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In [1] Mallet-Paret introduces a Fredholm Alternative theorem for asymptotically
hyperbolic linear functional differential equations of mixed type and first order and
uses it in [2] to apply the implicit function theorem to certain one dimensional nonlinear
functional differential equations of first order. In this thesis, we try to use these results
for some two dimensional or order two equations.
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1 Introduction

1.1 Problem

When investigating solutions to nonlinear function differential equations of mixed type

* 0= G(c,,)(6)
= —caV(§) = F (2§ + 1), 2§ + 7). p)

for d € NN € N\{1,2}, ¢ # 0,p € Ry, F € (]Rd)]R sufficiently smooth and r =
0,79, --ry € R distinct, one might ask for existence of solutions near known ones for a
varying parameter p € V taken from an open subset V' of some Banach space W, i.e. if
the implicit function theorem may be applied.

Such equations may arise from various sources such as the search for traveling wave
solutions f(z,t) = ¢({z,v) — ct) of some differential equation

(1.1)

O:_f(l"t)_F(f(l'—i_ant)) af($+xNat)7p)

with some z, 29, - - ,zn, 2,0 € R%; p € (Rd)R, fe (Rd)Rd <R sufficiently smooth.

For use of implicit function theorem for solutions of (1.1) around some (cg, g, po) We
need G to be at least Fréchet C! in some open neighborhood of (cg, g, po) and D, .G to
be an isomorphism. Fréchet differentiability is often only a technicality, if F' is sufficiently
smooth. The isomorphism condition on D, 4 (co, o, po) however might not be so easy to
show.

However if D, ,(co, zo, po) is asymptotically hyperbolic, then parts of proving bijectivity
can be done as roughly outlined in the following section.

1.2 Agenda
Taking, dependent on (¢, z, p) with some fixed p € V
Ai = Aigp(€) = Doy Fl@(&+11), - @(€+1w),p) (1.2)
(AY)(€) = (A, py)(€) = —cy'D () — g;Ai;x,p@)y(g +74) (1.3)



the linearization of G about some (cg, zo, po), where xg is not an equlibrium of (1.1),
with respect to (cg,xo) takes the form

((‘DC@G) (607 Zo, pO)) (d, U) (5) = (_xél)(f)) d+
(—cou(l)(f) - iv:Ai(é; xo, po)u(€ + n)> (1.4)
=1

=((~27d) + (Acy.z0.p0) ) (©)

Since we consider multiple equations in the later parts, we will add a supscript to dif-
ferentiate the origins of operators, coefficients etc like AE z.p°

Studying D .G (co, xo, po) naturually involves studying A¢, z,p, and its relation to the
linear span of x(()l). Naturally if (co, zg, po) is some solution to (1.1) with zp not being

an equilibrium then V¢ € R:

0= CZQ(CO,IEO,PO)(@

N
= —c(@§) () = 3] Dury) Flaol€ + 1), ,zo(€ + ), p)al (€ + 1)
=1

= (A(Cowoapo)x(()l))(f)
SO U = m(()l) solves
0 = Acy,z0,p0U- (1.5)
(1)

This implies x5’ € fegz,00 = KT Acgzg,p0 and dim K¢y 29,0 = 1. Hence, assuming
that G: RxWh® x V. — L% any restriction D, .G (co,70,p0): RxX — L™ to a
subspace Wh* O X > xg, on which Ay, 4., i injective and whose range does not

(1)

contain x’, is injective. Surjectivity can then be established by just setting ¥V :=
:cél) R ®Acy,20,00(X). To sum up we need to

1. establish zg ¢ R¢; 20,00+ (1.6a)
2. find W™ D X 3 20 such that X N 820,00 = 107, (1.6b)
3. establish x((]l) ¢ Ao wo,p0(X), (1.6¢)
4. set Y = Ay zo.p0 @ m(()l) R, (1.6d)
5. and use the implicit function theorem on G: RxX xV — Y. (1.6e)

f Rep 0,00 SPLitS W12 then a natural choice for X is a indexsplit topological complement
of the kernel or any closed subspace thereof.

We remark that a restriction to some closed subspace as proposed in (1.6e) does not
restrict validity of the implicit function theorem, i.e if the implicit function theorem



were applicable for a larger space yielding some unique solution, then it would have to
coincide with a unique solution obtained from the smaller space.

f Acy,zo,p0 15 @ Fredholm operator, i.e. dim fe, 4,0, < 00 and codim Ay 2o, po (WH™) <
00, then a standard result from functional analysis, e.g. Standard Example 17 in subsec-
tion 3.9.4 from [4], guarantees that R, u,p0, Since it’s finite dimensional, splits W1 .

Then we only need to show a:él) & Aco,zo,00(X)- Acywo,po Deing Fredholm also implies

_ *
Acoaxo,ﬂo - RLLOO

where £* is usually the kernel of A z,,0,’s dual operator and B p denotes B’s annihi-
lator in L°°. Hence knowledge of &%, i.e. just one u* € &* such that f (;v((]l)) = 0, proves

1
1‘(() ) ¢ ACO@OvPO'
If Acy z,p0 really were Fredholm then its index

ind Ay zg,p0 = dimker Agy 2,00 — cOdim Agy 2. po = dimker Aey 2,00 — dim&*  (1.7)

together with knowledge of £, z,,p, of which we already know that it contains :zél) R, can

help us to establish dimension of 8 and hence find some u* € K satisfying <x81),u*> =
u* (xél)) # 0.

For the last few arguments to be applicable we of course have to establish that A¢ 24,00
is really a Fredholm operator. Normally this would already require explicit knowledge
of kernel and range of this operator but theory established in [1] and reexamined in [3]
allows us to forego such explicit knowledge and prove Fredholmness as long as Ay 0,00
is an asymptotically hyperbolic linear operator, which is basically an operator that joins
two limiting linear constant coefficients operators without imaginary eigenvalues.

In particular this theory from originally [1] establishes Fredholmness for all asymp-
totically hyperbolic linear operators W1 — L. Since the ind: F(W1> L>) — N
is a continuous function from the set of Fredholm operators to the natural numbers in
discrete topology, the index is constant along continuous paths in F(W5h%° L>) i.e.

VA: [0,1] — F(W'* L*) continuous : p — ind A(p) = const.

So continuous transformations of asymptotic hyperbolic operators, which preserve
asymptotic hyperbolicity, also preserve Fredholmness and hence the index. This knowl-
edge can enable us to establish the index of A 40,0, by just finding homotopies in the
space of asymptotically hyperbolic operators that join operators we investigate and oper-
ators with known indices. Morever we know from this theory, that hyperbolic operators
are isomorphisms and hence operators with known index zero.

Furthermore theory from [1] tells us that we need not concern ourselves with dual

spaces and dual operators for determination of a:él) ¢ Acoy zo,p0 Via Fredholm Alternative,
but can instead use an asymptotically hyperbolic quasidual operator

Al wht — L!

€0,70,P0 *



for the dual correspondencies normally associated with Fredholm operators. In particu-
lar, similar to Fredholm Alternatives via Dual Pairs in section 5.10 of [4], we have

ACOJOWO(WLOO) = ﬁ*J_LOO = {f € LOOWU* € ker A:o,azo,PO: /R<f’ u*> = 0}

which might further simply the search for some u* € &£*: u*(:cél)) #0.

In any case we would have to establish asymptotical hyperbolicity of A 44,9, for the
preceding arguments to be valid. If xz( is a nonequlibirum solution that joins two stable
equilibria, say Z4 of the main nonlinear equation (1.1), then smoothness requirements
imposed on F' tell us that asymptotical hyperbolicity is equivalent to hyperbolicity of
the linearizations at the equilibria it joins, A¢, 7, - Then these linearizations also form
the limiting operators of A¢; 2. p0-

For actual equations we now try to work our way backwards in our preceding argu-
ments to enable us to use the implicit function theorem. Accordingly, if we have the goal
of using the implicit function theorem to find solutions around some solution zg of (1.1)
joining the stable equilibrium Z_ at —oo to Z4 at oo and forego the use of A, »,,,’s dual
by just using the quasidual, we might accomplish this if we

1. establish hyperbolicity of Ay z. po, (1.8a)
2. calculate ind Agy 2,005 (1.8b)
3. derive fepa0,00, and dim Key 2,00 (1.8¢c)
4. set X 3 xg as closed subspace of the topological complement of R¢; 2,0, (1.8d)
5. use (1.8b) and (1.8c) to find u* € R* :=ker A . ., (1.8¢)
6. establish /<a:(()1),u*> # 0 for some u* € K& (1.8f)
R
7. setY = mél) R ®Acy 20,00 (X) (1.8g)

8. and finally use the implicit function theorem at (cg, 2o, po) for
G: RxX xV =Y, (1.8h)

which now has an isomorphic D, ;G(co, zo, po) by construction.

