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1. Introduction

Nondifferentiability appears naturally in several areas of mathematics and arises explicitly in the description of various
modern technological systems. Nonsmooth analysis studies the local behavior of nondifferentiable functions and sets lacking
smooth boundaries.

Nondifferentiable functions are often considered on finite dimensional or infinite dimensional Banach spaces, where
the linear structure plays a central role. However, in various aspects of mathematics such as control theory and matrix
analysis, nonsmooth functions arise naturally on smooth manifolds; see [1,2]. Unlike a Banach space, a manifold in general
does not have a linear structure and therefore new techniques are needed for dealing with nonsmooth functions defined on
manifolds. In the past few years, a number of results have been obtained on numerous aspects of nonsmooth analysis and
their applications on Riemannian manifolds; see, e.g. [3-7].

Generalized gradients or subdifferentials refer to several set-valued replacements for the usual derivative. These concepts
are used in developing differential calculus for nonsmooth functions. The concept of the generalized gradient of a locally
Lipschitz function was introduced by Clarke in 1975. This concept reduces to the classical gradient for smooth functions and
the subdifferential in the sense of convex analysis for convex functions and is accompanied by a useful calculus.

Attempts have been made to replace the class of locally Lipschitz functions by classes of noncontinuous functions and
develop a subdifferential calculus; see, e.g. [6,8,9] and the references therein. For lower semicontinuous functions smooth
local approximations from below led to the concept of viscosity and proximal subdifferentials.

In [3] the theory of viscosity solutions of Hamilton-Jacobi equations and the corresponding calculus were extended to
the setting of Riemannian manifolds (possibly of infinite dimensional). In [4,10] a notion of proximal subdifferential for
functions defined on Riemannian manifolds was introduced, a calculus for nonsmooth functions on these manifolds was
established and its applications were discussed. By a different approach in [2] a nonsmooth calculus on finite dimensional
Riemannian manifolds was developed and its applications to Hamilton-Jacobi equations were studied.

This paper is devoted to the study of the Clarke generalized gradient for locally Lipschitz functions defined on Riemannian
manifolds (either finite or infinite dimensional). This notion was introduced in [3,11,12]. We develop a basic calculus result
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for this subdifferential. Moreover, a class of subsets of Riemannian manifolds named epi-Lipschitz, is introduced and a
characterization of this class of sets, is obtained. Works dealing with this class of subsets of Euclidean spaces include those
by Rockafeller [13], Cornet and Czarnecki [14,15], Czarnecki and Rifford [16]. It is worthwhile to mention that extensions of
concepts concerning epi-Lipschitz subsets of Euclidean spaces to Riemannian manifolds have not been studied yet, in spite
of particular importance of this class of sets which includes closed convex sets with a nonempty interior. In a sequel to the
present paper we will elaborate on the applications of this class of subsets of Riemannian manifolds, providing sufficient
conditions for the existence of equilibria for a class of set-valued mapping F defined on a compact epi-Lipschitz subset S of a
complete parallelizable Riemannian manifold M with values in the tangent bundle. The results regarding these class of sets
which will be proved are not of local type, and cannot be obtained by local techniques.

The rest of the paper is organized as follows. In Section 2, we present the definition of the generalized directional
derivative on Riemannian manifolds. Then, the generalized gradient is introduced and its properties as a set-valued map
are investigated. Moreover, a subdifferential calculus for locally Lipschitz functions is presented. In particular, a chain rule
and Lebourg’s mean value theorem are proved. Section 3 is concerned with the properties of the tangent and normal cones
to closed subsets of Riemannian manifolds. Finally, Section 4 is devoted to a characterization of epi-Lipschitz subsets of
Riemannian manifolds.

2. The Clarke generalized gradient

In this paper, we use the standard notations and known results of Riemannian manifolds, see, e.g. [17-19]. Let us mention
some of them often used in what follows. Throughout this paper, M is a C* connected manifold modeled on a Hilbert
space H, either finite dimensional or infinite dimensional, endowed with a Riemannian metric (., .), on the tangent space
T,M = H. Recall that the set S in a Riemannian manifold M is called convex if every two points p1, p, € S can be joined by
a unique geodesic whose image belongs to S. As usual, for a point x € M, T,M will denote the tangent space of M at x, and
exp, : Uy — M will stand for the exponential function at x, where Uy is an open subset of T,M. We should also recall that
exp, maps straight lines of the tangent space T,M passing through 0, € T,M into geodesics of M passing through x.

We will also use the parallel transport of vectors along geodesics. Recall that for a given curve y : I — M, number ¢ty € I,
and a vector Vo € T, )M, there exists a unique parallel vector field V (t) along y (t) such that V(o) = V,. Moreover, the
mapping defined by Vo + V(t;) is a linear isometry between the tangent spaces T, ;)M and T, )M, for each t; € I. In the
case when y is a minimizing geodesic and y (ty) = x, ¥ (t1) = y, we will denote this mapping by L,,, and we will call it the
parallel transport from T,M to T,M along the curve y. Note that L, is well defined when the minimizing geodesic which
connects x to y, is unique. For example, the parallel transport Ly, is well defined when x and y are contained in a convex
neighborhood. In what follows, L,, will be used wherever it is well defined.

The parallel transport allows us to measure the length of the “difference” between vectors which are in different tangent
spaces. Indeed, let y be a minimizing geodesic connecting two points x,y € M, say y (to) = x, y(t;) = y. Take vectors
v € TyM, w € T,M. Then we can define the distance between v and w as the number

lv — Lyx(w)” = |lw— xy(v)”~

The isometry Ly, induces another linear isometry Ly, between T,M* and T,M*, such that for every o € TyM* and v € T)M,
we have (L}, (o), v) = (o, Lyx(v)). We will still denote this isometry by Ly, : TM* — T,M*.

