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Introduction

In the area of acoustics or electromagnetics for instance, the simulation of physical phenom-
ena leads to the problem of solving elliptic partial differential equations. Usually, such
problems cannot be solved explicitly, so their solution needs to be determined numeri-
cally in finite dimensional spaces. Two common methods are the finite element method
(FEM) and the boundary element method (BEM). Both methods have different advan-
tages and disadvantages. In the three-dimensional case we have to discretize the volume
of the computational domain €2 in order to use the FEM whereas the BEM only needs
the discretization of the area 0{2. Obviously, the resulting degree of freedom N using
BEM is significantly smaller than by using FEM. A serious drawback of BEM are the
non-symmetric and fully populated system matrices in contrast to the sparse and sym-
metric system matrices of FEM. Thus the complexity for solving elliptic partial differential
equations via FEM or BEM needs O(NN) and O(N?) operations respectively. With some
techniques like Panel-Clustering (cf. [4]) the BEM only needs O(N log V) operations. The
most important advantage of BEM arises if we want to solve the exterior boundary value
problem on unbounded domains. Since BEM leads to boundary integral equations we
do not need to discretize the unbounded domain €2, only the small boundary 0€2. The
solution of such boundary integral equations automatically fulfills the radiation condition
u(z) — 0 for |z| — oco. Using FEM it is not clear how to handle this condition. Because
of this reason BEM is the preferred method to solve exterior boundary value problems in
acoustics or field theory.

The principle of BEM consists of reformulating elliptic differential equations to bound-
ary integral equations. Solving these equations we obtain a solution on the boundary.
Green’s formula represents the solution at any point outside the boundary by boundary
integrals. Since the evaluation of these integrals via Gauss quadrature is neither efficient
nor stable near the boundary we will introduce a new method. In the first chapter of
this master’s thesis elliptic partial differential equations and the resulting boundary in-
tegral equations are considered in addition to the theoretical background of completing
the boundary data. Since kernel functions form the main part of Green’s representation
formula, they are discussed in detail in chapter two. Properties of kernel functions such
as asymptotic smoothness are considered as well as possibilities to approximate them by
degenerate kernels. These degenerate kernels can be computed by Taylor expansion or
adaptive cross approximation (ACA). For the latter a fast algorithm is presented. The
advantage of this algorithm is that neither derivatives must be computed nor the required
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rank needs to be known in advance. In chapter three we introduce a concept to partition
the boundary in an efficient way using so-called cluster-trees. Furthermore, the number
of needed clusters is estimated. The next both chapters deal with error and complexity
estimates of the introduced algorithm which are established in chapter six.



Chapter 1

Problem

The aim of this master’s thesis is to find an efficient way to evaluate the solution of
boundary integral equations at several points. Hence, we solve the problem

Lu = f in  (or Q°),
You = gD on I'p, (1.1)
MU = gn on 'y

on bounded Lipschitz domains Q C R? or its complement Q¢ := R?\ Q. The considered
operator .Z is a second order partial differential operator. .Z can be scalar or a system of
m operators

d m
— ZZ@Z kla Jug 4+ 6Fuy, k=1,...,m, (1.2)
i,7=11=1
with coefficient functions cg and 6%, 4,5 = 1,...,d, k,l = 1,...,m. Furthermore f,

the Dirichlet data gp and the Neumann data gy are given on parts I'p and I'y of the
boundary 9Q =: T =Tp UTy. In (1.1), we denote the Dirichlet trace by 0. Let v(z) be
the outer normal at the point x € I'yy. Then the co-normal derivative is defined by

(71w Z Zl/Z c; 8 u; on I'y.

i,j=1 =1

1.1 Preliminaries

In the following chapters we assume that the differential operator . is uniform elliptic.
That means the operator .Z fulfills

m
Z Z cg viwgvjw > Ag|v|jw|®  for all v € R, w € R™, (1.3)
i=1k,i=1



CHAPTER 1. PROBLEM

the so called Legendre-Hadamard condition. In (1.3), ||-|| denotes the Euclidean norm
and A\ ¢ is a constant with Ao > 0. In addition, we assume that cf} is bounded, thus
kl Coa _
r;leaéc]cm(@\ <Ay, i,57=1,...,d, kil=1,...,m.

The solution of (1.1) and its components, respectively, is searched in Sobolev spaces
WHEP(Q) == {u € LP(Q) : 0°u € LP(Q) for all |a| <k}, ke Ny, peN,

where we denote by 9 the weak derivative

5o — (8)a1 <3>a2 . (3)%
aﬂcl 6962 85Ed
with the multi-index o € Ny. For any multi-index o € Ny we define |a] := a1 +ag+. . .+ayg,
x® =t ag? xsd and a! ;= a1! - as! - ... - ag!. With respect to the Sobolev space

WkP we define the Sobolev norm

lullwnoiey = | D 10%ullf,

la|<k

Let supp u := {z € Q : u(z) # 0} denote the support of u in €2, then we can define the set
Wf P(Q)) as the closure of the set

C5o(Q) :=={u e C(Q) : supp u C 0}
in Wy, ,(§2) with respect to the norm || - [lyyxs(q). For the case p = 2 the Sobolev spaces

are in addition Hilbert spaces, denoted by H*(Q2) := W*2(Q) and HE(Q) = Wg’z(ﬂ)
with the scalar product

(u,v) () = Z / 0% 0% dux.
jof<k ¢
The Sobolev space H () of negative order is defined as the dual space of H} ().
On the boundary, we can define Sobolev spaces H*(T'), s € R by using parameteriza-

tions of I'. Therefore, we require that the boundary T' is in Ck=L1. For a part T'g C T of
the boundary I' the Sobolev spaces H*(I'g) and H*(T'y), s > 0 are defined by

H?*(Ty) :== {u|p, : v e H*(I")}
H*(Tg) := {u|r, : u € H*(T), supp u C T}
with the norm
1wl s (ro)y = f{|[ul| gs () : w € H*(T), ulp, = u}.
Negative Sobolev spaces on the part I'g of the boundary are defined again by duality
H*(To) := [H*(Ty)/
H*(Lo) = [H*(Ty)].



1.2. GREEN’S REPRESENTATION FORMULA

1.2 Green’s Representation Formula

Assume that gp € H%(FD) and gy € H_%(FN). Then the solution u of (1.1) is uniquely
defined by conditions on the boundary I' supposed that the Dirichlet part has positive
measure. If additional constraints are imposed, then also pure Neumann problems can be
treated. On these conditions, we can reformulate the boundary value problem (1.1) with
f =0 as integral equations on the boundary I'. For simplicity, we consider operators

d m

(Lu) = — Z Zai(cf;aj)uz, k=1,...,m.

ij=1I=1

Thus we restrict ourselves to the leading part of the operator .Z.
Let 0 denote Dirac’s §. We assume that for £ a singularity function S can be
found, i.e. an m x m matrix of functions satisfying

£S =61, R4

At least for operators with constant coefficients the existence of S can be guaranteed. We
need to know S explicitly, since S will appear as part of the kernel function of the resulting
integral operators. To simplify matters we show how the boundary integral equations are
derived if . = —A is the Laplacian. For this operator, the co-normal derivative ~y;
coincides with the normal derivative 0, .

Theorem 1.1. The solution w of (1.1) can be computed in Q0 or its exterior Q¢ with
Green’s representation formula

tu(z) = (Vt)(z) — (Ku)(z), x€Q (z€Q°, (1.4)

by the Dirichlet data u(x) and the Neumann data t(x) := O,u(xz) for © € T'. For the
exterior boundary value problem, the assumption

u(@) =0,  for |lzl| - oo,

1s needed in addition.

In (1.4), V denotes the single-layer potential operator

Vw)(z) = /FS(y —z)w(y)ds,, =€R% (1.5)

acting on w on the boundary I' =T'p UT'y. K is the double-layer potential operator

(Kw)(z) = /Fw(y)&,yS(y —z)ds,, z€R% (1.6)
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and
— 1|, d=1
S@)={ ~Emlal,  d=2 (17)
el >3

denotes the singularity function of the Laplacian, where w/; is the surface measure of the
unit sphere in R?. Hence +u(x) can be written as

tu(x) = /FS(y — )0y, u(y) dsy — /Fu(y)ﬁny(y — ) dsy.

Proof. (cf. [5]). Without loss of generality we consider the interior boundary value prob-
lem. The above representation follows from Green’s first identity

/gradw-gradud:z:/w&,uds—/wAudx,
Q r Q

and Green’s second identity

/ (wAu — uAw) dx = /(w Oyu — u dyw) ds.
Q r

Using the second identity with w(y) = S(y — x), we obtain Green’s third identity

u(z) = / S(y — x) Ayuly) —u(y) AyS(y — ) dy
“ 0 —4(z)

_ /F S(y — ) By, u(y) — u(y) By, S(y — z) ds,.

1.3 Symmetric Boundary Integral Formulation

In order to evaluate the representation formula (1.4) we need to know u and d,u on the
whole boundary I'. In this chapter we will describe how the Cauchy data [you,yi1u] can
be completed, since u is only known on I'p and 0,u is only known on I'y.

Let

(K'w)(y) == /Fw(x)é?ny(x —y)dsy, yeT



1.3. SYMMETRIC BOUNDARY INTEGRAL FORMULATION

denote the adjoint of K and D be the hypersingular operator obtained by applying the
negative Neumann trace 7, to the double-layer potential operator (1.6). If we apply the
trace operators vy and 71 to Green’s formula (1.4) together with the jump relations

0,(V)(y) = (")) + 5u(uo),

(Kw)(y) > (Kw)(30) F 30 (w0),

which map any y € Q (y € Q°) to a yp € I', we obtain

You = Yo(Vo,u — Ku)

1
=Vmu — Kyu £ 3o
and

mu =m(Vo,u — Ku)
1
= K'viu £ g — Kyiu

1
= K'viu £ g + Dyou.

Hence we get the following system of boundary integral equations on I

You | i%I—IC )% You (1.8)
yu | D +3T+ K yu |- '

Next, we will introduce some properties of the single-layer potential, double-layer po-
tential and hypersingular operator (cf. [5] or [7]). The single-layer potential operator
V: H_%(I‘D) — H%(FD) is continuous and H_%(FD)—coercive, that means

(Vw,w)2r ) = cVHwH% for all w € IA—j*%(FD).

“3(I'p)
Moreover, the hypersingular operator D : H %(FN) — H _%(FN) is continuous and
Hs (T )-coercive, thus

1
(Dw,w) 2(ryy = CDHMHE%(FN) for all w € H2(I'y).

The double-layer potential operator K : H %(F) — H %(F) is continuous, i.e.

(Kv, w) 2y < exclloll for all v,w € H2(T).