Later we might choose to drop some of the subscript -¢, 4., When the context should
leave no doubt about the origins of things or when considering the general class of linear
equations with the properties of Ay 4y, @s arising from linearizations about known
solutions.



2 Already known

To be able to follow the steps noted in (1.8) we now reproduce some definitions, notations
and basic results taken from [1], [2], [3].

The first section establishes notation and basic definitions and notation. Some of the
definitions might not be optimal for a context more general than just the discussion of
implicit function theorem use for solutions of (1.1) but might keep the notation coherent
throughout the remainder of this thesis.

Afterwards we present two results from [1]. The first concerns the relation between
Fredholmness and asymptotic hyperbolicity and the dual pairing of asymptotically hy-
perbolic WP — LP and W14 — L4 operators. The second result allows one to calculate
the Fredholm index of asymptotically hyperbolic. The third one gives us asymptotics
information on solutions to asymptotically hyperbolic linear solutions based on the eigen-
values of the limiting operators.

Finally, to complete our review and presentation of already known thing, we present
some of the main results from [2], reexamined in [3], that are needed in the last chapter
of this thesis to analyze a simple 2d equation composed of two components solving the
equation discussed in [2].

Since this chapter mainly contains reviews and reproductions we only sketch the gen-
eral ideas of proofs for just copied results.

2.1 Some definitions

We start with some definitions and notation as used in [1] for theory of asymptotically
hyperbolic linear operators A: WP(R,C?%) — LP(R,C%) for 1 < p < oc.

Definition 2.1.1
We will use the common notations

P = [P(R,C%)
WkP = {feIPNO<j<k:f® err}

for LP and Sobolev spaces, YX = {f : X — Y} for functions between any two sets
X,Y and B(X,Y) C Y¥X as the normed space of all bounded linear operators X — Y,
X* = B(X,C) for the dual space of a normed space X.

Moreover for any open interval J C R we write

CF(J) = C*(J,C%
Ch() = ({F € C* Dl < ooh -y )



with derivatives generally to be assumed in the weak sense,

Iflleg e = sup supé e JIFD @l
S/

and
CF(J)={fe (C’d)j|(f\J) e CF(J)AV0 <i<k:f% continuously extendable to J}
Cu(T) ={f € C*(DIIf et sy < o0}

for the closure J of a relatively compact interval J.
For A € B(X,Y) we shall use

ker A:={z € X : Az =0} A(X) = {Az|z € X}

for kernel and range of a bounded linear operator.
For any normed space X and A C X, B C X* we write

B, =B 2:{x€A|Vf€BZf($):O}

for a subsets annihilator and omit the A in L A when the setting is clear.

Most of these notations can be found in textbooks on general functional analysis like
[4] or books on PDEs or Sobolev spaces.

Morever we use the || || with C%s and ||(a,b)||xxy = ||a|x + || B]|y for the product
of two normed spaces (X, || || x), (Y, [ |lv-

Definition 2.1.2
We already introduced a special case of

N

0= (Az)(&) = (M) (&) = —caM () = Y Ai(©z(& + 1) (2.1)

=1

in (1.5), with ¢ € R\{0},z € W* and A;s uniformly bounded and measurable.
For convenience we introduce the minimal and maximal shifts

r— :=min{r;|1 <i < N} r+ =max{r;|1 <i < N} (2.2)
and some shift operator for £ € R

7e: (C)F = (C?)®

(2.3)
(e f)(n) = f(n—=¢)
to describe equation (2.1) with a family of operators
L(&): Cn(lr_,r4]) — €
(2.4)

N
o Y Ai€)p(r)
i=1



with L(§) = Lyy,po(§) in the setting of the linearization (1.5) to introduce the notation

0= (Acrz)(§) =M (&) = L) ((T—¢)|[r_ 1)

for (2.1), with (7_¢z)|;,_ 1 € Cp([r—,7+) being guaranteed by the Sobolev embedding
Whe — O%1,

Whenever a Ag as in (2.1) and hence some L as in (2.4) has constant coefficients A;,
we may introduce a characteristic function

A= AC,LO :C—>C
N
2.5
A= —ch — Z A;ei (2:5)
=1

We call the constant coefficient system/equation (2.1)/operator A, /operator 2 Lo
hyperbolic if
Vb e R: Agp,(ib) # 0 (2.6)

and the values {\ € C|A(X) = 0} eigenvalues, the term arising from the context of the
point spectrum of the operator

A:{p e CYR,CH|Ve € R: V() = Lom_¢} — C(R,CY)
o o)
which coincides with the zeros of A, 1,,. If a hyperbolic operator arises from linearizations
about an equilibrium we also call this equilibrium hyperbolic.

We call the elements in the generalized eigenspaces of A to each such eigenvalue A
eigensolutions. Note however that while these functions do solve ¢(§) = LoT_¢p with
Ly being applicable here, eigensolutions x are not per se solutions to Az = 0 since the

setting is generally
A: Wh™e — [

in addition to the smoothness requirements of the linearization and implicit function
theorem setting. Moreover these eigensolutions all take the form ¢ — e*uvg for some
v € C% Note that the term eigenvalues might be misleading in regards to the point
spectrum of L(§) for various £ or A. 1, to which they have no connection. We shall write
EM for the eigenvalues of A.

If we can express L(£) as a perturbation of some constant coefficient operator Ly, i.e.

L(§) = Lo+ M(€) =Vi: Ai(§) = Ai + Bi(§) (2.7)
with some B;s, uniformly bounded and measurable like the A;s, and

gli_{T;OHM(f)H = Ml sy i ri1,09.c7) =0

< lim ||B;(€)]| = 0 uniformly with respect to i
E—o0



then we call L(§) or A or (2.1) asymptotically autonomous at oo. We call it/them
asymptotically autonomous at —oo it the same conditions are fulfilled for £ — —oo. If
it is/they are asymptotically autonomous at both oo we call it/them asymptotically
autonomous.

If L is asymptotically autonomous with limiting operators L4, A. 4+ at oo and fur-
thermore A, + are hyperbolic then we call (2.1),L,A. 1, asymptotically hyperbolic.

In the context of the asymptotic autonomy we write A; ; .. etc for the coefficients
and other things related to the constant coefficient operator at co and A; _ ... etc for the
constant coefficient operator at —oo.

Definition 2.1.3

Let X, Y be two Banach spaces over C. A € B(X,Y) C L(X,Y), with B(X,Y) denoting
the space of continuous linear operators and L(X,Y’) the space of all linear operators
X — Y is called a Fredholm Operator or simply Fredholm iff

dimker A < o0 codim A(X) < oo.
Then the index or Fredholm index of A is defined as the integer
ind A := dimker A — codim A(X) (2.8)

Let F(X,Y) C B(X,Y) denote the closed space of all Fredholm operators and let
A€ F(X,Y). Then, with X# denoting Xs dual and A" its dual operator, the following
properties are met.

1. A(X) is closed (2.9a
2. A(X) = (ker AT) | and AT(Y*) = (ker A)* (2.9b
3. codim AT (Y*) = dim ker A

4. codim A(X) = dimker AT = dimker A — ind A 2.9d
5. AT Y* — X* is Fredholm and ind AT = —ind A (2.9¢
6. ind : L(X,Y) — N is continuous (2.9f

(2.9b), (2.9¢), (2.9d) represent a so called Fredholm Alternative.

The interested reader is referred to [4]. For (2.9f) in particular, which is the basis of
relatively simple calculation of the Fredholm index for asymptotically hyperbolic linear
equations as (1.3), see Proposition 1 of section 5.8 of [4].