Recall that a real-valued function f defined on a Riemannian manifold M is said to satisfy a Lipschitz condition of rank K
on agiven subset S of M if |[f (x) — f (y)| < Kd(x, y) for every x, y € S, where d is the Riemannian distance on M. A function f
is said to be Lipschitz near x € M, if it satisfies the Lipschitz condition of some rank on an open neighborhood of x. A function
f is said to be locally Lipschitz on M, if f is Lipschitz near x, for every x € M.

Let us start with the definition of the Clarke generalized directional derivative for locally Lipschitz functions on
Riemannian manifolds; see [11].

Definition 2.1. Suppose f : M — R is a locally Lipschitz function on a Riemannian manifold M. Then, the generalized
directional derivative of f at x € M in the direction v € T,M, denoted by f°(x; v), is defined as

oo s fop () +tdp() () —f oo~ (9(¥))
f°(x; v) .= limsup ,

y—x,t]0 t

(2.1)

where (¢, U) is a chart at x.

Indeed, f°(x; v) == (f o ¢~ 1)°(¢(x); dp(x)(v)). Note that this definition does not depend on charts (see [11]).
Considering 0, € T,M, we have

fo(x;v) = (f o exp,)®(Ox, V). (2.2)

Let us introduce another equivalent definition of the generalized directional derivative for locally Lipschitz functions on
Riemannian manifolds (see [3]).
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Let ¢y : Uy — TyM be an exponential chart at x. Given another point y € Uy, consider oy , (t) := qb;](tw), a geodesic
passing through y with derivative w, where (¢y, y) is an exponential chart around y and d((bxoq); 1)(Oy)(w) = v. Then,
f°(x, v) is defined by

t —
2%, v) = lim supf(ay,v( ) f(v).
y—x,t|0 t

Let us present two important examples of locally Lipschitz functions that arise naturally on Riemannian manifolds; see
also [20].

Example 2.2. Let M be a Riemannian manifold and let f : M — (—00, +00] be a lower semicontinuous function that is
bounded from below. For A > 0, we define the function

fux) = inf{f(y) + rd*(x, )}
yeM
for every x € M. Then along the same lines as [8, Theorem 1.5.1] one can prove that f; is locally Lipschitz on M.

Example 2.3. Let S(n, R) be the linear space of symmetric n x n real matrices endowed with the Frobenius metric defined by
(U,V) =tr(UV).Forany A € S(n, R),letAq, ..., A, denote the n (including repeated) real eigenvalues of A in nondecreasing
order. Then for any k € {1,...,n}, Ay : S(n,R) — R is a locally Lipschitz function; see [6, p. 304]. Moreover, let Spos,
be the set of all symmetric positive definite n x n matrices with determinant 1 which is a closed submanifold of S(n, R).
Then Spos, is a Cartan-Hadamard manifold, i.e., a simply connected Riemannian manifold of nonpositive curvature (see
[19,p.334])and forany k € {1, ..., n}, A; : Spos, — R is a locally Lipschitz function.

The following result is of local type and can be deduced from [8, Proposition 2.1.1].

Theorem 2.4. Let M be a Riemannian manifold and x € M. Suppose that the function f : M — R is Lipschitz of rank K on an
open neighborhood U of x. Then,

(a) foreachy e U the function v — f°(y; v) is finite, positive homogeneous, and sub-additive on T,M, and satisfies
IF°; v)| < Kllvll.

(b) f°(y; v) is upper semicontinuous on TM |y and, as a function of v alone, is Lipschitz of rank K on T,M, for eachy € U.

(€) fe(y; —v) = (=f)°(y; v) foreachy € U and v € TyM.

The generalized gradient or the Clarke subdifferential of a locally Lipschitz function f at x € M, denoted by df (x), is the
subset of T,M* whose support function is f°(x; .). Thus & € af(x) if and only if f°(x; v) > (&, v) for all v in T,M. As a
consequence of the definition of the generalized directional derivative, we conclude the following proposition; see [11].

Proposition 2.5. Let M be a Riemannian manifold and x € M. Suppose that f : M —> R is Lipschitz near x and (¢, U) is a
chart at x. Then

af (x) = de(®)*[0(f 0 0~ ) (@X))], (2.3)
where * denotes the adjoint.

Therefore, we have 9f (x) = d(f o exp,)(0y).

Example 2.6. Let M be a finite dimensional manifold and fi, ..., fy : M — R be C! functions. Then f : M — R defined
by f(x) := max;<i< minjey, fj(x), where forevery 1 < i < [ M; € {1,...,k}, is a locally Lipschitz function. Also, for

every v € T,yM, f°(x,v) = MaX;cjrx)) minjeji(f(x))(dfj(x), v), where Ji(v) = {j € M; : minyey; vp = v;} and I(w) =
{ie{l,...,k} :]i(v) #* &, minpejl_(v) vp = MaXi<j< Minjey; vj}. Moreover, 9f (x) = co{dfj(x) : j € I(x)}, where I(x) =
{i:xeint{x: f(x) = fi(x)}}.

We proceed now to derive some of the basic properties of the generalized gradient. A set-valued function F : X = Y, where

X, Y are topological spaces, is said to be upper semicontinuous at ¥, if for every open neighborhood U of F (x) there exists an
open neighborhood V of x such that

yeV = F(y) CU.

