, P5))

AgEqk
< 2kqd(p1, py)d(p1,p2) + 2d(p1,p2) < (% +2)d(p1, p2),
q

which completes the proof. (Il
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