Hé(r)Hw”H%(r)
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In order to complete the Cauchy data [you,vi1u| let gp and gy denote the canonical
extensions of gp and gy to I'. We set

u:=u— §D,

ti=t— Jn,
where t(xz) = Jyu(z). With this definition we have to compute u € I:T%(FN) and t €
H_%(I‘D). Obviously % = 0 on I'p and ¢ = 0 on I'y, thus we obtain from (1.8)

~ 1. U ~

gp = §D—’C(U+9D)+V(t+g]v) onI'p,
- U 1. ~

gN = D(u+gp)+§gN+lC’(t+gN) on I'y
and hence

- . - 1 "
—Vt+Ku = Vgn — <2I+IC> gp onlp,
1 (1.9)
IC/ftv—i- Du = <2I - K:,> gN — D§D on 'y

for the inner boundary value problem. The previous system of integral equations (1.9) is
referred to as the symmetric boundary integral formulation of the mixed boundary
value problem (1.1). If the Dirichlet boundary I'p does not vanish, this system of equations
is uniquely solvable.

1.4 Boundary Data using Galerkin’s Method

After having approximated the manifold I' by triangles, each operator AZ + A with
(Av)(y) == Jpk(z,y)v(x) ds, of the symmetric boundary integral formulation (1.9) is
discretized as AM + A, where M denotes the mass matrix and A the stiffness matrix. Let
the piecewise linears ¢;, j € J, be a basis of the finite-dimensional ansatz space V}, C V;
i.e. we search a solution uy, of the form uy =Y jeg Uj ¢;. The finite-dimensional trial space
Wp, C V' is spanned by the piecewise constants 1;, ¢ € I. We use the Galerkin method to
test (AZ + A)uy, = ¢ in variational form

/ Aupt; + (Aup); ds = / gvids, iel.
r r

Thus, the mass matrix M takes the form

mi = [ i) ds, el jel
r
and the stiffness matrix A has the form

%:AAmwm@@@wm% ieljed
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1.4. BOUNDARY DATA USING GALERKIN’S METHOD

The mass matrix M is sparse and does not cause any numerical problems. Since M
vanishes on admissible blocks t X s, i.e. blocks which satisfy

min{diam X3, diam X} < ndist(Xs, X3),

we can add the entries of M to the non-admissible blocks of an approximant of A. In our
chosen way of discretization, we have I # J for the discretization A of operators A. Let
t C I and s C J, then we can define the following linear operators Ay, : L*(T') — R! and
Ao L3(T) — R® by

(Maif)ii= [ F@y(e)dse, foriet
(2= [ @)y ds, for jes
We define the adjoint A5 R® — L3(T) of Ao : L*(T") — R® by
(A3, fr2m) = 2T(Agsf)  forall z€ RS, f e LX),
Using this notation, we can write each block Az, of the stiffness matrix A € R1*7 as
Aps = Mg AN .
Next, we need to define the support of A : L?(I') — R’. The support is given by
supp A =T\ G,

where G is the largest open set such that A¢ = 0 for all ¢ with supp ¢ C G. With this
definition, we set

Y =supp A1y, i€,
Xj=supp Agj, jeJ

In order to compute the entries a;; of the stiffness matrix A, we need to evaluate the
kernel function k. The operators Aq; and A ; guarantee that the kernel function & is
evaluated on X; x Y;. Hence, for any sub-block A, of the matrix A we have to evaluate
kon Xg:= UjES X and Yy = ;. Vi

Now we can turn to the discrete variational formulation of (1.9). The solution (uy,t)
is searched of the form

up = Zujﬁbja

Jj€J

th =Y tahi,

iel

11
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and thus we obtain the following algebraic system of equations for the unknown coefficients
uw e Rl and t € RUI of up, and tp,

-V K][t]_ 1% —IM-K | [gnv] [ fn

KT D ul| | —3M-KT -D gp | | fo |’
The discretization of the single-layer potential operator V, the double-layer potential op-
erator IC and the hypersingular operator D are calculated by

Vkl = (leawk)Lza
K = (Kéj,vn)re,
Dij = (Doj, di) 12,

where k,l=1,...,[I|and i,j =1...]J|.

To describe the convergence of the above discretization method, we need a generaliza-
tion of finite element analysis. Let (u,h) € H*(T'x) x H'(I'p), be the solution of (1.9).
Using Céa’s lemma, we can show that

1=y I 00y S 8 (g + )

(FN FD)

From this estimate, we see that the discrete solution (uy, t;) converges for decreasing mesh

size h — 0 against the continuous solution (u,t) of (1.9); cf. [5].

12



Chapter 2

Kernel Functions

In this chapter we discuss the same theoretical background as in Chapters 3.2-3.4 of [2].

2.1 Properties of Kernel Functions

In this section we will introduce some properties of kernel functions of systems of partial
differential operators

d m
(Lw)p ==Y > 0i(Hoju +oue, k=1,....m (2.1)

ij=1I=1

with constant coefficients cf} and ¢ satisfying the Legendre-Hadamard condition (1.3). We
will need these properties to prove that the kernel functions are asymptotically smooth.

Definition 2.1. A function r : R? x Q — R satisfying s(-,y) € C®(R?\ {y}) for all
y € Q is called asymptotically smooth in Q with respect to x if there are constants c
and v such that for ally € Q and all o € Ng

02K (z, )] < cpwpm for all z € R\ {g}, (2:2)

where p = |a|.

Instead of (2.2) sometimes another condition is used for the definition of asymptotic
smoothness. Alternatively we can use the condition

|0z k(2 y)| < epAPllw —y| 777" for all y # =, (2.3)

on the derivatives of k with some s € R. Conditions (2.2) and (2.3) are equivalent if x has
an algebraic singularity for y = x.

13
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Definition 2.2. The Fourier transform §: L*(Q2) — L?(2) is defined by

1

(Sv)(z) = (2n)i /Rd e " Yu(y) dy,

and normalized such that F* = 1.

Lemma 2.3. Foru € [H}(Q)]™ satisfying the Legendre-Hadamard condition (1.3) it holds
that

d m
All3@z < 3 3 /Q & By, By do.

ij=1k,I=1

Proof. Using F[0%u](&) = £*(2mi)!*IFu(€), it follows that
—0ic) 0w = —F*F(9scl) Ojup) = (27)°F*(cf] & & Fw).

Together with (1.3) and ||[§ul|z2q) = HUH%Q(Q) we obtain

d m d m
Z Z /S;CZZ 8Zuk 8jul dx = (27()2 Z Z /QCZI fz fj guk Sul dx

ij=1k,i=1 ij=1k,i=1
d m
2 2
>0y Y Y / & Sl do
ig=1ki=1"%

m

> [ o) az
k=1

m
> 10sull7
k=1

= Az 3|72

d
Ao Yy
ij=1

d
Ao Y
ij=1

where J(u) € R™*? denotes the Jacobian of u. O

Kl

Note that the previous estimate only holds for constant coefficients Cij-

Lemma 2.4. Let D C R? be a domain having an intersection with Q that has positive
measure. Assume that u € [HI(D)]m s a weak solution of Zu =0 in DNQ and u =0

14



2.1. PROPERTIES OF KERNEL FUNCTIONS

in D\ Q. Then for any compact set K C D it holds that

o Cy
B2y < == llullz2(p),

where

A A 2
co =1 [82m=Z (1 +2dm=2 ) + 2U—|5] and o =dist(K,9D).
Ay Ag Ag

Proof. Let n € CY(D) be a cut-off function with respect to (K,o). Then 7 satisfies
0<n<1,p=1in K, n =0 in a neighborhood of 0D. We can choose 1 such that
0m| < 2,i=1,...,d in D. Since u € [H}(Q)]" it follows that n’u € [H{(D N Q)|™.

From

9i(nuk) 95 (nuy) + g din 05 (nuy)
=y 8,;(77uk) ajn + UM 81-77 ﬁjul + 772 Ojug Gjul + up ug 8,»17 8j77 +uEn (91'77 8jul
= 2 ug 1 Oym Ojuy + n* Oyuy Ojuy + wy Oy (nu) Ojm + wg wy O;m Ojm

= 0i(n*ug,) Ojuy + wy O (nuy) 9 + we wy Om I,
we obtain
Bi(rpur) 9 (mur) = 0 (nure) Ay + g i (rpure) Ajm + wg wy Bin Dy — wy, Oy A (). (2.4)
Using /D u (L) dez = 0 we get

m

0 = Z/ g (Lu); dz
1=0 7D
m d m
- Z/nQuk ZZ—@i(cgﬁj)uk+5ul dz (2.5)
1=0 P ij=1k=1
(P.L) d m
= Z Z / 0i (11 ur) C?jl djuy + on*upuy dz.

15



CHAPTER 2. KERNEL FUNCTIONS

Both together leads for any € > 0 to

Z Z / ckl di(nug) 8;(nwy) + dn*ury da

1,j=1k,l=1

Z Z / s (Pug) Ojuy + wy Oi(nuy) Ojm + uy wy Oim A;m — wx, Oim 95 (nwy))

1,7=1k,l=1

+ onupuy de

d m
Z / (i Oy (nur) Ojn + wr, wy Oin Ojn — g Oin O5(nwy)) da

,L’]:]- =1

<Ay Z S [ bl ol 0l 051 +2 ] (9] 105 )|

',j—1k5—1
<ty S [ el + e 950 i
’L] 1k,l=1
d 1/2 1/2
§4Ag; —||u”L2 )+ Z Z (/ |y |? dx> (/ 10 () |* daz)
i,7=1k,l=1
() dm 2
|IUHL2 o)t 2 Z |uk| d$+522 !3 ()| dz
j=11=1
d’>m o 9 dm N 9
— o, L7 (2+g) )+ 202 [ [30m)l o

where we have used at (x) that 2ab < a?/e + eb? for all a,b € R. From Lemma 2.3 we
obtain

d>m Ag o dm Ag
~ 2 Z 2 £ ~ 2
Az [ 100mlf do < (25052 (24 2) 4101 Il + 27 [ 30l oz

In the end we get

I3 [720) < 13) 172y
1 2d°mAg(2+0/e)+ %8|, o
< = = lullz2(py
o AL —2dmAgye/o
and by choosing € = W the result. O

Remark 2.5. The previous proof shows that non-negative § do not enter the constant c .

Next, we want to derive pointwise estimates which we need to prove the asymptotic
smoothness of the singularity function. We can apply Lemma 2.4 iteratively on a sequence

16



2.1. PROPERTIES OF KERNEL FUNCTIONS

of balls By,(z), l = 1,...,k to derive the following estimate for u satisfying Zu = 0 in
B.(r) CRYand k € N

[l e (B (2y) < (ks py)l|ullL2(,(2)) forall 0 <p <, (2.6)

where ¢ depends on the coefficients of .£. Because of the Sobolev embedding theorem,
(2.6) implies that .#-harmonic functions are locally C*°. If we choose k = d+ 1, we obtain
from (2.6)

;u(p) lul < cllullgari(p, @) < ¢ (0, 7)ull 228, (2))-
o (T

Hence, we use a rescaling argument and obtain for x € Q and 0 < r < dist(z, 002)

d
Su(p) lul <crr™zllullp2p. (@), 0<p<rm, (2.7)
By(x

with a constant cg > 0 independent of p and r.