A set-valued function F : X = Y, where X is a topological space and Y is a Hilbert space, is said to be upper hemicontinuous
at xq if for every y* € Y*, the function x — o (F(x), y*) is upper semicontinuous at xo, where o (F(x), y*) is support function
of the set F(x).
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Lemma 2.7. Let M be an n-dimensional manifold. Consider the set-valued function G : M = TM* such that G(x) € T,M* for
every x € M. Suppose in a chart (v, W) at x € M, G is represented by

Gly) = Zg,-(y)dxﬁy : {dx;|,} is a local basis of T,M* in the chart (v, W)} .

i=1
Then, G is an upper semicontinuous function at x if and only if g : W = R" defined by g(y) := {(g1(}), 22, ..., &)} is
upper semicontinuous at x.
Proof. Let G : M = TM™* be upper semicontinuous at x and (17/, VT/) be the chart of TM* such that W = 7! (W) and
U (W) — (W) x R
V) = W) a1 ), ... ),

where X;‘ = Zle a;(y)dx;l,. Suppose N € R" is an open neighborhood of g(x). Then, {/;*I(w(W) x N) € TM* is open
and G(x) C {5*‘ (¥ (W) x N). Hence there exists an open neighborhood V(x) € M such that for every y € V(x), we have
G(y) € ¥y~ '(y (W) x N). Thus, fory € V(x) we have that g(y) € N.

Conversely, let U be an open subset of TM* and G(x) € U < TM*. Since G(x) € TyM* and T,M* C a1 (W), it
follows that U N 7~1(W) is nonempty and open. Thus m, (¥ (U N 7~ 1(W))) € R" is open, where m, is the projection
function on_the second coordinate. Therefore, there exists an open neighborhood V(x) € M, such thatify € V(x) then
g(y) S m(y(UNx~'(W))).Hence, G(y) CU. O

Remark 2.8. Let M be a Riemannian manifold.

(a) An easy consequence of the definition of the parallel translation along a curve as a solution to an ordinary linear
differential equation, implies that the mapping

C:TM* — T, M*,  C(x,&) = L, (£),

is continuous at (xg, &), that is, if (x,, &) — (X0, &) in TM* then Ly,x, (§,) — Lxyx, (§0) = &o. for every (xo, &) € TM*;
see [3, Remark 6.11].

(b) By the continuity properties of the parallel transport and the geodesic, see [4, Theorem 35], for fixed point z € M and
for each & > 0, there exists a number § > 0 such that

ILyLx — Lyl < & provided thatd(x,y) < 4.

(c) Utilizing the properties of the exponential map on Riemannian manifold M, for fixed x € M and for each ¢ > 0, we may
find number 8, > 0 such that

lld(exp, ) (¥) — Ly|l <& provided thatd(x,y) < §,.

Theorem 2.9. Let M be a Riemannian manifold, x € M and f : M — R be a Lipschitz function of rank K near x. Then,
(a) of (x) is a nonempty, convex, weak*-compact subset of T,M*, and ||€||. < K for every & € 9f (x).
(b) For every v in TyM, we have

fo(x; v) = max{(§, v) : § € Of (¥)}.

(c) If {x;} and {&;} are sequences in M and TM* such that &; € 9f (x;) for each i, and if {x;} converges to x and & is a weak*-cluster
point of the sequence {Lyx(§;)}, then we have & € 9f (x).
(d) If M is finite dimensional, then of is upper semicontinuous at x.

Proof. Properties (a) and (b) are easily shown to be true. Let us prove (c). Fix v € TyM. For each i, we have f°(x;; Ly, (v)) >
(&, Lx; (v)). The sequence {(&;, Ly, (v))} = {{Lyx(§i), v)} is bounded in R, and contains terms that are arbitrarily near
(€, v). Let us extract a subsequence of {L,(&;)} (without relabeling) such that {{Lyx(&), v)} = {{&, L, (v))} — (&, v).
By Remark 2.8(a) we have that Ly, (v) — v. Since f° is upper semicontinuous in (x, v), it follows that passing to the limit in
the preceding inequality gives f°(x; v) > (&, v). Since v is arbitrary, we conclude & € of (x).
We turn now to (d). Let M be an n-dimensional manifold. For each z € U, we define

T(2):=3(f o 9™ )(p(@)),
where (U, @) is a chart at x. The function

F:pU) =R",

defined by F(y) := 3(f o ¢~ 1)(y) is upper semicontinuous and T(z) = F o ¢(z). Thus, T is upper semicontinuous. On the
other hand,

) = dp®)* 3 o 9~ He®))],
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and
do(0)* [Z mi(3(f o go‘l)(go(x)))ei} =Y T 09 ) (e))dpR)* (@),
i=1 i=1

where {e;} is a basis of R" and 7; is the projection function on ith coordinate. Since {dg(y)*(e;)} is a local basis of T,M* in
the chart (U, ¢) and T is upper semicontinuous at x, it follows from Lemma 2.7 that df is upper semicontinuous atx. O

Theorem 2.10. Let M be a finite dimensional Riemannian manifold and xo € M. Suppose that f : M — R is a Lipschitz function
of rank K on a geodesic ball B, (xo). Then for each ¢ > 0, there exists § > 0 such that for x € Bs(xg)

Lixy (3f (%)) < 0f (X0) + €Br, m+,
where BTXOM* is the unit ball of T,,M*.
Proof. For ¢ > 0 the set df (xo) + SBTXOM* is an open neighborhood of Ly, (3f (Xo)) = 9f (o). It follows from Remark 2.8
that there exists an open neighborhood V. C TM* of df (x¢) such that

C(V) € 0f (xo) + €Bry m+-

By the upper semicontinuity of df, there exists a neighborhood V' of xq such that for each x € V’/, we have 9f (x) C V. Now
letx € V/, then

Lixy (3f (%)) < 0f (X0) + €Br, m+,
and the proof is complete. O

The previous theorem shows that for fixed point xo € M, the map x = Ly, (9f (x)) is an upper semicontinuous set-valued
map at xo. Therefore, it is upper hemicontinuous at xq; see [21, section 9.2]. In the following theorem, we will prove that,
when M is a finite dimensional Riemannian manifold, for every y € M and every geodesic ball B;(y) around y, the map
x = Ly (9f (x)) is upper hemicontinuous on B, (y).