Definition 2.1.4

With solution, e.g. to (1.1), we generally mean a function z € W°(R, R?) satisfying
(1.1) in LP sense. Let J C R be some interval. Then by a solution on J we mean a
function x: J# == J + {r;|]1 <i < N} satisfying

1. z e “C(J*,C N LP(J#,Cd)” (2.10a)



2. x|y € WHP(J,C%) (2.10b)
3.V6eJ: :0=—caV(€) = Fx(E+r1),--,z(+7rn),p) (2.10¢)

with C(R,C%) N L? understood in usual sense of LP functions with continuous represen-
tatives. Equivalent definitions hold for equations with F' = F(§, xz(§),---) etc.

Before beginning to recall theory established in [1] and [2] we just add a standard
lemma to make sure G is really Fréchet Cl.

Lemma 2.1.5
Assume that F = F(v,p) in (1.1) is C' in (RN x V. and that D,F(v,p) is locally
Lipschitz with respect to v.

Then G is C! on the open set

U= (R\{0}) x {z € Wh®lzM) £0} x VCRxWH™® x W (2.11)
and the partial Fréchet derivative D.,G(c,, p) takes the form (1.5).
Proof. Fix (¢c,x,p) € U. We set k(z,&) = (x(E+711), - ,xz(E+7TN))
L(c,z,p): RxWh® x W — L™
) (2.12)

(d7 Y, U) = _dm(l) + Ac,m,py - %F(/‘i(% : )7 p)O’

Obviously (¢, z, p) — L(c, z, p) is continuous in U.

We claim that L is G’s Fréchet derivative.

Since F is C' in (RY)N x V we have V(v, p) € (RON x V: Ve > 0: Idg(e) > 0 such
that Vég > ||(w,0)||:

B
[(w, o)

From the definition of k we get V€ € R: Vo € Wh:

[k, N = (@€ +71), -+ 2§+ 7rn))]

(F(v +w,p+0) = F(v,p) — Dy ,F(v, p)(w, O')) <e.

N
< S lla(e + )l < Nlje oo

i=1
< N[z[lwr.e
Since
ldlllyllwree _ ldll[yllwa.e
[(d, )|l ld] + [yl

it follows that if [|d, y[| < +-€ =: 6, we have

ldlllyllwre _ 1

€.
o)l 2N



With ||(d,y, o)|| < max{%00(&€),d1} = § we now have

1
Mg o Gt da+yp+o)—Glew,p)
~ Lle,,p)(d,y,0) ) (©)]
! — (c T (1) cx(l)
Ild,(n(y,é),a)u”< (c+d)(z+y) (&) + ezt (§)

< —F(/ﬁ($+y,§)7p+0)+F(Fﬂ($a§)ap)
+ a2 () + ey () + Do (F(5(2,€), ) (5(5,€), 0)) |

1

e Dl ir1.00 el . o) — Flr(x
nmw@mﬂoww'W’+”@<%®+<%&p+> F(i(2.6). )

—DWHM%&MW%@JOD

<1
*NG'

Taking the (essential) supremum over £ and multiplying with N yields V||(d,y,0)| <
0:

1
WHQ(C—Fd,x—}—y’p_{_g) - g(c7$,p) - L(C,%P)(d,y,a)HLm S €

Thus G has the Fréchet derivative L and since L is continuous G is C! in U.
Proposition 8 from section 4.2 of [4] applied to (2.12) together with the first part of
the proof yields

(qug(c,x,p))(d,y) = (Dc,x,pg(Ql’aP))(da y,0)
= (L(c,z,p))(d, y,0)
= —zWd + Aczpy +0.

This proves the second part of the lemma. O

2.2 Linear Fredholm Theory

Using the above definitions and notation we now p pr As advertised we present two
results, which establish Fredholmness for asymptotically hyperbolic linear operators with
duality for WP — LP through a dual pairing with W19 — L for conjugated 1 < p, ¢ <
oo and means to calculate the index when the limiting operators at +oo are related
or can be joined in a hyperbolicity preserving way. A third one establishes a relation
between general solutions and eigensolutions of (2.1).

10



A Fredholm Alternative

First we reproduce a theorem established as Theorem A in [1] and reexamined as Theo-
rem 3.2.3 in [3]. Using this result we can later establish step (1.8a) of our agenda, that
is, establish Fredholmness of A¢ zo,p0-

Theorem 2.2.1
Consider an asymptotically hyperbolic equation as in (2.1). Let 1 < ¢ < oo be conjugated
to some 1 < p < co. Then the quasidual operator defined by

AW e
N
. (2.14)
(A)(©) = ey (©) + Y AT (€ —ri)y(€ — 1)
i=1
A* is also asymptotically hyperbolic and
1. hyperbolic, constant coefficient A are isomorphisms (2.15a)
2. A, A" are Fredholm operators (2.15b)
3. ker A, ker A* are independent from p, q. (2.15¢)
A(W*P) = (ker A*
4. (W) = ( )i (2.15d)

A*(WhY) = (kerA) |,

codim A(W"P) = dim ker A*
5. codim A*(W*4) = dim ker A (2.15¢€)
ind A = —ind A*

using ker A for kernel, A(W*P for image of the operator A and X |y for the annihilator
of X as subspace of Y.

Proof. (2.15a) is Theorem 4.1 from [1] or Theorem 2.1.2 from [3]. The proof involves
viewing (2.1) as an equation of temepered distributions and solving it by transforming A
into multiplication operator via Fourier transform. This gives rise to a Green’s function
for A. The equation holding for tempered distributionally for a distribution induced by
a proper function implies that the equation also holds for weak derivatives and hence in
the WP and LP sense.

(2.15b) to (2.15e) follow by first investigating small perturbations of the isomorphic
hyperbolic constant coefficient operators as in (2.15a). In this case the von Neumann
series can establish bijectivity and existance of a Green’s function for such perturbations.

Asymptotic autonomy implies that asymtptically hyperbolic operators can be viewed
as such perturbations for large £&. This enables us to use the results on small pertur-
bations of hyperbolic constant coefficient operators to establish asymptotics of general
asymptotically hyperbolic linear operators. These asymptotics combined with the Arzela
Ascoli theorem then enable us to prove relative compactness of WP sets with relative

11



compact range under A in LP. This fact leads to finite dimensionality of the kernel via
compactness of the unit ball and closedness of the range. With this and the defintion of
A* the remaining results follow. O

In the context of traveling wave solutions and implicit function theorem as in (1.1) we
have ¢ # 0 s0 A, 0,00 fOr solutions xg joining hyperbolic equilibria is applicable.

Computation of the Fredholm Index

The next result is Theorem B of [1] with slight addendums. We are specifically interested
in the implication, that if the hyperbolic linearizations Az, ,, about equilibria Z+ can
be connected by a simple homotopy (in fact any but we only provide the proof for the
line connecting them) that preserves hyperbolicty, then linearizations about any solution
xo joining these two equilibria have index zero and thus finishing step (1.8b).

All the results on the Fredholm index are based on continuity of ind : F(X,Y) — N
with N in discrete topology. Hence homotopies in F(X,Y’) preserve the index and we
need only find such between the operators we want to study and operators having the
index we need. However such homotopies p — A only impose continuity restrictions on
A(p), i.e. Ai(p), Ai(§) need still only be measurable and uniformly bounded.

Theorem 2.2.2
Consider an asymptotically hyperbolic linear operator A as in (2.1). Assume that the
limiting operators at +oo are Ayy,.

Then the Fredholm index of A only depends on AL, i.e.

indA =4(A_,Ay). (2.16a)

Furthermore for any triple Ay, Ao, A3 of hyperbolic constant coefficient operators
’l(Al, Al) =0 (2.16b)

and
’L(Al,Ag) +Z(A2,A3) = Z(Al,Ag) (216C)

the latter being dubbed the Cocycle property.
Furthermore, if
Vp € 10,1] : (1 — p)A1 + pAs is hyperbolic,

then
Z(Al, A2> =0 (216d)

Proof. First we show that the index only depends on the limiting operators. Let A°, Al
be two asymptotically hyperbolic linear operators as in (2.1) with the same limiting
operators A4 at doo.
For p in [0, 1] set
AP = (1 —p)A° + pAL.
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Then for each p the operator A” again is asymptotically hyperbolic with limiting op-
erators Ay and hence according to 2.2.1 is a Fredholm operator. Thus p — A’ is a
continuous function R — F(W1P LP) so ind A’ = ind A!, proving (2.16a).