Theorem 2.6. The entries of the singularity matriz S(x — y) of £ are asymptotically
smooth in R with respect to .

Proof. Choose a point y € R? which is fixed. For 2 € R?\ {y} let R = ||z — yl|/2.
We assume that a function w is Z-harmonic in B,(z), that means Zu = 0 in B,(x),
0 <r < R. Choosing 0 < p < r and p’ := (r+p)/2, we obtain from (2.7) and the previous
Lemma 2.4 that

9 (2.7) C%% )
sup [0xu(z)]” < — |0z u(z)]" dz
zE€B,(x) P B, (z)
2.4 02 02
< /d(fiﬂ/)z/ ]u(z)|2 dz
P p B, ()
(2.8)
< 2 2 2d 2 d | ( )|2
S Cp C wqr sup u\z
B2 (r + p)d (r — p)? 2B, ()
d 2 2
= gi P SREZ qup fu(z)P,

(r+p)%(r—p)? .cB.(a)

where w, denotes the volume of the unit ball in R9.
Let a € N¢ be a multi-index and p = |a|. We define a nested sequence of balls

RE
By=<zeR¥:|z—z|<—=%, k=1,....,p+1,
o= {rertile - < A0 »

17



CHAPTER 2. KERNEL FUNCTIONS

centered at x. Then By, C Br(z) c R4\ {y} and dist(By, 0Bj4+1) = . Using estimate
(2.8) with p = £ and r = R(k+1) yields
d
d k+1\2crcy/wg
sup |0, u(z §22+1< ) +1) sup |u(z
zeé';' () sirt) RS s ()
d
, p+1 <2k+2>2
=Cop—r— sup |u(z)|, k+1,...,p,
A (Gir) e )

where ¢’y 1= 2 cg co\/wq. Since each entry S;;(- —y) of the singularity matrix and each
of its derivatives 02S(x — y) is Z-harmonic in Br(z) C RY for arbitrary a € N&, we
can apply the previous estimate successively to the p partial derivatives of the function
Sij(- —y) and obtain

o a (co(p+1)\P
sup 028;(z —y)| < (p+ 1)1 (f(R )> sup | Si(z —y)l,
z€By ZGBP+1

since Hk 1 g’gﬁ < 4/p + 1. Using Stirling’s approximation

1 p+1
2n(p+1) <pJ€r> <(p+ 1),

we end up with

109Sij(x —y)| < (p+ 1)1~ 1<§> p+ Dier™ sup [Sij(z —y)

V27 ( p +1) zeBg(2)

dye
sup |Si;(z — y)|

a_1
2p
R zGBR :E)
d_1
(2Pt1yi—2 l(

—~

(&
= —=m+1)+"
™

=

Q

2 e

s ij(z =)l

\% 2m R ZEBR
/
e d 1 d 1C
- 2i7apl (2572 £

5

o
o
=
Q\
N
)

IN
ﬁ-‘&

5

(%) )
sup Si -y
R ZGBR j
25 3p! (2173 g
R

|5ij(z —y)
_ Sl (%% )" [5iy(x = )]
!iv—pr

o
T

{9

c

due to p < 2P and Harnack’s inequality SUP:c B (o y 1Sij(z = y)| < enSij(x — y), which can
be used since Sj;(- — y) is Z-harmonic in Br(z ) O

The previous lemma shows that the singularity function S of any elliptic operator is
asymptotically smooth. Analogously, we can show that S is asymptotically smooth with
respect to y. Thus, the kernel function of the double-layer operator (1.6) of the Laplacian
in R? is asymptotically smooth on I' with respect to . Using this fact, we can prove in
Subsection 2.3 the convergence of the ACA algorithm.
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2.2. DEGENERATE KERNEL APPROXIMATION BY TAYLOR EXPANSION

2.2 Degenerate Kernel Approximation by Taylor Expansion

As in [2], we want to show that the kernel functions of the single-layer operator V and the
double-layer operator K can be approximated by a small sum of functions with separated
variables, if some assumptions, such as asymptotic smoothness, are fulfilled.

Definition 2.7. Let Dx, Dy C R? be two domains. A kernel function k : Dx x Dy — R
1s called degenerate if k € N and functions u; : Dx > R andv;: Dy - R, [ =1,... )k
exist such that

k
/{(l‘,y) = Z’U/l(fﬂ) Ul(y),
=1
x € Dx, y € Dy. The number k is called degree of degeneracy.

Since the singularity function S of the Laplacian is asymptotically smooth with respect
to x, the kernel function k(z,y) := S(y — =) of the single-layer operator and the kernel
function s(z,y) := d,,5(y—=) of the double-layer operator are asymptotically smooth on T’
with respect to x. Now we will use this property to show the existence of an exponentially
convergent approximation of asymptotically smooth kernels. To this end let Dx be a cube
with sides of length a and center {p, and let Dy be a convex set. x has a Taylor expansion

Wey) = 3 S ORED u) e — Ep) Y~ ORK(EDy ) — Eny)°

lajl<p la|>p
=: T,[r](z,y) + Rp(z,y),

where T, [k](x,y) is a kernel approximation and R,(z,y) denotes the remainder of the
expansion.

Theorem 2.8. Assume that ndist(ép,, Dy) > a holds with n > 0 satisfying vdn < 1. If
K s asymptotically smooth on the cube Dx with respect to xz, then it holds that

(ydn)?

|5(x, y) — Tplkl(z,y)| < CW

|K‘(£DX ) y)| (2'9)

for allz € Dx and y € Dy .

Proof. Since |z — &py || < Vda and ||€p, — y|| > dist(épy, Dy), it follows that

1
[Ry(z —y)| < ) 11926 Enx )l (@ — €y )|

la|>p

< clrlépxy)l >

la|>p

lal |1
7 al! a
——————[(z = {py)°|
o|€py — yllle *
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~ ¢ K(€py.1) |§j<H§ o) S (Do

|af=l

. ||x Epy |
<c| (SDX,?/NZ;( fll& X—?/”)

< clr(py,y)| Y (vdn)'
I=p
LU NP—

_Cl—'ydn

l
In step 4 we have used that >, ( )€Y = (Z?:l |§z|) < V||| for all € € R4 O

The previous theorem shows that the Taylor expansion converges exponentially with
convergence rate ydn < 1 if the kernel is asymptotically smooth. To achieve a given
approximation accuracy € > 0, it must hold p ~ |loge|. Since Tp[x](,y) is a d-variate
polynomial of order at most p—1, it follows that the degree of degeneracy k = dim(Hg_l) <
p? scales like

k ~ |loge|?. (2.10)

2.3 Degenerate Kernel Approximation by Adaptive Cross
Approximation

Since we need the computation of derivatives for the truncated Taylor expansion, this has
only theoretical meaning. Instead, we use the in [2] introduced adaptive cross approxima-
tion (ACA) to find an approximation of the kernel functions on domains Dy, Dy satisfying
the assumptions of Theorem 2.8. ACA iteratively finds an interpolation of k(z,y) by using
restrictions of it as approximation basis. First we consider the function

k(z,yo) k(xo,y)
%(z0, o)

%(l‘,y) =

where fixed zg € Dx and yo € Dy are close to x and y, respectively. Note that
k(zo,y0) # 0 has to hold in order that k is well-defined. Due to the above definition,
the degree of degeneracy of ¥ is one. In addition, it holds that

k(xo,y) = k(xg,y) for all y € Dy,
K(z,y0) = k(z,y0) for all x € Dx.
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2.3. DEGENERATE KERNEL APPROXIMATION BY ADAPTIVE CROSS APPROXIMATION

Thus, we see that K is an interpolation of x on whole domains. The approximation error
can be estimated by

K(, yo)k(z0,y)

) 7o) = o) — "I
= |z, y) - w(z0) - m (k(0,9) — (0, 1))
(e, o)

< [w(z,y) — w2, y0)| + ||I€(:C0,y)—f<;(:c0,y0)|.

|K(20,30)

Assume we choose xg such that |k(x,yo)| < |k(xo,y0)| for all x € Dx, then
|:‘£([I},y> - %(x7y)‘ < 2 max ’H(Z,y) - H(Z,yo)’-
z€Dx

In order to find a better approximation of higher order, we will generate a sequence of
degenerate kernels which will be shown to converge exponentially to . For simplicity let

w2, yj) K(Ziy, y)
ki, [ylk) = : eR" and  w([a]ky) = : e R*
w2, Yj) (T, Y)
with points x;, € Dx and y;, € Dy, [ = 1,..., k. With this notation, we can derive
degenerate approximations of the form
k(@ y) = w(x, [yl) W K[k, y) + ra(e, y), (2.11)
where the k x k matrix Wy, is defined by
(T, Y5) oo B(Ti, Yj)
Wi = : :
’i(xikvyjl) ce H(‘Tik?yjk)

We need these results later on to construct an iterative algorithm for approximating ma-
trices by low-rank matrices without knowing the rank of approximation in advance.

First we consider the analytic problem of approximating a general asymptotically
smooth kernel by a degenerate kernel. =~ We define sequences {sp}, {rip} for the
approximation of x by the following rule

TO(xay) :"i(xﬁy)a SO(x7y) :O7
and for k =0,1,...
Tk (337 yjk+1) Tk (‘rik+1 ) y)

Tk (mik+1’yjk+1)

Ter1(w,y) = re(r,y) —

9

(2.12)
Tk <1’, yjk+1) Tk (xik+1 3 y)

Tk (mik+1 ) yjk+1)

with z;, ., € Dx and y;,, € Dy chosen such that ry(z;,,,,vj..,) # 0.

SkJrl(‘r:y) = Sk(.’E,y) +
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Lemma 2.9. For 1 <1 <k it holds that r(z,y;,) = 0 for all x € Dx and r(z;,,y) =0
for ally € Dy.

Proof. We prove the lemma by induction over k. We have seen that the lemma is true
for k = 1. Assume it holds for £ — 1, so we have r,_1(z,y;,) = 0 for all x € Dx and all
1 <1< k. Using (2.12), we obtain

Tk—1($, ?/jk) Tk—l(l'ikyyjz)

rk ‘T7yA :Tk—l $7y’ - :O
( ]l) ( jz) T'k_l(l'ik,yjk)
for all 1 <[ < k. Obviously, the lemma holds true for [ = k since
Tk_l(l',y' Tk—1\Tiy» Yj )
(2, i) = Th—1(2,Yj,,) — i) (i, Yji —0.