Theorem 2.11. Let M be a finite dimensional Riemannian manifold and let f : M — R be a locally Lipschitz function. Suppose
that (y, v) € T™M and B, (y) is a geodesic ball around y. Then the function x — o (Ly,(3f (x)), v) is upper semicontinuous on
B:(y), where o is the support function of the set Ly, (9f (x)).

Proof. Let x € B, (y). We prove that for each ¢ > 0 there exists § > 0 such that for every x € B;(y) satisfying d(x, x) < &
we have

o (Ly(3f (%)), v) < o (Lgy(3f (X)), v) + &.
By Theorem 2.10, for each ¢ > 0 there exists §; > 0 such that if d(x, x) < J1, then
L (3f (x)) < 0f (%) + eBrgm~,
where Br,y+ is the unit ball of the T;M*. Hence,
Ley (Liz(0f (x))) € Lzy(3f (X) + eBrym+)-
By Remark 2.8, we can find 8, > 0 such that if d(x, X) < §, then
Lyl — Ly ll < €.
Therefore, for each x satisfying d(x, x) < min{§1, §,} and for each & € df (x) we have that
(v, Ly (§) — Ly (Lx(EN)| =< I €] lILgyLax — Lyl < K0,
where K is the Lipschitz constant of f near x. It follows that
sup (v, Ly (§)) = sup (v, Ly (Lx(§))) + llvleK
§eof (0 §eaf (x)

sup (v, Ly (§)) + ellvll + ellv[K.
§eof (X)

Thus the proof is complete. O

IA

Remark 2.12. Obviously, by the previous theorem for every y € R and (y, v) € TM,

xeB () :y < Seiar}fx)(Lyx(v), £)}, (2.4)

is an open subset of M, where B, (y) is a geodesic ball around y.

Note that in Theorem 2.10, M is a finite dimensional Riemannian manifold. The following useful result is a weak version of
Theorem 2.10 on infinite dimensional Riemannian manifolds.
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Theorem 2.13. Let M be a Riemannian manifold, X, € M, f : M — R be Lipschitz on geodesic ball B, (xo) of rank K. Then for
every v € Ty,M and ¢ > 0 there exists §, such that for each x € Bs, (xo) and w € 9f (x), there is a wg € 9f (xo) satisfying
[{Lyey (W) — wo, V)| < &.
Proof. We proceed by contradiction. There would be an element v € T,;M and a number ¢ > 0 and sequences {x,} C
M, {&,} C of (x,) such that x, — xo. We may assume that for each n, x, € B, (xg). Hence, for each w € 9f (xg) we have that

[{Lynxo (n) — w, v)| > &. (2.5)

Since ||&nll1,,m* < K, it follows that ||Ly,x, (gn)||TXOM* < K. Therefore there is a subsequence L,(nx_xO (&r,) — & in weak”
topology. Clearly, & € df (xo) and if we replace w by &; in (2.5), we get a contradiction. O

3. Subdifferential calculus

In this section, we present a subdifferential calculus for locally Lipschitz functions defined on Riemannian manifolds.
An easy consequence of the definition of the generalized gradient is the following proposition.
Proposition 3.1. Let M be a Riemannian manifold (possibly of infinite dimension). Then the following assertions hold:

(a) if f : M — Ris Lipschitz near x, then for each scalar A, we have that d(Af) = Lof (x).
MIffi:M— R(@{=1,2,...,n) are Lipschitz near x and »; (i = 1,2...,n) are scalars. Then f = ZL Aifi is Lipschitz
near x, and we have

0 (Z m) (0 C Y Xdfi0.
i=1 i=1

Theorem 3.2 (The Chain Rule). Let M be a Riemannian manifold (possibly of infinite dimensional) and N be a finite dimensional
Riemannian manifold. Suppose that F : M — N is Lipschitznear xand g : N — Ris Lipschitz near F (x). Thenf(y) = g(F(y))
is Lipschitz near x, and we have

Af () S co™ {I((y, exPry oF (N (X) 1 ¥ € dg(F (X))},
where co¥” signifies the weak*-closed convex hull.

Proof. Let eXpr) : (/sz)/) C TreyN — V(F(x)) be a diffeomorphism. Since F is Lipschitz near x, there exists an open
neighborhood W (x) such that F(W (x)) € V(F(x)). Defineg : g o eXPry = U(0) € TpyN — R and F = exp;(l) oF :
W) — L/]?O/) C TrN =~ R". We claim that

8f () < co” {ly, F())(x) : y € IFF(X))}.
To prove the claim, let (¢, U) be a chart of M at x such that U € W. Then Fo ¢~ 'is Lipschitz near ¢(x) and
A(f 09 ) (9®) S o {d{y. Fop ' () (@) : ¥ € 9Z(F 0 o™ (9(x))) = dZ(F(x)}.