Since each A; is hyperbolic, each on of these operators is an isomorphism according
to 2.2.1. Hence they all have index 0.

Consider an operator A with both limiting operators being A;. Then

AP = (1—p)A+ pAy

for p € [0,1] yields asymptotically hyperbolic operators with limiting operator A; at
both o0 for each p. p — AP is again a continuous function through F(W1P LP) so
ind A = ind A; = 0, proving (2.16b)

For (2.16¢) set
R(p) = cos("P) 1y sin(%)Iy
—sin(%)Iq cos(%f)Iq

and consider the family of 2d operators defined by

All’
(€) £<0
()06 - <A2y> s .
(R(p) < A3> R(~p) @)(g) £20

with I; denoting the d x d identity matrix. With this definition A? is asymptotically hy-
perbolic for all p € [0,1]. Its limit at —oo is (A1, A2) and —oo it’s (R(p)(A2, A3)R(—p)).
For p = 0 and p = 1 the system decouples and the index can be explicitly calculated
as the sum of the indices of the x and y equations. Furthermore p — A” is again a
continuous map [0, 1] — F(W¥P LP) and hence, using (2.16a)

1(A1, Ao) +2(Ag, A3) = ind A = ind A = (A, Az) + 1(Ag, An) = o(A1, A3)
=0

By (2.16a) it suffices to show, that just one asymptotically hyperbolic linear operator
with limits Aj, Ay has index zero to prove (2.16d). Consider the family of operators

defined by
Pr) () — (A1) (€) §<0
(A72)(€) {((1 —p) A1+ pA2)(§) £>0

Then A = A; is an index 0 operator and A! is asymptotically hyperbolic with A1, Ay as
limits at +oo. Furthermore A, is asymptotically hyperbolic with limiting operators A;
at —oo and (1 — p)A1 + pA2 at oo for each p € [0, 1] and hence, according to Theorem
2.1.2, is again Fredholm. Since p — A” is continuous it follows that ind A = ind A =
ind A; =0 and (2.16d) is shown. O
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Eigensolutions

The final result, Proposition 7.2 from [1], we present establishes that solutions of the
linear equations (2.1) are asymptotically close to eigensolutions.

Theorem 2.2.3

Let that z is a solution of (2.1) on some interval [7,00). Assume that this linear equation
is asymptotically autonomous at co and use the notations established in Defition 2.1.2,
in particular the decomposition (2.7). Assume Ja > 0,k > 0 such that

z(€) € O(§ = e IM )] € O = ™) € — 00 (217)
Then either one of the following hold.

1. b > a,e > 0 and a nontrivial eigensolution y of the limiting equation at oo

corresponding to the nonempty set of eigenvalues A with ®RA = —b such that
(&) —y(§) € O = e T9%) (2.18a)
2. for each b € R we have
g1im ex(6) =0 (2.18b)
— 00

We remark that we have not required hyperbolicity of the limiting operator at oco.

Proof. Set
b =sup{ag > alz(£) € O(& — e %) as £ — oo}

If b = oo then (2.18b) holds.

If b < oo then, we can rewrite the linear equation (2.1) to an inhomogeneous constant
coefficient equation

(Aoz)(§) = M(§)(T—¢x)

with the right hand side satisfying a growth condition O(& — e*+*=9¢) for some € > 0.
This growth condition together with the growth conditions (2.17) allow us to Laplace
transform the inhomogeneous constant coefficient equation. Because of the growth con-
ditions we thus obtain holomorphy of the Laplace transforms of (Agz) and £ — M (§) on
some half planes Rs > d for some d € R. The Laplace transform transforms Ag into a
multiplication operator with the associated characteristic function Ag, which is almost
a polynomial. For Ag-Z to be holomorphic on some half plane, # has to be at least
meromorphic in this half plane. Thus, using the inverse Laplace transform to get « from
its Laplace transform Z, shifting the path of integration, and using the residue theorem,
we get

2(§) = y(§) + w(&)

where y(§) is a sum of residuals, which is an eigensolution and w is the reconstruction
along the shifter path. Investigation of w with its integral formula obtained from w’s
definition as shifted inverse Laplace transform of # establishes w € O(€ +— e~ (0+9)%),
Finally triviality of y would contradict the definition of b which would finish the proof.

O
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2.3 A 1d equation

These section is just a summary sections 4 and the beginning of section 6 of [2] or chapter
4 from [3]. We try to only reproduce the results that can be used for a 2d equation with
two decoupled components solving the following 1d equation and only give outlines of
the proofs and relations between the results.

The interest in [2] was the equation

0=G(e,x,p)(€) = —ea'(€) = F(a(E + 1), 2(€+7n), p) (2.19)
as in (1.1) with G: RxWh®(R,R) x V — R and F satisfying

1. F satisfies
F: RY xV 5 R, (v,p) — F(v,p)is C*

2.20
D,F: RN xV — B(RY,R") is locally Lipschitz in v (2.20a)
2. VpeV:3U(p) C{1,--- ,N}: U(p) #0:
Vie U(p): Yo e RY: (88AF)(v,p)>O
gz (2.20b)

3. With
P RxV =R
(y,p) = F(y, - ,y,p)
we have Vp € V: 3¢F(p) € (—1,1) such that
Vy € (=00, —1) U (¢"(p),1): " (y,p) > 0
vy € (=1,4"(p)) U (1,00): @7 (y,p) <0 (2:20c)
F(=1,p) = ®7(¢"(p),p) = 2" (1,p) = 0

4. Additionally we require
D,®"(~1,p) <0
D,®"(1,p) <0 (2.20d)

" (q(p),p) > 0

and r; = 0,72, -+ ,ry € R still distinct.

In line with our agenda in the beginning we search for uses of the implicit function
theorem around solutions xg joining the two equilibria z_ = —1 at —oco to 1 = 1 at
00, hence the boundary conditions

lim z(§) =z_=-1 lim z(§) =724+ = 1. (2.21)
E——00 §—o0

We remark that by (2.20c¢) these two are the only two stable equilibria. Furthermore
the study of solutions joining 1 at —oo to —1 at oo follows trivially from the studies of
solutions satisfying (2.21) by a change of variables & — —¢.
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Linear

Linearizations of (2.19) are associated with the operator

N
0= (Au)(§) = —cu™ (&) = > Ai(Qu( + ). (2.22)
i=1

as in the decomposition (1.4) with continuous A; satisfying Ja, 8 € (0,00) such that
Vie{2,---N}:

2. If (2.22) is a constant coefficient equation then
N
D A <0 (2.23b)
i=1

Condition (2.23a) arises from condition (2.20b). The only constant coefficient equations
we study in the context of (2.19) are Ac, +1,,. Hence (2.20d) would translate into

0
8u1F(i1’ Ty il? p) = Ai,il,PO

N
0> Dy®" (41,p) = )
=1

(2.23b) for Acy +1,p0-

The condition A; # 0 is necessary because the shifts r; are the global shifts even for
varying p € V but for distinct p F' does not have to depend on the same z({+r;). This is
also the reason why there is the set U(p) in condition (2.20b) for the nonlinear equation
(2.19). Later this will also be important when considering a 2d equation consiting of
two (2.19) components whose shifts do not have to align at all.

Before immeadeatly going over to step (1.8a) of our agenda and establishing hyper-
bolicity of z+ = £1 we first present a results concerning a broader class of equations
encompassing both our linear and nonlinear 1d equations (2.22) and (2.19). These allow
us to later show that solutions xg of (2.19) joining —1 to 1 all satisy —1 < xy < 1 and
that solutions u > 0 of (2.22) all satisfy u > 0. This is useful as [ fg # 0if f > 0,9 > 0,
which might help when going over step (1.8f) of our agenda.