Tk—1 (xlk ) yjk)
Interchanging the roles of x and y, we also can show that 74 (z;,,y) =0 for 1 <1 <k and
all y € Dy. ]

The previous lemma shows that the functions r; accumulate zeros. Hence, s succes-
sively interpolates x and we can approximate

K)(l’, y) ~ Sk(xa y)

k
= Zrl—l(xayjz)

=1

k
=Y w(z) uly)
=1

Tl—1 (ﬂfil ,Y)
rlfl(xizvyjz)

by a sum of functions with separated variables.
Denote by W,El) (x) € R¥*F the matrix which results from replacing the Ith row of W},

by the vector x(z,[y]i). The determinant of W,gl) (x) can be computed by the following
recursion formula.

Lemma 2.10. For 1 <[ < k it holds that
det W;gl)(iﬁ) = 11 (@iy, y5,) det Wi (2) — iy (2, y5, ) det WéQl(xik)

and

det Wl(l) (z)
det W,gk) (x)

In particular, we have

TO(xvyjl)a

rr—1(z,yj,)det Wiy, k> 1.

det Wk = T‘o(l’il,yjl) © 6500° Tk*]-(xik7yjk)'
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2.3. DEGENERATE KERNEL APPROXIMATION BY ADAPTIVE CROSS APPROXIMATION

Proof. From (2.12) we can easily verify that there are coefficients a(k_l), v=1,...,k—1,
so that for all z € Dx

N

-1

Tk—1($7yjk) = /ﬁ?((lf,y]k) - al(/kil)"i(xvyju)'
1

N
Il

Thus, it is possible to replace each entry x(-,y;,) in the last column of W,gl)(x) by

rk—1(-,yj,) and obtain V[N/,gl)(:v) without changing the determinant, because we have only

subtracted multiples of columns of W,gl)(x) from the last column of it.  Since
rk—1(xi,y5,) = 0, 1 < 1 < k by the previous lemma, only the [th and the kth entry

of the last column of Wél) do not vanish. Using Laplace’s theorem yields the claim. [

Since we choose iy, ji such that each ry_i(x;,,y;,) # 0, the previous lemma guarantees
the non-singularity of Wj. Now, we can prove that the decomposition of x into s; and ry
has the form (2.11).

Lemma 2.11. For the generated sequences s and ri, k > 0 it holds that

Sk(x?y) + rk(x7y) = H(:L‘,y),

where for k > 1

se(z,y) = Kz, [yl T W k([2]k, y).-

Proof. We prove the lemma by induction over k. Obviously, the lemma holds for k = 1.
From the definition of r; and s; we can see that

sp(,y) +ri(x,y) = sp—1(2,y) + rp—1(2, )
= k(x,y).

To simplify matters we set

ap = Wl;jlﬁ([$]k—layjk)7
b = W,;_Jlfi(:c,-k, [Y]k—1) and

Ve = (kal(xik ’ yjk))il'
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Due to the induction we have

se(w,y) = sp—1(x,y) + Wre—1(2, Y5,)re—1(2i,,, y)
= k(@ Wl—1) Wi L 5 ([2]e—1,Y) + Were—1(2, yj ) re—1 (i, y)
= k(z, [y]k- ) k— 1“([ Tlp-1,9)
+ Vk(sk (l’ y]k) - KJ(CL', yjk))(skfl(xikﬂ y) - ’%(xik?y))
= r(x, [yl—1) "W R([2]k-1, )
+ P)/k(’%(xﬂ [y]kfl)ak - KZ(.%', yjk))(bg’%([x]kflv y) - H(xizwy))
= k(z, [Ylk—1)T (W, + vearbi)e([2)k-1,v) — 6@, [ylk—1) ka8t (T4, )
— K(w, yjk)kagﬁ([x]kfly y) + K(w, yjk)PYk’H(wik7y)

_ [ H(«?Ea Ylk—1) ]T [ WL+ ypardl —ypak ] [ k([2])k-1,9) ]

K (T, Y5,) —Ykbi o K (i, Y)
and
W, W +7§akbf —Vrak }
_'kak Yk

_ Wi—1 k([2]k—-1,Y5,) ] { WL+ ardl  —vear, ]

L K(l‘i;w [?J]k—l)T K(l‘l}my‘m) _’kaz Yk
_ Ii—1 + (Wi—rak, — 6((2], vj, )bt Ve (k([@]k—1, Y5, ) — Wi—1ak)

K@i [y ) T Wi (s (@i 95 )R @i i )b Ve(E(@iy, Y ) — K@iy, [Y]k—1)T ak)

_ 11 0 }

(L4 ve(skm1 (@i, v ) — 8(@aps Wle—1)T))OE vere—1(ziy, i)
[ Ly 0
o 0 1
~ T,

From this we obtain the representation

si(,y) = wl, [yln) "W K (2], )
also for sy. O

In contrast to the one-dimensional space R, the polynomial interpolation in multidi-
mensional space R%, d > 2 is not unique in general. If the interpolation points lie on
a hyperface of degree p, there is no unique interpolation polynomial in HZ. Thus, the
uniqueness depends on the configuration of the points.
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Corollary 2.12. The function si(x,y) is the uniquely defined interpolant of k(x,y) at the
nodes y;, in the span of the functions k(x;,,y), | =1,... k.

Proof. Using Cramer’s rule we can determine W, Y ([2]x, v) by

_ det Vk(l) (y)

(Wk_l"i([x]kay))l - det Wk ) l = 17 c ‘7k7 (213)

where the matrix Vk(l) (y) arises from Wy by replacing the Ith column by x([z]g,y). The

function

et V()

Ll(y) = det W, € Span{%(:ﬂiu?y)a v=1,..., k}

satisfies L, (yj,) = 0w, 1 < pyv < k. Thus Li(y) is the ith Lagrange function for the
interpolation system {x(x;,,y), v =1,...,k}. O

2.3.1 Error Analysis

Next, we will show that the remainder r;(x,y) can be estimated by the remainder of the
best approximation in any system = = {£1,...,&x} of functions. For instance, we consider
the approximation by polynomials. Assume that the matrix (£,(y;,))u, is non-singular
so that the interpolation in this system is unique.

Denote by

IZE || == max{||Z{ lloo, Dy /| fllsc,Dy + f € C(Dy)}

the Lebesgue constant of the interpolation operator IE defined by

k
I f =Y flyy) LT,
=1

with LlE,l =1,...,k being the Lagrange functions for § and y;,, [ =1,..., k. From
F=Te()=f-p+IT(p—f) forallpespanZ,

we obtain that, up to constants, the interpolation error EE( f)=1f- IkE f is bounded by
the error of the best approximation

IBE(Dlepy < W+ ZEN)_inf _If = Plloc.oy- (2.14)
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Lemma 2.13. Assume in each step we choose the pivots x;, of ACA such that

|Tk—1(wik’yjk)| > |Tk—1(x’yjk)| for all x € Dx.

Then for 1 <1 < k it holds that

| det W ()]
su —_—
a?EDpX ’ det Wk| B

2k—l
Proof. From Lemma 2.10 we obtain for 1 <1 < k

! !
det W' () _ det W (@) ry(wyy,) det Wi, ()
det W}, det W1 Th—1(Tip, Yj,)  det Wiy

and for | = k

det W]gk) (JZ') . Tk—l(x7yjk)

det Wy, Tk—l(ajikayjk)‘

Tk—l(xﬂyjk)

T T < 1 by assumption, we get for 1 <[ < k

Since we have

l
wp L@y e W @)
zeDyx detWyp 7 ,ep,  det Wi
from what the assertion follows. O

Define k; : Dy — R by k;(y) := k(z,y) for y € Dy and fixed x € Dx, hence it is
enough to estimate r; by the error EE(K,;E) of the interpolation in = if we want to estimate
7, by the best approximation error in =.

Lemma 2.14. For x € Dx and y € Dy it holds that

Proof. We denote the vector of the Lagrange functions LZE, [ =1,...,k, to the points
Yjise -5 Yjp, by

L(y) =
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Using Lemma 2.11 and (2.13) we obtain

re(z,y) = k(@ y) — sl [yl "W ([l y)
= n(a,y) — s W) LR ) = sl ) W (ke y) - WL (y))
= Ei(r)(y) - i k(. [yl W), B (e, ) ()
@ pe w)(y)—ilde;;v’ézf) 2 (k2 )
]
Combining both two previous lemmas we get
(2, y)] < 2 ol |EE (5:)()] (2.15)
<PAH|ZE)  swp i lk(z) —plleeny,  (216)

2€{T,Tiy 5oy } pEspan=

due to (2.14). With this estimate, we have shown that, up to constants, the approximation
error 1 is smaller than the approximation error associated with any system of functions
=2 =A{&,...,&}. Hence ACA yields quasi-optimal results and both approximations lead
to the same degree of degeneracy. The exponentially growing factor 2 is a worst-case
estimate. The topic of current research is to prove this.

The next theorem is due to Sauer and Xu. It estimates the error of multivariate
polynomial interpolation. The notation will be the same as in [6].

Theorem 2.15. Let the Lagrange interpolation in the points x°, ..., x" be unique. For
f € C" (R and x € RY it holds that

1@ - L@ Y el @m@) 1D, Diflle, @17
HEA, ’

where L"(f) denotes the interpolation polynomial to f of degree n. It suffices to take the
supremum over the conver hull of {x, ... x" x}.

Now we can use this expression for the error of Lagrange interpolation to estimate the
error of ACA as in [1].
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Theorem 2.16. Assume we choose z;,, | =1,...,k such that
Iri—1 (i, y5,)| 2 Imi—1(@, y5)| - for allx € Dx,

and let k be an asymptotically smooth function with

|0y sz, y)| < P llz =yl for allz#y,
with p = |a|. Then the remainder of the approximation si(x,y) ~ k(x,y) can be estimated

by

|’f’k(l‘,y)‘ < Cp diSt_S(DXvDY)T/pa (218)

where k = dim HZ—l and ¢, does not depend on n but only on the points yi,...,yk.