Now, for & € af(x) we have that £ = dp(x)*q where ¢ € 3(f o 9~ 1)(p(x)). Thus ¢ = lim; ZL tjiqj,i where
gi.i € (i, Fo 9™ ())(¢(x)) and yi € 9Z(F 0 9~ ' (p(x))) = 9 (F(x)). It follows that

de()*qii € 3{yi, F()®) = dp®* @ (i, F()) 0 9™ (p(x)))
= dp(X)* @ (1, F) 0 97 () (p(X))).
Therefore, £ = do(x)* (lim; Z?:l t.iqj,) = lim; Zf:] t; & where & ; € 9(y;, E(.))(x) and y; € 8§(E(x)). Hence
£ € co” {3y, FL)(x) : y € FEFEN)),

and the proof is complete. O

Theorem 3.3 (Lebourg’s Mean Value Theorem). Let M be a finite dimensional Riemannian manifold,x,y € Mandy : [0, 1] —>
M be a smooth path joining x and y. Let f be a Lipschitz function around y [0, 1]. Then, there exist 0 < ty < 1and & € df (y (to))
such that

fO) —f@®) = (£, ¥ (t)).
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Proof. Consider the function ¢ : [0, 1] — R defined by
p(t) = f(y () — G(t),

where
GO =tf () + (1 - Of ).

The function ¢ is continuous and ¢(0) = ¢(1) = 0. The interval [0, 1] is compact and ¢ attains its maximum and minimum
in closed interval [0, 1]. If both maximum and minimum are boundary points, then ¢ = 0. Hence, for each t € (0, 1) we
have 0 € d¢(t).If maximum or minimum is an interior point, then there exists ty € (0, 1) such that 0 € d¢(tp). The function
G(t) is of class C? and hence according to Proposition 3.1, we have that

0 € dp(to) S (f(y(to))) — 3G(to).
Thus

f@) —f(x) =G(to) € (f(y(to))).
It follows from Theorem 3.2 that

F) —f(x) = G(to) € co ((E, exp, ) oy (D) (to) : § € If (¥ ()}

— [ d
ZwW{aﬁiw%wwOMm@@EGWW%D}
(6.7 (1) 1 & € 8f (¥ (tp))}. O

We conclude this section with the following proposition which can be deduced from [8, Theorem 2.3.2].

Proposition 3.4. Let M and N be two Riemannian manifolds, F : M — N be continuously differentiable near x and
g : N —> R be Lipschitz near F(x). Then f := g o F is Lipschitz near x and we have

af (x) € dF (x)*0g (F (x)).
If dF (x) : TeM — TN is onto, then the equality holds.

4. Tangents and normals

Let S be a nonempty closed subset of a Riemannian manifold M. We defineds : M —> R by
ds(x) .= inf{d(x, s) : s € S},
where d is the Riemannian distance on M. It is obvious that ds is Lipschitz of rank 1. If S is convex, then ds is convex too.

Definition 4.1. Let S be a nonempty closed subset of Riemannian manifold M, x € S and (¢, U) be a chart of M at x. Then
the (Clarke) tangent cone to S at x, denoted by Ts(x) is defined as follows:

Ts(%) := dp(X) ™' [Tysnu) (9 (X))],
where T,snu) (¢ (X)) is tangent cone to (S N U) as a subset of the Hilbert space H at ¢ (x).
Obviously, 04 € Ts(x) and Ts(x) is closed and convex.

Remark 4.2. The definition of Ts(x) does not depend on the choice of the chart ¢ at x; see [11, Lemma 3.4]. Hence, for any
normal neighborhood U of x, we have that

Ts(X) = Toy1 (s (On)- (4.1)

€XPx

It follows from [8, Proposition 2.5.2] that v € Ts(x) if and only if for every normal neighborhood U of x and every sequence
(zi) C expy, 1(S N U) converging to 0, and sequence t; in (0, co) decreasing to 0, there exists a sequence (v;) C TM
converging to v such that for all i, z; + tjv; € expx‘1 SNu).

In the case of submanifolds of R", the tangent space and the normal space are orthogonal to one another. In an analogous
manner, for a closed subset S of a Riemannian manifold, the normal cone to S at x, denoted N5 (x), is defined as the (negative)
polar of the tangent cone Ts(x), i.e.

Ns(x) == Ts(x)° == {§ e TM" : (£,2) <0Vz € Ts(x)}.

An easy consequence of this definition is the following proposition.

Proposition 4.3. (a) Ns(x) is a weak®-closed convex cone.
(b) Ns(x) = de(x)*(Ny(snuy (¢(x))), where Nysnu) (¢ (x)) is normal cone to ¢(S N U) as a subset of the Hilbert space H at ¢(x).
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The next theorem shows that, analogous to the case of Banach spaces, we have a characterization of the tangent cone on
manifolds. Let us invoke the concept of proximal subdifferential of lower semicontinuous functions defined on Riemannian
manifolds. See [4,10] for the details.

Definition 4.4. Let M be a Riemannian manifold,x € M andf : M — (—o0, 4+00] be a lower semicontinuous function. The
proximal subdifferential of f at x, denoted by dpf (x), is defined as dp (f o exp,)(0y).

As a consequence of the definition of dp (f o exp,)(0x) one has & € dpf (x) if and only if there is o > 0 such that

FO) = f®) + (€, exp ' (1) — od(x, y)? (4.2)

for every y in a neighborhood of x.
Now, if S is a closed subset of Riemannian manifold M, x € S. We define the proximal normal cone to S at x, denoted by

Ng (x), as N:pr,l(m)(ox), where U is any normal neighborhood of x.

The following lemma is an easy consequence of the definition of Né’ (%).

Lemma 4.5. Let S be a closed subset of Riemannian manifold M, x € S. Then & € Ng (x) if and only if there is o > 0 such that

(€, exp ' 1) < 0d(y, %)%,
for every y in a neighborhood of x. Moreover, dpds(x) C Ng (x).