Consider

0=—czM(&) = G(&z(€+m), 2§ +7n)). (2.24)

with
G: RxRY - R
(&,u) — G(&,u) is continuous, locally Lipschitz in u

)
G ClEw >0 (225)

(2.25a)

2. Vu e RV : Vi€ {1,--- | N}: %G(-,u)#OéVﬁER:

(2
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For fixed ¢, p both (2.19) and (2.22) are versions of (2.24).
The following Lemma is a summarization of Lemmata 3.1 and 3.3 of [2] or Lemmata
4.1.1 and 4.1.2 of [3]

Lemma 2.3.1
Assume G satisfies the conditions (2.25) and that x1,z2 are two solutions of (2.24) on
R.

1. If x1 > @9 and 37: z1(7) = z2(7) then

c>0= 371’[.,-’00) = $2|[T,oo) c< 0= xll(,ooﬂ = x2|(,ooﬁ] (2.26a)

2. If 37 such that x| 74 = ¥2|j747_ r4r,) then

r1 = T2 (2.26b)

Proof. For (2.26a) the difference y = x1 — x5 > 0 solves the initial value problem

—cyM (&) =G(&,22(&) + y(&), m1(E+71), -+ 1§+ 7w))
-G +T1), - 1 (E+rN))
=H(&,y(€))
y(7) =0

with V¢ € R: H(£,0) < 0. A standard argument with the Picard Lindel6f theorem
establishes (2.26a) for either (—oo, 7] or [, 00) depending on the sign of c.

(2.26b) is shown by assuming x7 = x2 not holding on (—oo, 7 + r4]. Assumption of
r_ < 0 leads to a contradiction and r_ = 0 implies ¢ = 0 which contradicts the general
assumption ¢ # 0. The arguments for [T + r_, 00) are very similar. O

This lemma enables us to reduce certain questions of uniqueness of solutions or linear
independence in preimages of A 4,0, Or in & or &* to finding just single points or
short intervals in which the solutions coincide. We remark that with nondegenerate
(i.e. nonordinary) functional differential equations, contrary to ordinary differential
equations, a single coincision point is generally not enough to establish conincision of
solutions on a larger scale.

Now we finally start with following through with our agenda (1.8) for the nonlinear
1d equation (2.19) and start by recalling some results on the characteristic function of
a constant coefficient equation satisfying (2.23),

N
AN =—ch =) A (2.27)
=1

The next lemma, Lemma 4.2 from [2] or its copy Lemma 4.2.2 from [3] together with
SN 4; <0 from condition (2.23b) enable us to finish step (1.8a).
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Lemma 2.3.2
Consider the characteristic function A of some linear constant coefficient operator A
satisfying (2.23).
Then, if a € R,b € R\0,
Aa) > 0= A(a+1b) # 0.

Proof. Assume A(a) > 0 and A(a +ib) = 0. Then

N
cla+1ib) + Ag = — Z Agelatio)r
i=1

N
ca+ Ag < —ZAie“” <0
i=1
As |Rp| < |p| for all complex p we have
N N
—(ca+ Ap) = |ca+ Ao| < |e(a +ib) + Ao| = D A% | <) Aie"| < —(ca + Ap).
i=1 i=1

Hence all inequalities in this chain are equalities, the last two terms implying A(a) = 0,
the second and third implying

lca + Ag|? = |c(a +ib) + Ag|? = |ca + Ag|* + |icb|?,

and so b = 0.
Thus we have
Ala) >0ANA(a+ib) =0= A(a) =0Ab=0

and the proof is finished. O

An essential step here in this proof was the inequality |a + ¢| < |(a + ib) + ¢| for
a,b,c € R, which cannot be extended to something like |a* 4 ¢| < |(a +ib)* + ¢| whenever
k > 1,c¢ # 0, foreclosing attempts to determine characteristics of the eigenvalues in a
similar manner when considering equations of higher order or dimension.

Since

N N
Aco,ihpo (O) =0- Z Ai,:l:l,poeo = — Z A; >0, (2.28)
i=1 i=1

Lemma 2.3.2 implies Vb € R: Agj +,,5,(0 4 ib) # 0 so £1 are hyperbolic. This finishes
step (1.8a).
Moreover by setting
Aél = (1 = p)Ai—1,p0 + HAi1,p0,

these A; satisfy the conditions of (2.23) so the linear equation

N
0= (A2)(§) = —caV(€) = Y Ala(E+r)
=1

18



and A* are hyperbolic. In particular A* is a Fredholm operator by (2.15a) of Theorem
2.2.1. Furthermore A® = Ay _1,, and A' = Ay 1, so the conditions of (2.16d) of
Theorem (2.2.2) are met. Hence for any solution zy joining +1 we have Fredholm
index 0 for Ay zo,p.- Of course this argument holds not only for linearizations but any
asymptotically hyperbolic linear operator as in (2.22) satisfying (2.23). This finishes
step (1.8b).

The next steps need more work and will use the fact that solutions to asymptotically
hyperbolic (2.1) are close to eigensolutions at the respective ends in the sense of Theorem
2.2.3. For such a study based on eigensolutions we first need to find out a little more
about the eigenvalues.

The next lemma is part of Proposition 4.3 of [2] or Proposition 4.2.3 of [3].

Lemma 2.3.3
For a constant coefficient A as in (2.22) satisfying (2.23) there exist at most one real
negative eigenvalue \* € (—o0,0) N E* and at most one real positive eigenvalue )\Q €
(0,00) N EA. Per convention we will set A} = 4oc if these eigenvalues actually don’t
exist.

Moreover, using the conventions (—oo, —00) = (00, 00) = (), we have

R(EM\ AL A1)) C (o0, XY U (D) (2.29)
Proof. Since f: R — R,a — A(a) is a strictly concave function as

N

() = - Z\%ﬁem <0.

Together with £(0) = — Y | A; > 0 the results on A} follow immedeatly. Moreover it
follows that f|(>\/:7)\¢) > 0 so (2.29) follows by Lemma 2.3.2. O

For an asymptotically hyperbolic linear operator A as in (2.22) with (2.23) with lim-
iting hyerpbolic constant coefficient operators A4 at oo we write

AwA =\ ASA = 2O+ (2.30)

For linearizations A, 4,,, for solutions z( satisfying the boundary conditions (2.21)
these are

Ac T, Ac STy,
AU = AL A8 S W (2.31)

€0,20,P0 €0,20,P0 -

The next Proposition is parts of Propositions 4.6 from [2] or 4.2.6 from [3] and gives us
mentioned asymptotical approach of solutions of (2.22) to eigensolutions of the limiting
operators via Theorem 2.2.3. Obviously this introduces the additional conditions of this
theorem, which can later be shown to hold for A, 4. po-
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Proposition 2.3.4
Assume that the condition (2.17) on M from Theorem 2.2.3 holds for both the decom-
positions at +oo of some A satisfying (2.23).

Assume the remaining asymptotic conditions hold for oo and z: [7,00) is a bounded
solution of (2.22) on [r,00) for some 7 € R.

Lo IE NS 4 0 > —00 then 3CT =CF € R, e > 0 such that

2(6) — Cter"E € O(¢ s Moo %) (2.32a)
2. I AN > —00,2 > 0,2 # 0 then CT > 0 (2.32b)
3. the bound obtained from formally differentiating (2.32a) hold (2.32¢)
4o TENG 20.p0 = —00, 2 > 0 then x =0 (2.32d)

The analogous result holds for —co and (—o0, 7].

Proof. Theorem 2.2.3 is applicable since z is a bounded and hence O(¢ — %) solution.
Both cases of (2.18) from Theorem 2.2.3 imply (2.32a), the second trivially and the
first together with Lemma 2.3.3 and the fact that multiples of £ — S are the only
eigensolutions for A5,

For (2.32b) C'* > 0 follows trivially from x > 0. For nonnegative solutions on [r, c0)
it can be shown that there exist a,b € R, R > 0 such that

VE € [14 R,00): ax(€) < (&) < bx(€) (2.33)

Hence the second option resulting from Theorem 2.2.3 is not possible. Because x does
not vanish identically it follows that (2.18a) holds for some eigenvalue A € E* with
RN < A1, But such an eigenvalue would have nonzero imaginary part and hence z > 0
would be impossible.

(2.32¢) follows by plugging (2.32a) onto the linear equation (2.22) for £ > 7.