Proof. To prove this theorem, we will apply the Sauer-Xu formula (2.17) to x,(y). Since
K is asymptotically smooth with respect to y, it holds

|Dy_y£1;111) DZ;lfiz(y)] < diam?(Dy )dPeplyP dist™*"P(Dx, Dy)
< ep!(ydn)P dist™*(Dx, Dy),
for x € Dx,y € Dy. Hence, we can estimate the error of Lagrange interpolation by
|Ex(k0) (y)] = [Ka(y) — L (k2) (y)]

< c(ydn)? dist™*(Dx, Dy) > [pl () mu(y™)].
MeAn

Using (2.15) we obtain
Irk(z,y)| < ¢pdist™*(Dx, Dy )n?”,

where
k —
¢p = c(yd)P(1+2%) sup > |plP 1 (y)m,(y™)].
yEDy HEAR
Note that the expression p,[fpill] (y)mu(y") does not depend on k, but on the points
Yoo s Yk [

2.3.2 Algorithm

In this section we describe an algebraic version of the construction of the sequences (2.12).
This is analogous to approximate the matrix

k(xy,y1)  k(21,y2) - K(T1,Ym)
A ’kﬂ(m%yl) H(Iz,yg) ﬁ(l'Q?ym) c RM™
K(Tn, 1) K(Tn,y2) - K(Tn, Ym)
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with ; € Dx, 1 =1,...,n and y; € Dy, j = 1,...,m. The algorithm works as follows.
We start with the matrix Ry = A. Then, in each step we search a nonzero pivot (i, jx)
in Ry, and subtract a scaled outer product of the i;th row and the jith column. Thus, we
obtain the matrix Ry, by

(]%k)lzn,j;C (Rk:)ik,lzm
(R )i ’

Ryy1 = Ry, — (2.19)

where (Ry)i1:m and (Ry)1:n,; denote the ith row and the jth column of Ry respectively.
Due to the assumption of Lemma 2.13, we choose 7, the maximum element in modulus of
the jith column; i.e.,

’(kal)lkjk ‘ = i—HllaXn ‘(kal)ljk ’

=1,...,

Ezample 2.17. We apply three steps of the algorithm to the following matrix Rg. The
green entries are the chosen pivots.

0.70711 0.68599 0.94281 0.68599 0.56569

0.68599 0.70711 0.89443 0.63246 0.55470

Ro = | 0.56569 0.55470 0.70711 0.55470 0.47140
0.68599 0.63246 0.89443 0.70711 0.55470

0.89443 1.41420 0.89443 0.70711

0.70711 0.94281 17

0.68599 0.89443

1
Ri =Ry — 0.56569 1.41420
0.94281 1 62599 0.89443
0.94281 0.70711
0 0.01517 —0.11784  0.01517 0.03536
0 0.05632 —0.13454 —0.01833 0.04021
=10 0.01804 0.01804 0.04713
0 —0.01833 —0.13454  0.05632 0.04021
0 0 0 0 0
—0.11784 0 r
1 —0.13454 0.01804
Ry=R — ——— | —0.14142 —0.14142
—0.14142 —0.13454 0.01804
0 0.04713
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0 0000134 0 0.000134 —0.003919
0 0.039160 0 —0.035490 —0.004635
—|o 0 0 0 0
0 —0.035490 0  0.039160
0 00 0 0
~0.003919 0 T
, —0.004635 | | —0.035490
Ry—Ry— —— 0 0
—0.004635 | 504635 0.039160
0 —0.004635
0 0.030143 0 —0.032978 0
0 0.074650 0 —0.074650 0
—|o 0 0 0 0
0 0 0 0 0
0 0 0 0 0

The algorithm has the advantage that we do not need to compute the whole matrix
Ry, since in the kth step only the entries of the ixth row and jith column of Ry are used.
Making use of the fact, that only few of the original entries of A have to be computed,
leads to the following efficient reformulation of (2.19), where the vectors uy and vy coincide
with (Rg—1)1:n,5, and (Rp_1)F respectively.

ig,lm>

Algorithm 1: Adaptive Cross Approximation (ACA)

Let k=1; Z = 0;
repeat
i == argmaxje(1, . np\z | (uk);l
Vg 1= Ay 1:m
forl=1,...,k—1do
Uk = U — ()i, 01
end for
7z =7ZU {Zk}
if v does not vanish then
Jk = argmaxje(y . ny |(Vk);]
vy, = (Tp) Ok
Uk = Q1:n gy,
for/=1,...,k—1do
ug = up — (v1)j,w
end for
k=k+1
end if
until stopping criterion (2.20) is fulfilled or Z = {1,...,m}
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We memorize the vanishing rows by collecting them in the set Z. Since the i;xth row
of Ryy1 will vanish, if we use the ipth row of Ry as v, we add i; to Z. The matrix A will
be approximated by S := Zle ulvlT and it holds A — Sy = Rj. Obviously, the rank of
Sk cannot be larger than k.

Let € > 0 be given. As stopping criterion we can use the following condition on &

e(1—n)
lurs1ll2/ves1ll2 < ﬁHSkHF- (2.20)

We assume that ||Rg41]|7 can be bounded by n|Rg||r with n =7 from (4.1), then we can
estimate

|RllF < | Risllp + luns1viy || F
<l RillF + luksll2llvesall2,

and hence
1
IRkl < 1_n||uk+1\|2|lvk+1||2
(220) ¢
< S
< 1+€H ke
13
< A R .
< 1JrE(H |7+ [ Re||F)

The previous estimate is equivalent to
1Rl < el Al r,

and thus condition (2.20) guarantees a relative approximation error . Using this condition,
the rank required to guarantee a prescribed accuracy € can be found adaptively and needs
not to be known in advance.

Remark 2.18. There are configurations of domains where the choice of rows as in Algorithm
1 does not work. Other possibilities to choose them are described in [2].
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Chapter 3

Panel-Clustering

The boundary I' is discretized with small triangles, so called panels. In order to find an
efficient way to evaluate Green’s representation formula (1.4) we need to partition the
boundary. Each part of the partition is a cluster of panels. Since it is too expensive to
search an optimal partition in the set of all partitions, we restrict ourselves to the set
arising by recursive subdivision of the boundary.

3.1 Cluster Trees

In this section we introduce the concept of clusters and cluster trees, which we will need
to find an appropriate partition I'y, ..., ', of the boundary,

Definition 3.1. A cluster 7 is a subset such that ) # 7 C I, for any set I C N.

Let T := {m1,...,™n} be a triangulation of the boundary I', then we identify by a
cluster 7 the nonempty union of panels | J.._m;. Now we will define a tree, whose vertices
consist of clusters 7.

1ET

Definition 3.2. A tree Tt = (V, E) with vertices V and edges E is called cluster tree
for a set I ={1,...,m} CN, if the following conditions are satisfied

1. I is the root of Ty,

2. 7 =yegr 0 forallT € V\ Z(T7),

3. there exists a constant C such that the degree degT := |S(7)| > 2 of each vertex
T € V\Z(I1) is bounded from below by degT < C.

Here, S(7) := {0 € V : (1,0) € E} denotes the set of sons of 7 and .Z(T7) := {7 €
V : S(r) = 0} the set of leaves of 7. The level of a cluster 7 € T7 is defined as the
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distance to the root. The fact that 7 is the disjoint union of its sons S(7) implies that
7 C I for all 7 € T} and that each level

Tl(l) ={reT:level T =1}

of Tt contains a partition of I. By L(T}) := max,cy(r,) level() + 1 we denote the depth
of the cluster tree T7.

Next, we want to show that the complexity for storing a cluster tree is linear. To this
end we need the following lemma.

Lemma 3.3. Let q := min c7p\ ¢(7,)degT > 2. Then for the number of vertices in Ty it
holds that

V(T1)| <

A2 <ozl - 1.

Proof. We reduce the tree Ty := Tt by deleting in k steps one after another the nodes.
We start with the fathers of the leaves .Z(Tp). Let T; denote the tree after [ steps and ¢
the degree of the Ith step. Obviously, it holds |V (T;41)| = |V(T1)| — ¢ and | -Z(T14+1)] =
|-Z(T7)| — qi + 1. After k steps we have |V (T})| =1 = |.Z(T})|, where

k—1 -1

V(T)| = V(To)l = > @ and  [L(T})| = [L(To)| = Y (@ — 1)
=1 =1

e

Comparing both equations yields |V (Tp)| = |-Z(To)| + (k — 1), and from ¢ > k it follows
that

1= 12(T})|

=[2(To) = Y (@~ 1)
l
< [ Z(To)| = (k= 1)(g = 1).

Hence we obtain

A2 =

V(Tv)) < 21 2(1))| - 1,

since ¢ > 2 and |.Z(17)| > 1. O

If we suppose that each cluster 7 has a minimal size |7| > nyi, > 1, then the number
of leaves |.Z(T7)| is bounded by |I|/nmin. Hence, the complexity for storing a cluster tree
is linear, namely O(2|.Z2(T7)| — 1) = OQ2|I|/nmin — 1) = O(|1).

34
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In the following we will only consider 7' = T with I = {1,...,m}, so we omit the
index I. A sphere around z with radius r is denoted by

Ko (z) :={z eRY: ||z —y|o < r}.

For each cluster 7 € V(T), there exists a (unique) closed sphere K = K (7) with minimum
radius containing 7. Hence, we denote by z; the center and by p; the radius of the sphere
K(7), ie.

K(r) = K, (z).

In the following we assume that the panels m;,i € I = {1,...,m}, are quasi-uniform,
i.e. there exists a constant ¢y > 0 such that

) < i ; 3.1
max p(7;) < cy min p(ms), (3.1)
and shape regular, i.e. there is a constant cp > 0 such that

u(m)) > cr (pr)™", i€ L (3.2)

With p(M) we denote the measure of a (d— 1)-dimensional manifold M C R? i.e. the area
of M. We assume that the computational domain I'y, = [J"; m; is a (d — 1)-dimensional
manifold, i.e. for all z € R? it holds

(T N Ky (2) < epr®™t forall v >0, (3.3)

with a constant ¢ > 0 depending on the curvature of the hypersurface T',,, C R%.

Definition 3.4. A cluster tree is called geometrically balanced, if there are constants
g, cc > 0 such that for each level I =0,...,L(T) —1

a) pr <27 (3.4)
b) wu(r) 2271/60, (3.5)

forall T € V(T).

3.2 Coverings of I',,, by Acceptable Clusters

Analogously to spheres, we can define a bounding box around a cluster 7 if we use the
lso-norm instead of the lo-norm. An axis parallel bounding box around z with radius
r € R? is denoted by

B, (2) = {x e RY: |z; — 2| < ).
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If r = (r,...,r), then the previous definition is equivalent to
Bi(z)={z eR%: ||z — 2|00 <7}

For each cluster 7 € V(T'), there exists a (unique) closed bounding box B = B(7) with
minimum radius containing 7. Hence, we denote by zZ the center and by pZ € RY the
radius of the bounding box B(7), i.e.

B(1) = Bpg(zf).
Definition 3.5. Let 0 <1 < 1. A cluster 7 € V(T7) is acceptable with respect to a point
z € RY if
dist(x, B(7)) > ndist(z, 1), (3.6)

where dist(x, ), dist(z, B(7)) denote the distances of x from T and B(T) respectively.

(a) all clusters are acceptable (b) only right and left cluster are acceptable

Figure 3.1: Two different coverings w.r.t.  and 77 = 0.5.

The parameter 77 controls how much the bounding box will reduce the distance between
x and 7. Since error and rank of the approximation of kernel functions depends on the
distance between the point x and a cluster 7, this definition avoids that both error and
rank become larger as necessary.