Remark 4.6. It is easy to verify that N§ (x) = 9pds(x); here &5 is the indicator function of S defined by s(x) = 0ifx € S and
ds(x) = ocoifx &S.

Note that as we mentioned earlier throughout this paper all manifolds are assumed to be connected.

Lemma 4.7. Let S be a nonempty closed subset of a complete finite dimensional Riemannian manifold M (or else, an infinite
dimensional manifold M with the property that every two points of M are connected by a minimizing geodesic) andx € M — S.
If dpds(x) # 0, then ds is differentiable at x. Moreover, there is an sy € S such that

(a
(b
(c
(d

every minimizing sequence of ds(x) converges to So;

ds(x) = d(x, sp) and d(x, s) > ds(x) foreverys € S, s # so;
there is a unique minimizing geodesic joining x and sy;

Lxso (anS (X)) - Ng (50)'

Proof. The differentiability of ds at x and the existence of sy € S satisfying assertions (a)-(c) are proved in [10, Theorem
3.5]. To prove (d), let £ € 0pds(x). Then using (4.2) one has 2ds(x)é € 8pd§(x). On the other hand by [10, Theorem 3.3],

dg is differentiable at x and its differential at x is 2ds (x)%(x, X) where X is on the unique minimizing geodesic connecting

x and sg and close enough to x. Hence, £ = %(X, %). Since the function g(s) = (d(s,) + d(¥, x))?, where J is on the
unique minimizing geodesic connecting x and sy and close enough to sp, attains a minimum at so on S, it follows that
0 € 2d(x, so)%@, So) + dpds(So). Therefore by Remark 4.6 and [10, Theorem 3.3], Ly, (§) € Ng(so). O

Now, we can deduce the key results that can help us arrive at our goal. The proof of the following lemma is straightforward.

Lemma 4.8. Let M be a Riemannian manifold.
(a) If f is Lipschitz near x, then
af (x) = co{w — lim;_, 0 & : & € pf (X)), X; — X}.
(b) If Sis a closed subset of M containing x, then
Ns(x) = co{w — limi_.o0 & : & € N (%)), X — x},
where w — lim signifies weak limit.

Lemma 4.9. Let S be a nonempty closed subset of a complete finite dimensional Riemannian manifold M (or else, an infinite
dimensional manifold with the property that every two points of M are connected by a minimizing geodesic) and x € S. Then

Ns(x) = {U, 50 23ds (0)}.
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Proof. We just consider the infinite dimensional case. Suppose & € N£ (x). By using exact penalization on Riemannian
manifolds, for any ¢ > 0 we have £/(||€|| + €) € dpds(x). Then we can deduce that

= {w— lim & : & € Nl (x),x > x} € | JMw — lim & : & € dpds(x). x; — x}.
11— 00 )LZO 11— 00

Lemma 4.8 implies Ns(x) € {{, .o A9ds(x)}.

To prove the reverse inclusion, we claim that the set A := {w — lim;_, » & : & € 0pds(x;), X; — x} is contained in the set
B:={w—limj_&:& € Ng(x,-), X; — x}. Then the assertion follows from Lemma 4.8.

Let £ = w — lim;_ . & such that & € 0pds(x;) and {x;} converges to x. If {x;} has a subsequence in S, we extract this
subsequence without relabeling. It follows from Lemma 4.5 that &; € Ng (x;). Otherwise, {x;} has a subsequence in M — S
and we extract this subsequence without relabeling. By Lemma 4.7(b) and (d) there exists a sequence {s;} C S such that
forevery s € S, d(s;, x;) < d(s,x;) and Ly; (&) € Ng (si). Clearly, s; converges to x. Thus £ € B, which ends the proof of the
claim. O

Theorem 4.10. Let S be a closed subset of a Riemannian manifold M, x € S and v € T,M. The following assertions hold.

(i) If d2(x,v) =0, then v € Ts(x).

(ii) Conversely, if in addition M is complete finite dimensional (or else, an infinite dimensional manifold with the property that
every two points of M are connected by a minimizing geodesic) and v € Ts(x), then dg(x, v) = 0.

Proof. To prove assertion (i), let U be a normal neighborhood of x and suppose that the sequences () C exp; /(SNU), z; —
Oy and ¢t; | O are given. By a well-known property of the exponential map there exists a § > 0 such that exp, is bi-Lipschitz
C* diffeomorphism on B(0y, §). We may assume that the geodesic ball U= B(x, §) is contained in U. Since z; + tjv — Oy,
it follows that for all i large enough z; + tjv € B(0y, §). On the other hand ds(exp,(z;))) = 0 and by hypothesis d(x, v) = 0,
hence

. (ds o exp,)(z; + tv)
lim
i—0 ti

=0. (4.3)

For each i, we choose s; € S such that
t.
d(si, expy(zi + tiv) < ds(expy(zi + tiv)) + ~ (44)

Therefore, s; — x and for all i large enough s; € U. Since the map expy ! is Lipschitz on U, there exists a number C > 0 such
that for all i large enough

1
¢l exp, ' (s1) — zi — tv|| < d(si, expy(zi + tv)).

It follows from (4.4) that
_ ti
Il expy ' (s1) — zi — tiv]| < Cds(exp,(zi + tiv)) + c%. (4.5)

If we set v; := M , then by (4.3) and (4.5), v; — v. Moreover, for all i large enough exp, (t;v; +z;) =s; € SN U.