AN = —oo implies that RE® N (—00,0) = ) by Lemma 2.3.3 so the first option
resulting from Theorem 2.2.3 is impossible. But with (2.33) the second option is only
possible if z = 0. 0

Using Proposition 2.3.4 we get a result found in Proposition 4.7, Theorem 4.1 from
[2] or Proposition 4.2.7, Theorem 4.2.8 from [3].

Proposition 2.3.5
Assume that p > 0 is a nontrivial solution to the linear equation (2.22) with some A
satisfying (2.23) and that condition (2.18) from Theorem 2.2.3 on M holds for both
& — +oo0.

Then

1. A% and A" are finite (2.34a)
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2. p>0 (2.34D)

3. &Y =pR (2.34¢)
4. Ip* >0e /g (2.34d)
5. &M = p*R

Proof. (2.34a) follows from p # 0. Assuming otherwise would imply that p vanishes on
some (—oo, 7] or [1,00) by (2.32d) of Proposition 2.3.4. Lemma 2.3.1 would cause p to
vanish everywhere.

(2.34b) follows from Lemma 2.3.1

(2.34c) is obtained by assuming existance of some y € & linearily independent from
p and using the asymptotic formula (2.32a) from Proposition 2.3.4 to lead to a contra-
diction.

(2.34c) implies dim &* = 1. Since we have already established ind A = 0 after Lemma
2.3.2 we already know dim £ = 1. Assumption of p* > 0 ¢ R* thus implies existance
of some nontrivial p* € K* that takes both values +0. p* taking both positive and
negative values implies existance of some h > 0 compactly supported such that

/p*h—O.
R

According to the Fredholm Alternative (2.15d) from Theorem 2.2.1 it would follow that
h € A(Wh°). Closer examination fo the preimage of h with help from Proposition 2.3.4
yields a contradiction thus proving (2.34d).

(5) follows directly from (2.34c) and the arguments this equation’s proof. O

One sees that this Proposition would serve as a good basis for all the steps (1.8¢c)
to (1.8f) but only if the condition of exponential approach of the limiting equations
(2.17) and existance of a nontrivial nonnegative solution really hold for A, o,p,- This is
established in the following subsection with a closer investigation of the original nonlinear
equation (2.19).

Nonlinear

Based on the agenda (1.8) and the results from the last subsection we still need to prove

(

existance of 0 < p € Reg,z0,p9, 1-€- xol) > 0, and the exponential approach condition
(2.17) on M for A¢y .0, to enjoy the benefits of Proposition as a basis for steps (1.8¢c) to
(1.8f). Moreover we need to find a result that guarantees that solutions obtained from
the implicit function theorem satisfy the boundary conditions (2.21).

The last requirement can be fulfilled with Lemma 6.1 from [2], Lemma 4.3.1 from [3].

Lemma 2.3.6
Let zo € W% be a solution to (2.19) and
i = inf{a(€)|¢ € R} e = sup{ao(€)|€ € R} (2.35)
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Then

p- € [=1,q(p)]U{1} p+ € {=1} U[q(p), 1] (2.36)

The same conclusion holds for

H— oo = liminf z((§) Ht 0o = limsup zo(§)
§—00 &—o00

Poe —oo = liminf z(§) Pt —oo = limsup (&)
§——o0 E——o0

Proof. The proof for p4 works with a standard argument with some series & € RY such
that x¢(§;) = p+ for j — oo and continuity of F.

For the liminf etc the proof works with some sequence ¢ € RY with §j — Foo for
j — o0o. Then y; = 7_¢,a are all solutions of (2.19) and satisfy the conditions of the
Arzela-Ascoli theorem. The resulting limits are also solutions of (2.19) and its inf, sup
coincide with x¢’s liminf, lim sup etc. The already proven parts of this lemma then yield
the required result. ]

The next result is Corollary 6.2 from [2] or Corollary 4.3.2 from [3].

Lemma 2.3.7
Let g € W*(R,R) be a solution of (2.19) with (2.20) holding and z( satisfying the
boundary conditions (2.21). Then

—1l<zy<1 (2.37)

Proof. —1 < zg < 1 follows from the preceding Lemma 2.3.6 and the fact that x satisfies
the boundary conditions.
—1 < zp < 1 follows from a usual application of Lemma 2.3.1. O

With parts of Theorem 2.2 of [2] or Theorem 4.3.3 of [3] we are able to establish true-
ness of the exponential approach conditions (2.17) required of M for Az, enabling
us to finally use Proposition 2.3.5 for Acy zq,00-

Proposition 2.3.8
Assume that g € W™ is a solution of (2.19) with (2.20) satisfying the boundary
conditions (2.21).

Then using the asymptotic decompositions

z)(€) = (Aez_p)(§) = M_()T_¢x € — —o0
(Acszo,p) (€) {(Acﬁjw)(g)—MJr(g)Téx £ = 00 (2.38)

we have

1. dk > 0 such that
£ [ Myl € O — e™) (2.39a)

22



2. 3C+ > 0, de > 0, such that

(2.39b)

© —14+C_ M+ 0 = NI ¢ 5 o
X — s s
0 1—CreME+0(E — V798 £ — 0

and the formulas obtained from formally differentiating (2.39b) hold.

Proof. Again we only consider the case £ — 00, as the proof(s) of the results for £ — —oo
are similar.
Consider y = 1 — zg. Let £ € R. For any two v, w € RY we have

1
F(v,p) — F(w,p) = /0 %F(tv—f— (1 —t)w, p)dt

= i(/ﬂl(aii F) (tv+ (1 — t)w, p)dt> (v; — wy)

=1

Hence setting

o
Di(€) :—/0 (g F)(E+ A =Dzo(€ +r1),- b+ (1= Do + 7))t

we conclude that y solves the linear equation

—cyM = Z D;(&)y(& + 1)
Without loss of generality we may assume U(p) = {1,---,N}. As x( satisfies the
boundary conditions (2.21) we have V1 <i < N :
£—00

1

O Bt 4 (1= )P(E+r1)se-- b+ (1= P +ry), p)dt

= lim
E—o0 0 U;
1 ) '
:/ <8uzF)(t+(17t)g P(+r1),- +(1—t)§ll>rgop(§+r]v),p)dt
au ’ 717:0)dt

(&ul )(1 ,l,p)

using dominated convergence and continuity. Hence for & — oo the matrix coefficients

are exactly those of A.z, , obtained from a linearization around the solution zg = 1.
We have already established hyperbolicity of A.z, , so y solves an equation, that is

asymptotically hyperbolic at co. Proposition 5.3 from [1] or Proposition from [3] or
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Theorem 2.2.3 with boundedness of y yield some a > 0 such that y € O(& — ™) for
& — .

D,F is locally Lipschitz (2.20a) so this function is Lipschitz continuous on compact
sets. By Lemma 2.3.7 we already know that —1 < z(§) < 1. Hence {t+ (1 —t)zo(§)|{ €
R,t € [0,1]}" € RY is bounded and hence relatively compact. Thus, if L is the Lipschitz
constant of D, F' on this set’s closure, then V¢ € R :

1
D€~ il =1 ( ;;FMH (1= P, p)it ~ (o F)(1,p)

=1 P+ (= 0P©, ) = (e F) (1

0
< [P+ (=0, o)~ (o)Lt

/ CNJE+ (1— ) P(€) — 1]dt
—C’N/ 11— 41 — P(¢)|dt

_ czvyy(g)/o 1t

= Vo)

Hence & +— |D;(€) — D; 4| € O(€ = e=%) for € — o0

Upper uniform boundedness of the functions D; follows from continuity of F' and
boundedness of arguments for F' in D;’s definitions. All that remains to be shown for
Proposition 2.3.4 to be applicable are lower bounds for D1, -+, Dy.