Definition 3.6. We callC = {1,...,7,} C V(T) an acceptable covering (of I'y,) with
respect to x if

n
@) L = U 7j, and
j=1

b) either 7; € L(T) or 7j is acceptable with respect to x.

If x is near the boundary, it may happen that there is no covering of I';, consisting
only of acceptable clusters. Condition b) states that the only non-acceptable clusters can
be the leaves of T.
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3.2. COVERINGS OF I'); BY ACCEPTABLE CLUSTERS

(a) z = (0,0,1.9116) (b) & = (0,0, 1.7027) (c) z = (0,0,1)

Figure 3.2: Acceptable coverings C(z) with respect to different points z.

Lemma 3.7. For each z € R? there is a unique acceptable covering C = C(x) with respect
to x with minimum number n = n(z) := [C(z)|. This covering is called minimum
acceptable covering with respect to x.

Proof. There is at least one admissible covering with respect to x, because we may choose
n =m and C = Z(T). The uniqueness will be proved by contradiction. To this end
assume that C = {7y,...,7,} and C' = {7{,..., 7.} are two different minimum acceptable
coverings with respect to . As C # C’, there is a cluster 7; € C with 7; ¢ C’. Further,
there is an index k such that 7; N7/ # () contains inner points. Due to the construction
of T it must hold 7; C 7/, or 7; D 7;. Assume 7; C 7. Set j; := j and let jo,..., i be
all other indices with 7;, C 7. Since 7; # 7}, 7}, is the disjoint union of I > 2 clusters,
ie. 7 = Jy<,<Tj,- Hence, the covering obtained from C by replacing {7j,,...,7;,} C C
by 7, is also acceptable and contains only n + 1 — [ < n clusters in contradiction to the
minimality of n = |C|. O

Since the complexity of our procedure will depend on the number of clusters in a
covering, this number should be as small as possible and can be estimated with the same
construction as in [4].

Theorem 3.8. Assume that condition (3.3) holds and that there is a constant Cp such
that for all z € R? and R > r > 0 there is a subset C C V(T) of clusters with

a) TmNKg(z) C ) (3.7)
TEC

b) diam(r)/2 <r VreC\Z(T), (3.8)

c) C| < Cp(R/r)™, (3.9)
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CHAPTER 3. PANEL-CLUSTERING

then the number n of clusters in C(x) can be estimated by

<o () (27) 310

In [4] it is shown (cf. Proposition B.4) that quasi-uniform panels and a geometrically
balanced cluster tree will satisfy conditions (3.7)-(3.9).

Proof. The size of Iy, C V(T) is p := pr,,,.

1. First we assume that v/dp < (1 — 7)) dist(z,I',,). Let 7 = ', be the root of T.
Then 7 is the cluster containing all panels. It holds Vdp, < (1 — 7)dist(z,T',,) =
(1 — 7)) dist(x, 7). So we obtain

ndist(x,7) = dist(z, 7) — (1 — 7) dist(z, 7)
< dist(z,7) — \/ng
< dist(x, B(1)),

i.e. T is acceptable with respect to x. Hence, the acceptable covering of '), contains
only the cluster 7.

2. Next we consider the case 0 < (1 — 7)dist(x,T',,) < Vdp. For all I = 0,1,... we
apply conditions (3.7)-(3.9) with z = 2, R = R; = 27/(2 + 1%ﬁ)p, r=r = Rl%,

hence there are coverings C; with

I N EKg () C )7

Tleg;

al<cr(B) =ar (Mi) ,

.
l=0,1,... Let
K':= Kg (2)\ Kg,,, (),
then we define C; C C; by
Cl:={reC :TnK #0}.
If 7 € C] is not a leaf of T, it fulfills p, <1 = Rl% (3.8). Since |ly — x|z > & for
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3.2. COVERINGS OF I'); BY ACCEPTABLE CLUSTERS

any y € 7N K! # 0, we can conclude

dist(.7) = nf 2 = 2 = nf (o = yllo = Iy — €l

> (3.11)
Thus we obtain

ndist(z, 7) = dist(x, 7) — (1 — n) dist(z, 7)
< dist(z,7) — \/&pT
< dist(x, B(1)),

i.e. T is acceptable with respect to . Hence, C] is an acceptable covering of K ! with
respect to x and it fulfills

K'nT,, c U 7, 1€\ Z(T) acceptable with respect to x,
TGCl

1-7

d—1
4/d
|CZ|S|CZ|SCP< > :

Let L > 0 be the first integer with

1
2L (2 +q ﬁ) p = Ry <dist(z,I'y,).

Set C' :=CyUC; U...UC)_;. Since the clusters of C’ are not disjoint, we restrict C’
to C:= {7’ € C’: thereis no 7 € ¢ with 7/ C 7}. C satisfies

L—-1
Fpp=Tpn (K(Q"‘%ﬁ)p(x) \KRL (l‘)) =I'pnn U K
=0
L-1
“Ulur)-u--u-
=0 \rec rec’  rec

i.e. C is a covering of I';,,. Note that C is acceptable. The number of clusters in C
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can be estimated by
L1 L-1 L1 I
4/d
< <> =>lal<d> o <1_77>
1=0 1=0 =0

d—1
14

1—-7

= <1°g2 ((2 e 17) Bl rm>> * 1) C” (ff%) h

= Clos ((1 ) dilst<x,rm>> <1 - ﬁ)d_l'

Remark 3.9. This estimate is only a worst-case estimate. Let our computational domain
be an axis parallel cuboid. If we consider the exterior boundary value problem we have
only one cluster, independent of dist(z,'),). Let ap,in be the shortest side length of any
bounding box B(7), 7 € V(T'). If once dist(z,I'y,) < amin the number of clusters will not
increase. So the number of clusters is bounded by

92 1 d—1
¢l < C’log( 2 ) ( ~) |
| | (1 - n)amin 1—n

The number n’ of non-acceptable clusters in C(z) can be estimated with the following
theorem.

-1

O]

Theorem 3.10. Assume that condition (3.3) holds. Let T be a geometrically balanced
cluster tree. Then the number n’ of non-acceptable clusters in C(x) can be estimated by

1 d—1
/
< — . .
n_C(l_ﬁ> (3.12)

Proof. The number n’ of non-acceptable clusters is maximal if we choose C(z) = Z(T) as

acceptable covering. Define pyq, := max{p, : 7 € Z(T)} and set r = 2;_‘?pmax, then all

7 not completely contained in K, (z) (= r < dist(z, 7) + 2p,) are acceptable with respect
to . This can be seen from

< 1—7
= —F 7
Pr > Pmax 2—|—\/&

1—n
2+

<

(dist(z,7) + 2p-),

S
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3.2. COVERINGS OF I'); BY ACCEPTABLE CLUSTERS

(1 <1—m> pr < o distla )

2+Vd +Vd
& (Vd+20)p- < (1—7)dist(z,7)
- Vdp, < (1 —7)dist(z,7)
= ndist(z,7) = dist(z, B(1)).

Therefore, n’ < |C'| for ¢’ := {r € Z(T) : 7 C K,(z)}. Using (3.3) and the properties
(3.4), (3.5) of a geometrically balanced cluster tree we can estimate

— < Z (U T)
rec! rec
< (Kp(z)NTy) <eprd !,

9—(L(T)-1)

and hence

0 < cqop 2 (D)D) pd—1

d—1
< cgep 2~ M- m
< -

d—1
1
< 2d—1 _
=ea <1 - 77)

1 d—1
< .
‘C<171>

The previous Theorems 3.8 and 3.10 show that both the number of acceptable and
the number of non-acceptable clusters of a covering C(z) can be estimated by constants
independent of the number m of panels.

O]
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Chapter 4

Complexity

4.1 Computation of an Acceptable Covering

In the first part of the implementation, we find a partition of the boundary I" such that the
assumptions of Theorem 2.8 are satisfied. To this end we discretize the boundary I'" with
small triangles {1, ..., Ty}, so-called panels. Depending on the distance to the evaluation
point x € ), we divide the boundary I" up into disjoint clusters I';,7 = 1,2, ..., n consisting
of p; panels respectively. For this purpose, we need to construct a geometrically balanced
cluster tree T = Ty with I = {1,...,m}. If the panels 7;, i € I, are quasi-uniform, this
can be done in O(mlogm) operations (cf. Theorem 1.27 in [2]).

The minimum acceptable covering C(x) with respect to x will be computed by the
following recursive procedure.

Algorithm 2: Acceptable Covering

C:=10
Divide(T'n, C)

procedure DIVIDE(T, C)
if 7 is acceptable w.r.t.  then C :=CU {7}
else if 7 € Z(T) then C:=CU {7}
else
for all o € S(7) do Divide(o, C)
end for
end if
end procedure

First, the distance from « to the discretized boundary I';,, has to be computed in O(m).
In order to check whether a cluster 7 is acceptable or not, the bounding box B(7) must
be determined. All bounding boxes in one level [ of the cluster tree T can be computed
in O(m). Since the cluster tree has a depth of L(T') = O(logm), the total effort for all
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bounding boxes is of order O(mlogm). The distance from z to each of the O(m) bounding
boxes can be calculated in constant time. Thus we need O(mlogm) operations to find an
acceptable covering of I'},, with respect to x.

Figure 4.1: Bounding boxes around the clusters I'y, ..., I'1;.

4.2 Approximation of the Kernel Functions

If we have found an 7-acceptable covering of I',, we choose the length
a = nmin;dist(xz, B(I';)) of the box Bg(z) with center = such that the assumption
ndist(z, B(I';)) > a of Theorem 2.8 is satisfied for all acceptable clusters I';,i = 1,2,...,n.
The larger we choose 7 the larger dist(z, B(I';)) will be and the larger we can choose a. If
the length a is larger, perhaps more evaluation points can be covered with one single box
B,(z). Hence 17 avoids that we do not choose a too small.

With this choice of a, we guarantee that any pair (B,(x), B(I';)) is admissible in the
usual sense, i.e.

min{diam (B, (z)), diam(B(T;))} < 7dist(B,(x), B(T})), (4.1)
with 77 = 2v/dn/(2 — V/dn). This can be seen from
diam(Bg(z)) = Vda < V/dndist(z, B(T;))
< Vdn(dist(Bg(z), B(T;)) + 0.5 diam (B (x)))
& (1 —0.5Vdn)diam(B,(x)) < Vdndist(Bgy(z), B(T;))

2/d
__2dn dist

& diam(B,(x)) SV

(Ba($)7 B(Fz))
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4.2. APPROXIMATION OF THE KERNEL FUNCTIONS

(a) first order (b) second order (c) third order

Figure 4.2: Hierarchical mesh of different orders.