To prove (11) let v € Ts(x) and & be an arbitrary element of dds(x). Then Lemma 4.9 implies £ € Ns(x) and by polarity
we get (¢, v) < 0.Thusdi(x, v) <0, asrequired. O

The following theorem and its corollary will be fundamental to the next section of this paper.
Theorem 4.11. Let M be a complete finite dimensional Riemannian manifold (or else, an infinite dimensional manifold with the

property that every two points of M are connected by a minimizing geodesic), x € M, f : M — R be Lipschitz on geodesic ball
B, (x) and 0 & of (x). If Sis defined as S := {y € M : f(y) < f(x)}. Then one has

{veTM:f°(x,v) <0} C Ts(x).
Proof. The claim can be reached combining the results contained in Remark 4.2 and [22, Theorem 2.4.7]. Along the same
lines as [22, Theorem 2.4.7], it suffices to prove that any v € T,M for which f°(x, v) < 0 belongs to Ts(x). Let v € T,M such

thatf°(x, v) < Oand (z;) C exp, 1(SNB,(x)) be any sequence converging to 0, and t; € (0, co) be any sequence decreasing
to 0, then there is a number § > 0 such that for all i large enough,

f(exp,(zi + tiv)) < f(expy(zi)) — 8t < f(x) — dt;.
So for all i large enough, z; + tjv € expx‘1 (S N B.(x)) which means v € Ts(x), as required. O

The following corollary is a direct consequence of the previous theorem.
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Corollary 4.12. Let M be a complete finite dimensional Riemannian manifold (or else, an infinite dimensional manifold with the
property that every two points of M are connected by a minimizing geodesic), x € M, f : M — R be Lipschitz on geodesic ball
B.(x) and O & of (x). If Sis definedasS :={y € M : f(y) < f(x)}. Then

Ns(x) € | 29f (0.

A>0

5. A characterization of epi-Lipschitz subsets of complete finite dimensional Riemannian manifolds

In this section, we characterize epi-Lipschitz subsets of complete finite dimensional Riemannian manifolds by using
the results of the previous sections. This class of sets is of particular importance since it includes closed convex sets
with nonempty interior and sets defined by finite smooth inequality constraints satisfying a nondegeneracy assumption.
Throughout this section manifolds under consideration are assumed to be finite dimensional.

Definition 5.1. Let M be a Riemannian manifold and S C M. The set S is said to be epi-Lipschitz if at every point x € S,
Ns(x) N (=Ns(x)) = {0}.
Note that the previous definition is equivalent to say that intTs (x) # @.
Let us define a subset of T,M as follows:
Hs(x) = (v e T,M :3e > 0, (z + tv') € exp, (SNU),V¥(z, V', t) € (B(Ox, &) Nexp, ' (SNU)) x B(v, &) x [0, &)},
where U is any normal neighborhood of x. Then the following theorem can be deduced from [13, Theorem 2].

Theorem 5.2. Let M be a complete Riemannian manifold and S be a closed subset of M. Then S is epi-Lipschitz at x € 9S if and
only if
# # intTs(x) = Hs(x).

Example 5.3. (a) Let f : M — R be a Lipschitz function defined on a complete Riemannian manifold M. Then epif =
{(x,r) e M xR : f(x) <r}isan epi-Lipschitz subset of manifold M x R. Indeed, if f (x) < r then (x, r) € int epif which
implies intTepis (x, 1) 7# ¥, and if f (x) = r then (Ox, 1) € Hepir (X, f (%)).

(b) Every closed convex set S with nonempty interior in a complete Riemannian manifold M is epi-Lipschitz, since for
arbitrary x € S, exp, ' (') € Hs(x), where ¥’ € intS.

Remark 5.4. It can be verified that if S is a closed subset of R" which is epi-Lipschitz at a boundary point x, then
Hs(x) = —Hgn\ints (X).

Also, if S is a closed subset of Riemannian manifold M which is epi-Lipschitz at a boundary point x and exp, : V — U is
diffeomorphism, then one has

Hs(x) = H —H

expy 1 (UNS) (0x) = V\intexpy '(UNS) (0x).

Moreover,
HV\imexp;l(umS) 00 = Hexpx_l(Uﬂ(M\intS))(OX) = Huinis (%),

so that Hs(X) = —Hp\ines (X).
It means that if M is a complete Riemannian manifold and S is a closed subset of M, and if S is epi-Lipschitz at x € 95,
then

# # intTs(x) = Hs(X) = —Hup\ins(X) = —intTypjnes (X).

Let us invoke another definition of generalized gradient of a locally Lipschitz function. The celebrated theorem of
Rademacher [3, Theorem 5.7] asserts that every locally Lipschitz real-valued function f, is almost everywhere differentiable,
so that £2; (the set on which f is differentiable) is dense in M. The differential of f defined on a Riemannian manifold M, can
be used to generate its generalized gradient, as depicted in the following formula.

Lemma 5.5. Let f : M — R be locally Lipschitz on a Riemannian manifold M, then
of (x) = co{ lim df (xg) : {xq} € 2, x5 — x}.
q— 00

It is worthwhile to mention that lim,_. o, df (x4) in the previous lemma is obtained as follows. Let §; € T,M*, i =1, 2, ...be
asequence of cotangent vectors of M and let & € TyM*. We say &; converges to £, denoted by lim &; = &, provided thatx; — x
and, for any C* vector field X, (&, X(x;)) — (&, X(x)). Let (U, p)be a local chart neighborhood with x € U. Since x; — x,
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we may assume without loss of generality that x; € U for all i. Then lim & = £ if and only if (&, (;%) ) — (€. (5%),) for
1

n < dim(M). The latter is clearly equivalent to (d(p‘1);‘;(xi)§,» — (d(p_]):;(x)é.