Fix : € {1,--- ,N}. We already know that D;({) — D; > 0 for { — co. Hence

Ir>0:VE>71:Di(€) > D;*. Moreover the continuous function D; takes a minimum

a; > 0 on the compact set [0, 7]. Thus we have V¢ > 0: D;(§) >
Proposition 2.3.4 is now applicable for the case £ — oo. As z¢(§) < 1 implies y =

1 — 29 > 0 and hence y does not vanish identically on any |7, 00) with 7 € R, (2.32d) of

Proposition 2.3.4 implies that A2 > —oo and 3C1 > 0,3e > 0 such that

€,20,P0
1— 29(€) = y(€) = Cre ot 4 O(ePewor)) (2.40)

for & — co. Moreover the formula obtained by formally differentiating the last equation
holds, also by Proposition 2.3.4. Hence we have shown (2.39b).
For (2.39a) we recall the definition of L above and obtain

0 0
[Aisao.p(§) = Aizol =5 -F(@o& +m1), - @o(§+ 7). p) = 5 -F (1, 1,p)]

< L|(zo(§+71) —1,--- ,z0(§ +ry) — 1)
< LN max [y(§ + ;)|
1<i<N
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Hence &+ |A; uy.p — Aiz, p| € O(€ — e7%). Finiteness of N now yields (2.39a). O

Now all that is left to show for applicability of Proposition 2.3.5 is the existance
of some solution p > 0. If Proposition 2.3.5 were already applicable, we would know

dim Ry 29,00 = 1. Knowing x(()l) € Reg,zo,po this would suggest x(gl) > 0 since the bound-

ary conditions (2.21) prohibit l‘(()l) < 0. In fact using the formulas obtained from formally

differentiating (2.39b) it is possible to show :L‘(()l) > 0.

Originally this was covered Proposition 6.3 of [2] and reexamined in Proposition of
4.3.4 ]3], i.e
Proposition 2.3.9
Let xg € W1 be a solution of (2.19) with (2.20) holding and z satisfying the boundary
conditions (2.21).

Then

zM>0 (2.41)

Proof. By Proposition 2.3.8, i.e. from formally differentiating (2.39b), we have 31y €
R:V|¢| > 70 al(€) > 0.

x( takes a minimum zg — € (—1,1) and a maximum z 4 in compact interval [—g, 7o].

x( satisfies the boundary conditions (2.21) so 37y, 70 > 79 such that V& > 71: zo(§) >
x0,+ and V€ < —m: 29(§) < zo,—.

Taking 7 := max{7, 71, 72} we obtain

Vgl > 7 P%) >0

Vgl < T -7 (242)

) < P(§) < P()
with aco ][ Ta,—70]U[r0,m1] > 0 implying zo(—7) < 2ol[—ry,—roJujre,n] < Zo(T). Moreover it
follows from the same inequality that xo(—7) < zo - and xo 4+ < zo(7).
(2.42) also implies that Vk > 27: V€ € R: xo(§ + k) > xo(§).
Suppose now that x(()l)(go)) < 0 for some &) € R and set

ko == inf{k > O[Vé € R: P(¢ + k) > P(€)} < 2r.

2V (&) < 0 implies ko > 0.
By definition V¢ € R: zo(§+ko) > 2o(§) and Vk € (0, ko) there exists some &; € R such
that zo(§1 + k) < z9(&1). From definition of 7 it follows that |£;| < 7 and |§ + k| < 7.
But using continuity of xp we get

zo(&1 + ko) — zo(&1) = kli/{ilo zo(&1 + k) —x0(€1) <0

The definition of kg now yields xz¢(&1 + ko) = zo(&1)-

Both zp and 7_j, 20 are solutions to (2.19) so Lemma 2.3.1 can be applied. Hence
x0(§) = xo(§ + ko) either V€ < & or V€ > & which are both impossible. We conclude
that x(()l)(f) < 0 is impossible proving m(()l) > 0.

3:01) > 0 together with (2.39) of Proposition 2.3.8 allow us to use Proposition 2.3.5 for
Acao,p- (2.34a) of Propositon 2.3.5 establishes a:(()l) > 0. O
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Finally we are able to finish all the steps in (1.8) and obtain Proposition 6.4 from [2]
or Proposition 4.3.5 from [3].
Set
W™ = {z € WH*®|z(0) =0, (2.43)

which is a closed subspace of W1,

Any solution of z of (2.19) fulfilling the boundary conditions (2.21) has a unique
representative in 7_,x € VVO1 " because of Proposition 2.3.9 we can without loss assume
T € I/VO1 >® and get results for the original nonnormalized z witch 7,.

Proposition 2.3.10
Let zp be a solution of (2.19) for some ¢y # 0,po € V with F satisfying (2.20) and x
satisfying the boundary conditions (2.21)
Set
Y = Ay po W) @ 2V R. (2.44)

which is a closed subspace of L°.
Consider the restriction
G: RxWhH® xV - Y

as in (2.19) with (2.20).
Then there exists some € > 0 such that

Vp € Be(p): 3(c(p), z(p)): G(c(p), z(p), p) =0 (2.45)

and p — (c(p), z(p)) is C*.
Moreover the boundary condition (2.21) hold for each x(p).

Proof. As we have already gathered all the materials depicted in the agenda, we only
need to reiterate through (1.8).

Lemma 2.1.5 ensures that G is C! and that the linearization at (cg, o, po) is as in
(1.4).

Now focus on Ay 20, po-

(1.8a): Lemma 2.3.2 ensures hyperbolicty of Acyz, po-

Theorem 2.2.1 yields asymptotic hyperbolicity of Ay 40,00 -

(1.8b): From Lemma 2.3.2 again we get fulfillment of the conditions of (2.16d) of
Theorem 2.2.2 so

ind A¢y zg,p0 =0

(1.8¢): From Proposition 2.3.9 we get applicability of Proposition 2.3.5, which yields
Reowo,00 = x(()l) R.

(1.8d): 2o € Wy by assumption. Since Reo,zo,0 = xél) we know that for any
k€ Regwopo: 3§ k(§) = 0=k =0. It follows that W, is a closed subspace of the

topological complement of £, . po-
(1.8e): From Proposition 2.3.5 we have & = p* for some WHl 3 p* > 0.

€0,20,00
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(1.8f): Hence Vp* € &7, ,, \ {0} either p* > 0 or p* < 0. Since xél) > 0 it follows
that

x(()l)p* #0
and therefore

x(()l) ¢ (ﬁ*

1 1,
Coya?o,po)J_Loo = ACO,IO,PO (W 700) 2 ACo,xo,po (WO oo)

(1.8g) holds already.

(1.8h): We have established that A
injectivity of D¢ G (co, xo, p).

The definition of Y guarantees surjectivity of D, ,G(xo, o, po)-

The implicit function theorem is now applicable and yields p — (c(p), z(p)), C* such
that G(c(p), z(p), p) = 0 for some neighbourhood B(py)

From Proposition 2.3.8 we know that Vp € B(po):

... . (1) 1,00Y : .
co,mo,p0) 18 injective. g ¢ Aco.wo,p0 (W) implies

lim infz(p)(§) € [=1, q(p)] U {1} ligigpx(p)(ﬁ) e {-1}Ulq(p),1]
lim inf (p)(¢) € [=1,q(p)] U{1} li;ilfgopx(p)(i) € {-1}Ula(p), 1]
Since

léiminfxo(ﬁ) = limsup zo(§) = —1

——= £——o0
liminf z(§) = limsup zp(§) = 1

§—oo £—00

it follows by continuity of p — x(p) that

liminf z(p)(§) = —1 limsupz(p)(§) =1

§—o0 E——00

and necessarily

lim inf 2(p)(€) < limsup z(p)(§) lim inf z(p)(§) < lim sup 2(p)(§)

§——o0 E——00 §—o0 £—o0

it follows that x(p) satisfies the boundary conditions (2.21). O
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3 A 2d equation

We investigate the 2d system obtained from taking 2 components both solving the equa-
tion discussed in [2]. We already know a lot about the 1d case as presented in section 2.3
and just try to find some formulations for the 2d case, showcasing some of the differences,
difficulties and problems when trying to solve equations of higher order or dimensional-
ity. When possible and meaningful we try to base our 2d results on preceding 2d results
instead of the 1d results from 2.3.