In the next chapter we will see, that 77 controls the approximation error. The concept
of acceptable coverings has the advantage, that we can choose 1 small without influencing
the number of clusters in the covering C(z). Thus we can control both error and number of
clusters independently of each other. Since we choose a such that any pair (Bg(z), B(I';))
is admissible, the required rank and the approximation error are independent of 7.

In the next step, we place a hierarchical mesh in the boxes B,(z), B(I'1), B(I'9),...,
B(T',,). The mesh of order L consists of

Lzl () = (29" -1
24 — 1
1=0
points.

In these sets of points, ACA searches its pivots x% and yf, l=1,...,k; for calculating
the approximation of k(z,y) on each domain B,(z) x B(I';), i = 1,...,n. The degree
of degeneracy k; is chosen adaptively until a given accuracy is achieved for all pairs of
nodes in the boxes B,(z) and B(I';). Since we need the outer normal v, for calculating
the kernel function x(z,y) of the double-layer potential operator

vy (y —x
) = 0, Sl — ) = =,
only the part
1
drfly — «f?
is approximated by ACA. In particular we calculate the vectors uf and vli, l=1,...,k

using Algorithm 1. This can be done in O(k?(n,+n,)) operations, where n, and n, denote
the number of points in the hierarchical mesh in the boxes B, (z) and B(I';) respectively.
It will turn out that we can choose n, and n, of order O(k;). Thus the vectors u! and
Uli, [l =1,...,k; can be computed in (’)(k‘f’) operations per cluster I';. Next, we compute
the approximations xg and kp of

1

R~ ms(e,y) = S(y =) and Rp~kp(ay) =~ g
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at the quadrature points yi’j, e ,yé’j for each panel 7;, j = 1,...,p; of the cluster I';.
Actually we have to compute the vectors v(x) € R¥ and u(y,”’) € R¥ of

k;

k(x, yé’j) A Z ’Ul(x)ul(yé’j)-

=0

These computations have a complexity of O(k?) per cluster and O(k?) per quadrature
point yg” respectively.

4.3 Evaluation for Several Points

In the last step, we put all information together to evaluate the solution u at the point
x € €.

n o pi g
u(z) ~ Z ZZ ("Jl rs(y! — ) gn () —wign(y;”) (1/” (y? - x)) koY — g;))
i=1 j=1 I=1
n+n’ pi g

F 30 S (wms (=) an (i) — g ) (v ) ) mp (o))

i=nt1j=1 =1
n pi g kzl .. ..
= Do 2 wum(@) v () an(y,?)

i=1 j=1 =1 \m=1

K2
= > o) (V- 4 - ) win (@) 25 ()
m=1

" Z 2.2 (‘“” s (0 —) gx(47) —wi gp (") (”i’j'(yf’j—%)) np(yf’j—x)>

= > ub (@)Y 0> wivk, (y?) gn(y)?)
i=1 \m=1 j=11=1
k? pi 4
=3 wh @)Y Y wan?) (V5 )
m=1 j=11=1
+ D wh (@) e Y Y wign(y)?) 2 (y?) vy
m=1 t=1 j=11=1

+ 3 2> (wnsly? =) gv(5”) — @ gn () (”i’j W =2) (e —x))

i=n+1 j=1 I=1
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4.3. EVALUATION FOR SEVERAL POINTS

where w; denotes the quadrature weight of the node y; and V; the outer normal of the
panel 7; of the cluster I';. Since

pi q

Z Zwl Uy, yl’J) gN(yl’]),

11

.
]

wign (Y)W -y )2 (),

wi 9D yl fn(yf’]) e

5

||M§ ||M

are independent of z, we can store the results of these sums to save computation time by
evaluating the solution at some other point z € Dx. If we choose & ¢ Dy, we have to
calculate a new covering of I' with clusters I'; and thus a new approximation of x on each
of these clusters.

Let N be the number of evaluation points. For the evaluation of the single layer opera-
tor on acceptable clusters we need to compute the sum C := >0 ST wivl, (v, gn (y;)
once. This can be done in O(nm) operations. For each evaluatlon point x the sum

n K
>l (x) C

i=1 m=1

will be computed in time proportional to O(nk;). Due to (2.10), k; is of order |loge|?.
On non-acceptable clusters the kernel function will not be approximated but evaluated
exactly since for a good approximation we had to choose a too small. If a cluster 7 is
non-acceptable it must be a leaf of T'. Since T is a geometrically balanced cluster tree,
the number of panels in 7 is bounded. So we need O(n') operations per evaluation point
for the exact evaluation on non-acceptable clusters.

Hence we obtain a total complexity of

O(mlog(m) + mlog(m) + k*n + kE*nN + k*m 4+ mn + knN +n/N)
= O(mlog(m) + k*n + k*nN + k*m 4+ nm + n'N)
= O(mlog(m) + |log e|*¥m + nm + | loge|*¥n + | log e[**nN + n'N)
for the evaluation of the single-layer potential operator at N points. Note that the num-
ber n of clusters was independent of m and N, but dependent on the distance from the

evaluation points to the boundary I'j,, and the control parameter 7. The number n’ of
non-acceptable clusters only depends on 7.

Now we consider the evaluation of the double-layer potential operator. For the first
part we need to compute the sum Cp, ;== 375, 37 wigp(y;”)(vh-y17) 25, (y;7). Again,
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this can be done in time proportional to O(nm). For each evaluation point x the sum

n k;
=Y > wn(x) Cpy
i=1 m=1
will be computed with O(nk;) operations. For the second part the sum
CBtQ =30 2l wi gp(yY) 2, (yy7) vy will be computed in O(nm) time. After this,
the sum
n kzl d
PIDIPITACIE A
i=1 m=1 t=1

must be evaluated for each evaluation point. This can be done in O(dk;n) operations.
Analogous to the one of the single-layer potential operator, the kernel function of the
double-layer potential operator will be evaluated exactly.

Hence we obtain a total complexity of

O(mlog(m) + mlog(m) + k*>n + E*nN + k*m + mn + knN + mn + dknN + n'N)
= O(mlog(m) + k*>n + E*nN + k*m 4+ nm + n'N)

= O(mlog(m) + |loge|*!m + nm + |loge|>*¥n + | log ¢|**nN + n'N)

for the evaluation of the double-layer potential operator at N points.
Assume that ¢, 77 and the minimal distance from any evaluation point to the boundary

Iy, are fixed. If m and N are of the same order the complexity scales like N log(N). This
is an improvement of the complexity O(N?) by exact evaluation.
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Chapter 5

Error Estimates

In this chapter we want to estimate the error arising by evaluating any operator A of the
form

u(z) == (Av)(x) = / k(z,y) v(y) dsy.

r

Let u(x) denote the approximation of u(x) and v(y) the approximation of v(y) obtained
by the in Section 1.4 described Galerkin method. Then we can estimate

u(z) —u(z)] =

[ w0 s, ~ Qe 0]

IN

/Fli(l‘, y) v(y) dsy — Q [k(z, ) v()]‘
+1Q[r(z, ) v(-) = sz, ) v()]I,

=!gqtEq

where Q[f] denotes a quadrature of f(y) by interpolation over I',,. The quadrature error
g4 can be estimated by the following theorem.

Theorem 5.1. Let Ty, be a quasi-uniform triangulation of I'. The interpolation by piece-
wise polynomials of degree t — 1 fulfills
lw — Zhullmp < ¢ ™uler  forue HY(T), 0<m<t,

where ¢ is a constant depending on ', cyy and t.

Proof. cf. [3] O
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Thus we will only consider the approximation error €,. The error fulfills
o = |Qlr(z,-) v(-) = sp(z,-) V()]

< Tl sup |k(z,y) v(y) — sp(z,y) 0(y)]
yel'm

< T (Sup |5z, y) (v(y) — ()| + sup |(k(z,y) — skl y)) v(Y)|
yEly, yely,

b sup |(5(e,9) — () (v10) —5<y>>|) ’

yely,

where we have used that ab — cd = a(b—d) + (a — ¢)b — (a — ¢)(b — d). We have
sup [r(z,y) (v(y) = 8(y))| < co sup v(y)] IK(z,y)]
< ¢y dist(z,T'y,) "% sup |v(y)|.
yelm,
Since we have partitioned the boundary such that any pair (Bg(z), B(I';)) is admissible
and since « is asymptotically smooth with respect to = we can use (2.18) to estimate the
second summand for all x € Dx C B,(x) by

sup | (k(x,y) — sk(z,y))v(y)| = sup |rx(z,y)o(y)]
yElm, yel'm,

<7 (windist(B, (o), BT) ) sup [o()]
yelm

Combining the estimates for the first and second summand, we obtain for the third sum-
mand

sup |(k(z,y) — sk(z,y)) (v(y) —o(y))]|

yel'm
<cycpm (min dist(Ba(x),B(I‘i))>_s sup |v(y)|,
v yE€lm
and hence
Q [k(z,)v(-) = si(z,)o()]|
< [P v dist(z, )" sup [v(y)|
yel
00l 7 (mindist(B,(2), BTO) ) sup [o(s)
t yElm

—S
Il (mindist(Ba(o). B ) sup o)
t yelm,

—S
< Tl (co + TP+ cp cp TP) <miin dist(Bg(z), B(FZ))) SL}‘p lv(y)].
yel'm
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Using the previous estimate for Green’s representation formula (1.4), we obtain the error
bound

y— 2)t(y) — S (y — w)uly) ds, — / sz, y)T(y) — 52 (z,y)a(y) ds,

/ays — z)u(y) — st(z, y)u(y) dsy,

(y — 2)t(y) — sp(z, v)t(y) dsy| +

—s1
< eh+ Dl (ot e 7+ oy 77 (mindis(Bue), BE)) sup o)
yel'm

s
+ 63 + [T (cu + cpy T2 + cu Cpy TP2) <miin dist(Bg(z), B(FZ))> SL;p lu(y)].
yE m

If the Dirichlet data u and Neumann data t is given on the boundary I';,, the previous
estimate can be simplified to

u(a) — )|
[ St o)) - 015y - 2)uty) ds, - [ sk )itw) - st ity) ds,
N I

< 6; + Ty ep, T (mln dist(B > s%p |t(y
yelm

224 Dol ¢ 72 (mmdlstwa( LBED) s lulo)l
t yel m
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Chapter 6

Numerical Results

All of the following computations are made on an Intel Xeon processor with 2.53 GHz.

6.1 Influence of Control Parameters 1 and e.

First, we want to analyze the dependency of the algorithm on the control parameter 7.
For this we test the algorithm for the exterior boundary value problem on the surface of
a cube ([0,8]3) with side length 8. The surface is discretized with 12288 panels and the
solution is evaluated at the point z = (4,4, 12) for the exact boundary data

1

=—, =0, :
Ty — ol gn(y) = Ougp(y)

gp(y)

with yo = (4,4, 4) located at the center. Since we need for the convergence of ACA
_ 2Vdy
2 —Vdn Vd

we have chosen n = 0.01, 0.02,...,0.57. In Theorem 2.8 we have seen that k£ ~
log(e)/log(7). Figure 6.1 shows that the algorithm has the same behavior.