Theorem 5.6. Let M be a complete Riemannian manifold and S be a closed subset of M. Then the following assertions are
equivalent.

(a) S is epi-Lipschitz.
(b) There is a locally Lipschitz function f : M — R such that
(i) S={xeM:f(x) <0},
(ii) If f(x) = 0, then 0 & of (x),
(iii) S = a(intS) = {x € M : f(x) = 0}.

Proof. Let us prove the implication (b) = (a). Suppose that f (x) < 0.Then dads(x) = {0} and Lemma 4.9 implies N5 (x) = {0},
which means that S is epi-Lipschitz at x. Now let f (x) = 0. We conclude from Corollary 4.12 that
Ns(x) € | 29f (0.

A>0

Since 0 ¢ of (x), we have Ns(x) N (—Ns(x)) = {0}.
Now we are going to prove the converse implication. Note that if there is a locally Lipschitz function f : M — R such
that

(i) S={xeM:f(x) <0},
(ii) If f(x) = O, then 0 & 9df (x). Then, we can prove the third condition. Indeed it suffices to prove for every xo € M with
f(x0) = 0,x € intS \ intS. By separation theorem, there exist vy € Ty,M with [[vo|| = 1and a > 0 such that for all

x* € 0f (xo),

(x*, vo) > a.

By Theorem 2.10, for a > 0, there exists § > 0 with § < r where B, (xo) is a geodesic ball around xg, such thatif d(x, xo) < §,
then for x* € df (x), we have

(LXXO(X*)’ UO) > a.

Now, we define the Lipschitz function ¥ : (=6, §) — Rby ¥ (t) = f o expy, (tvp). By Proposition 3.4,

AP (t) < {(&, dexpy,(tvo)(vo)) : & € If (expy, (tvo))}.
On the other hand, from Remark 2.8, for all t small enough

a
g expy (tv0) — d €XPy, (C00)| =<

where k is the Lipschitz constant of f on B, (xo). Hence dv(t) > a/2, by Lebourg’s Mean Value Theorem, for all t € (0, §),
v (t) > ta/2.

It means f o exp, (tvo) > ta/2 > 0. Thus exp, (tvp) ¢ S which implies Xo ¢ intS. Moreover, if t € (=38, 0], then (t) < 0

and x, € intS.
Now, we prove the existence of the locally Lipschitz function f satisfying (i) and (ii). Define the locally Lipschitz function
As M — R by As(X) = ds(X) — dM\S(X)- Obviously,

S={xeM: As(x) <0}.

We are going to prove that 0 & dAs(x) for every x such that As(x) = 0. We claim that (§,v) < Oforall £ € dAs(X)
and for all 0 # v € intTs(x). To prove the claim, it is sufficient to prove for all 0 # v € Hs(x), there is ¢ > 0 such
that (dAs(x), d exp,—c(exp)-:1 (x))(v)) < —eforall x € B(x, €) provided that Ag is differentiable at x. Then, Theorem 5.2 and
Lemma 5.5 imply the claim. Suppose 0 # v € intTs(X), one can prove that there exists ¢ > 0 such that for all z € B(0g, €)
andv € B(v,¢)andt € [0, ¢),

ds(exps(z + tv)) < ds(expz(2)). (5.1)

By polarity there exists § > 0 such that (¢, v) < —§||&|| for all £ € Ns(x). If (5.1) fails to hold, there exist sequences
{zi} C TzM, {v;} C TzM and {t;} C R converging to Oz, v, 0 such that

ds(expy(zi + tivi)) > ds(expg(zi)).
Applying [10, Theorem 3.11], there exist ty,, y; and &; € dpds(y;) with d(y;, expz(z; + to,vi)) < 1/isuch that
0< (Sf’ Lexp,;(z,-+[0[.v,-)y,- (d exp)?(zl‘ + tO,-”i)(”i))) + l/i
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Take a subsequence if necessary to have Lyz(&;/&;l|) converges to a limit £ which by Lemma 4.8 is in Ng(X). So Remark 2.8
implies

0 =<(§v) =38l =34,

which is a contradiction. Thus, there exists ¢ > 0 such that forallz € B(0z, ¢) and v € B(v, €) and t € [0, &), (5.1) holds.
On the other hand, there is € € (0, 1) such that for all (z, v, t) € (B(03,€) N exp;l(U NS)) x B(v, €) x [0, €),

(z + tv) € exp; (SN U),

where U is any normal neighborhood of x. Let ¢ = minf{e, ¢, r} where B, (X) is a geodesic ball around X, and leE € =
(¢' — ¢’*)/2 and x € B(X, €') such that Ay, is differentiable at x which is in M \ intS (the proof is similar when x € S). It is
easy to see that (5.1) implies for t small enough, ds (exp,—((exp,{l(x) — t)) > ds(x) + &’t. So that

e't < As(expg(expy ' (x) — t0)) — As(x) = (dAs(x), dexpg(exp; ' (x))(—tD)) + o(t),
and we get
(dAs(x), d expy(exp; ' (x) (D)) < —¢,

asrequired. O

Example 5.7. Let M be a complete Riemannian manifold, f;,...,fx : M — R be C' functions and assume that for all
x € M the set {dfi(x) € T,M*,i € I(x)} is independent in T,M*, where I(x) = {i € {1,...,k} : fi(x) = 0}. Then
S =1{& e M : fiw < 0,i = 1,...,k} is an epi-Lipschitz subset of M. Indeed, if we define f : M — R by
f(X) = maxieq1,... 1y fi(x), then of (x) = co{dfi(x) : i € I(x)}. Hence f satisfies the conditions of part (b) of Theorem 5.6.
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