0<mn <2 & 0<n< ~ 0.577,

103 L L L L L L 103 L I B B O B
102 k 4 102 k/_/-’_/——f‘/w/‘/a
4 4
= =)
@ I}
= —
101 *ffp/—/"/-’-’_’f,‘—/—/a 101 -
100 T O T I 100 T T S T
0 0.1 0.2 0.3 0.4 0.5 0 0.1 0.2 0.3 0.4 0.5
n n
(a) maximal rank single-layer operator (b) maximal rank double-layer operator

Figure 6.1: Required rank of ACA to achieve a relative error of ¢ = 107 (green) and
e =107 (blue) with meshes of order 5 (4681 points).
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In Figure 6.2 it is shown that the accuracy of the solution is of the same order as the
stopping criterion ¢ of ACA, independent of 7.

10-° T T T U U

accuracy

1010 I I I I

0 0.1 0.2 0.3 0.4 0.5
n

Figure 6.2: Accuracy of the solution with stopping criterion ¢ = 1079 (green) and e = 10~°
(blue) of ACA (4681 points).

Next we establish that the maximum rank k increases potentially in |log(e)|, where
¢ denotes the accuracy of ACA. For this we evaluate the solution at = = (6,4,4) with
7 = 0.2 and 77 = 0.5. The meshes in B(z) and B(T;) are both of order five (4681 points).
The results can be found in Figure 6.3. In all cases the accuracy of the solution is of the
same order as €.

108
0% b
/

_é /"//
I
= /__/

101 i // |

100

100 10!
log(e)]

Figure 6.3: Maximum rank of single-layer potential operator (blue) and double-layer po-
tential operator (green).

6.2 Influence of dist(x,T,,)

In order to establish that the number of clusters scales like |C| ~ log(1/dist(z,I',,)), we
test the algorithm on the surface of a prism shown in Figure 6.4. The evaluation points
are located on the red line.
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Figure 6.4: Prism (8192 panels).

In Figure 6.5 the number of clusters are plotted against dist(x,I',) for different pa-
rameters 77 and different orders of refinement of the surface. The number of clusters grows
logarithmically with the distance of z to the boundary I';, until a barrier is reached. This
barrier depends on the discretization, it grows with a refinement of the discretization of
the boundary. Thus we can conclude that the number of clusters grows logarithmically
for the limit of refinements.

60 T T T T T 60 T T T T T
§50 - s §50 | .
240 - 240 | .
Q ()
3 30 e 3 30 .
b 3
,g 20 - _g 20 —
210 - £ 10 .
0 | | | | | 0 | | | | |
2-8 926 9-4 9-2 90 22 24 2-8 92-6 9-4 9-2 90 22 24
dist(z, ') dist(z,T'pm)
(a) 7 =0.75 (b) 7=05

Figure 6.5: Number of clusters for different orders of refinement: 32768 panels (blue),
131072 panels (green), 524288 panels (yellow).

If we compare the number of clusters for different parameters 77 we can see, that the
larger 77 the larger this number (cf. Figure 6.6). Hence, we can establish the estimate
(3.10).
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60 T T T T T 60 T T T T T
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2-8 92-6 9-4 92-2 20 22 24 2-8 92-6 9-4 92-2 20 22 24
dist(x, ') dist(z, ')
(a) 32768 panels (b) 131072 panels

Figure 6.6: Number of clusters for 77 = 0.25 (blue), 7 = 0.5 (green), 7 = 0.75 (yellow).

In our next test we analyze how the maximum rank changes if we reduce the distance
to the boundary. As computational domains we choose a sphere with radius 1 and a cube
with side length 2, both centered at the origin. The sphere is discretized with 5120 panels
with a minimum side length of 0.0691 and the cube is discretized with 12288 panels with
a minimum side length of 0.0625. In both cases we choose the exact boundary data

1

= —, =0, ,
pE an(y) gp(y)

gp(y)

e =10"°, 7 =0.2, 7 = 0.5 and meshes of order four and five in the bounding boxes around
the evaluation points z = (1+dist(z, '), 0,0) and the clusters I';, respectively. With this
choice of  the boundary I';,, consists of only one cluster. In Figure 6.7 we can see that
for both computational domains the rank first increases and later decreases if we halve
dist(z,I'),). In the next section we will see that the point of change coincides with the
point where the accuracy begins to decrease.

L I I L I I

102 7 102 7

rank
>

| |
rank

T

|

w0t F 7 0t F =
T A A A A A A T T Y A A A
9—12 2—8 9—4 20 24 28 2—12 2—8 9—4 20 24 28
dist(x, ') dist(z, ')
(a) sphere (b) cube

Figure 6.7: Maximum rank of single-layer potential operator (blue) and double-layer po-
tential operator (green).

If we choose instead the points x = (1 — dist(x,I',,),0,0) in the interior of our compu-
tational domain 2 the number of clusters depends on the distance again. The maximum
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rank increases (cf. Figure 6.8) as for the exterior boundary value problem. For points in
the interior as well as for points at the exterior, the maximum ranks are of the same order.
As we can see, the rank is also independent of the parameter 7).

L L L L e e I L L L e e
2 L _ 2 L i
10 10 SR
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T I [ T S T N B T I T [ T S T R B
2712 278 274 20 2712 278 274 20
dist(z,T'pm) dist(z, ')
(a) single-layer operator, sphere (b) double-layer operator, sphere
L L O B s s L L O B s s
102 | 7 102 g
T e———— 7 "\/’\
A - Y A
=i - . = - -
] ]
=~ — far
0 F - ot -
T S A T O
9—12 2—8 9—4 20 9—12 2—8 2—4 20
dist(z, T'm) dist(z,T'm)
(c) single-layer operator, cube (d) double-layer operator, cube

Figure 6.8: Maximum rank of single-layer potential operator and double-layer potential
operator with 77 = 0.75 (blue), 7 = 0.5 (green) and 77 = 0.25 (yellow).

6.3 Comparison with Gauss Quadrature

In the previous test (cf. Figure 6.7) we have compared in addition our accuracy to the
accuracy of Gauss quadrature with the same number of panels and quadrature points. In
the case of a non-curved surface all quadrature points lie on the surface and thus usual
quadrature provides good results (cf. Figure 6.9.b). With our method we can reach an
accuracy of the same order. If the surface is curved, Gauss quadrature with plane panels
does not work as well since the quadrature points are not located on the boundary. In
this case, a higher accuracy can be reached with our method (cf. Figure 6.9.a). If the
evaluation point x is far away from the boundary, the accuracy ¢ is constant. If a certain
distance is reached, the error increases potentially with smaller distance, independent of
the curvature of the surface. This is a typical phenomena of boundary element methods
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since the derivatives are large near the boundary. If we choose meshes of higher order in
the bounding boxes around z and I'; the point of change can be moved to the left. For
distances smaller than 278, our method and Gauss quadrature provide the same results.

]_OO L L L B L 100 RN L
1072 1072 7
> >
g 107t g 107* 7
= =
= =
g 107¢ 1 g8 | .
1078 - 10-8 | ]
10_10 I T A A A A A 10_10 I A A A A A
2—12 2—8 2—4 20 24 28 2—12 2—8 2—4 20 24 28
dist(x,'m) dist(x, 'm)
(a) sphere (b) cube

Figure 6.9: Accuracy of our method (green) and Gauss quadrature (red).

If we compare the errors for the points in the interior of 2 we can see a behavior
similar to them of the points in the exterior (cf. Figure 6.10). Again, Gauss quadrature
works better on the non-curved geometry. For evaluation points which are not very closed

to the boundary (dist(x,T,,) > 272), the accuracy is constant at the order of ¢ = 1079,
independent of 7.

100 T 100 T
102 ] 10-2 |
> >
g 1071 1 & 107% |
= 5
g 1076 1 ¢ 10°° |
1078 | \ i 1078 |
—
10710 \\\l\\\l\\\l\\\l\\\'/lT\\ 10710 I T I T S T T Y
2712 2710 278 276 274 272 20 2712 2710 278 276 274 272 20
dist(z, ') dist(z, ')
(a) sphere (b) cube

Figure 6.10: Accuracy of our method with 77 = 0.75 (blue), 7 = 0.5 (green), 1 = 0.25
(yellow) and Gauss quadrature (red).

If we do not know the exact boundary data on the whole boundary I', we need to
complete it as described in Section 1.4. In this case, the relative error at the evaluation
point x cannot be smaller than the error made by approximating the boundary data. Thus
it suffices to choose the stopping criterion e for ACA of the same order.
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6.3. COMPARISON WITH GAUSS QUADRATURE

In the previous chapter we have seen that the complexity for evaluating the solution
at N = m points is of order N log N whereas the direct evaluation by Gauss quadrature
needs O(N?) operations. Again we test the algorithm on the computational domain of a
cube with side length 8. We choose n = 0.2 and 17 = 0.5. The mesh in the bounding box
around x = (3,3,7) is of order four and the meshes in the bounding boxes around the
clusters 7 are of order five. ACA is stopped when an accuracy of ¢ = 107 is reached. The
resulting runtimes are plotted in Figure 6.11. We see that for large N the slope of the
line representing Gauss quadrature is twice the slope of the line representing our method.
Thus the complexity results of the previous section are verified.

1010 T T T T T
108 | .

106 | .
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102 103 10 10° 106 107
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Figure 6.11: Runtime for our algorithm (blue) and Gauss quadrature (green).
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Chapter 7

Conclusion

As we have seen in the both previous chapters, the introduced method is an efficient
way to evaluate the representation formula for boundary element methods. Accuracy and
complexity of Gauss quadrature only are acceptable if we have a few evaluation points far
away from the boundary and non-curved geometries. In all other cases our method should
be the preferred one. Since the degenerate kernel approximation leads to a separation of
variables and large parts can be computed in advance so that the complexity scales like
Nlog N instead of N2, our algorithm works faster for more than about 10% evaluation
points. The numerical experiments performed prove that in addition it is more precise,
especially for curved computational domains. Due to large derivatives near the boundary
it is not possible to achieve a high accuracy at evaluation points very closed to the bound-
ary. However, this accuracy cannot either be reached by Gauss quadrature. In this case
the accuracy of our method and Gauss quadrature are of the same order.

In comparison to the usual panel-clustering method, which has a complexity similar
to our modified method, we do neither need to compute any derivatives nor to know
in advance the degree of the degenerate kernel approximation. The degree to achieve a
desired accuracy can be found adaptively. This is due to the fact that we use the adaptive
cross approximation instead of Taylor expansion. Thus the adaptive cross approximation
is a suitable alternative for approximating the arising kernels.
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