Hence the equation we investigate is

0=G(c,z,p)(€) = —caV(€) = F(a(€ + 1), (€ +7n), p)

Gy +mr), -y +rn),o0) (3.1)
6) o (H(z(f + r1)7 ... 72(5 + TN),T))

with = (y, 2), p = (0,7) and G, H both fulfilling the conditions (2.20) imposed on the
previously discussed 1d equation (2.19).
For the rest of the thesis we will use supscripts -/ for everything relating to F and
.G H etc for the corresponding elements pertaining to just single components of (3.1).
For any ¢, p the stable equilibria " of (3.1) are

(_17_1) (_171) (17_1) (Ll)
We try to use the implicit function theorem around solutions xg pertaining to orbits
joining these equilibria. We present results for solutions joining zf = (—1,—1) and
Z4+ = (1,1), i.e. fulfilling the boundary conditions

lim z(§) =74 (3.2)

£—+oo

I

|

9)
VOERRS
IS IS
N~
=

—

Equivalent results for the other pairs z, —Z follow easily and can be researched with the
same steps or change of variables ¢ — —¢ in both or just of the components.

Using our theory for solutions between the other pairs of the decoupled systems is
trickier as solutions connecting these do not automatically have nontrivial components
so the steps in the agenda around and following the steps in (1.8) might not be possible.

First some results for linear equations related to (3.1) similar to those found in section
2.3 for (2.19).

3.1 Linear

Linearizations of (3.1) around particular solutions yield

(Deeo. 70, p0)) (d,0)(€) = (et ) (€)d + (AL 1y po1) ) (3.3)
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with u = (v, w) and
(AL ) (€) = —c <;’))(1) ©9-3 (4 a) () e

=1
G
— €0,Y0,00
€0,Y0,70

For constant coefficients this gives us the characteristic equation

(3.4)

0=detALl ()

C€0,20,P0
AG 0 )
:det< €0,%0,00 ()
0 Agyzoﬁo
= AYN)Ag(N)

for A € C. This implies that for decoupled systems hyperbolicity of each component of
a constant coefficient system equates hyperbolicity of the whole system and asymptotic
hyperbolicity of each component of a linear system as (3.4) warrants asymptotically
hyperbolicity of the whole system, as

AN =0 s AN =0vATN) =o0. (3.5)

So, denoting the eigenvalues of the G, H components of the a 2d constant coeflicient
equation as obtained from (3.4) around equilibria with E®, Ef and the eigenvalues of
the whole system with just EF, we get Ef' = E¢ U EH.

However this is not of significant interest, as we do not need another eigenvalue based
asymptotic analysis of solutions but can simply use the 1d results. However we do point
out here, that there are difficulties with finding properties of these eigenvalues as implied
by Lemma (2.3.2) and the comments thereafter.

Steps (1.8a) and (1.8b) on calculation of the Fredholm index can be summarized as
follows with the help of our 1d results.

Lemma 3.1.1
Consider linearizations of (3.1). Let #I", L' be any two of the 4 stable equilibria and z
a solution of (3.1) joining Z; at —oo and Z9 at oo for paramterers ¢ = ¢g, p = po.

Then

1. Af(;@“l:ﬂo is hyperbolic (3.6a)

2. Afwm’ s 18 asymptotically hyperbolic (3.6b)

3. AL ... is Fredholm (3.6¢)
IAF _ (AF F —

4o ind Ay 4000 = l(ACO,if,po’ Am@:g,po,) =0 (3.6d)
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Proof. From Lemma 2.3.2 we have already obtained hyperbolicity of +1 as equlibria of
the 1d equations 2.19 for G, H. From (3.5) it follows that all equlibria (£1,+1) of the
2d linear equation (3.4) are hyperbolic. This proves (3.6a).

Asin the 1d case continuity of F', i.e continuity of G, H imply asymptotic hyperbolicity
of Ag)mm if 29 joins any of the equlibria " finishing the proof of (3.6b).

As in the 1d case Fredholmness and hence validity of (3.6¢) follows from Theorem
2.2.1.

Asin the 1d case the conditions imposed on F, G suggest that a homotopy as in the con-
dition of (2.16d) of Theorem 2.2.2 preserves hyperbolicity of the equlibria. Thus it pre-
serves asymptotic hyperbolicity and hence includedness in F(W 1= (R, R?), L>(R, R?)).
Theorem 2.2.2 is applicable now and (2.16d) yields (3.6d). O

For zg fulfilling the boundary condition (3.2) we can copy even more of the 1d results
giving us an equivalent to Proposition 2.3.5.

Proposition 3.1.2

Consider (3.4) with the preceding assumptions and additionally existance of some so-
lution (v,w) to (3.4) with nontrivial components v > 0 and w > 0. Morever, us-
ing L(§) = Lt + My(&) for the decompositions with regards to the limiting opera-
tors/equations at +0o we assume that 3k > 0:

£ | Me(E)] € O(E = ™) (3.7)
Then, with A: WH®(R,R?) — L®(R,R?), we have

1. A is asymptotically hyperbolic (3.8a)
2. A is Fredholm (3.8b)
3. indA =0 (3.8¢)
4. v>0,w>0 (3.8d)
5. F* > 0,w* >0¢€ L®: (v,w*) € &1 (3.8¢)
6. Finally for the kernels of A and A™* we have

& = (0,00 R®(0,w) RAT* = (v*,0)R®(0,w*)Rdim & = dim &* =2 (3.8f)

Proof. (3.8a), (3.8b) and (3.8¢c) follow are part of the preceding Lemma 3.1.1.

Since the components solutions of (3.4) solve the 1d equation (2.22) and we have (3.7)
we can apply Proposition 2.3.5.

(3.8d) follows from (2.34b) of Proposition 2.3.5.

(3.8¢) follows from (2.34d) of Proposition 2.3.5.

(3.8f) follows from (3.8d) and (3.8e) since, by definition of (3.1) based on (2.19), we
have (3.4) which implies that

F _ G _ H _
Aco7(yo,zo),(po,ao)(v’ w) =0+ Ay oot = ONAL o pow =0
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3.2 Nonlinear

Now we can formulate results equivalent to those of section 2.3 of the treatise on (2.19).
For the remainder of this part xo = (yo, 20) shall always be a solution of (3.1) fulfilling
the boundary conditions (3.2) for some ¢y # 0 and pg € V.

Lemma 3.2.1
If preceding assumptions are met then

yV >0 V>0 (3.9)

Proof. Again, since yo, zo are both solutions of the 1d equations (2.19) satifying the
boundary conditions (2.21), Proposition 2.3.9 can be applied which gives us (3.9). O

Trying to find X as in step (1.8d) proves to be more of a hassle for the 2d case. In
the 1d case we could use VVO1 ">°. However in the 2d case (3.1), we may not find a unique
translate in {f € Wh°(R,R?)|f(0) = 0} for all solutions joining two stable equilibria
+Z,y since the components need not match up their zero so the construction of the
spaces for use in the implicit function theorem is more zg centric. So, while the 1d case
enabled us to find continuations via implicit function theorem in spaces independent of
the points around which we try find solutions, our way of handling X from (1.8d) does
not permit this.

Lemma 3.2.2
There exists a closed subspace X C WH(R, R?):
whe =x"e gl , (3.10a)
L¥ = Ag),wmpo(Wlm) S ﬁg),:r:o,po - Ag),xo,po (XM e ﬁg),aco,po (3.10b)

Proof. Existance of X" as complement of ﬁg),xo, po follows from finite dimensionality of

sE since AL is Fredholm by Lemma 3.1.1.

€0,20,P0 €0,20,P0
F Fy _ AF 1,00 - F
ACo 20,00 (X)) = Mgy g.p0 (W) follows from construction of X* as complement of
the kernel.

Lemma 3.2.1 enables us to use Proposition 3.1.2. Theorem 2.2.1 implies that V(r, s) €

A(X): Ya,b e R:
/((s,t),av*,bw*>) —a/sv*—i—b/tw*.
R R R

Since y{" > 0, 2" > 0 and v* > 0,w* > 0 it follows that & , AL (XF)={0}.

€0,20,P0 €0,20,P0

codim AL (XT) =2, also from 3.1.2 implies L™ = AL (XY o &I O

€0,20,P0 €0,20,P0 C0,20,P0 "
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Proposition 3.2.3
Set
Y =AL - (XP)@® xR (3.11)

€0,20,Y0

and
B = {x € X|z fulfills (3.2)}

Consider G from (3.1) as a map Rx X' x V = Y.
Then there exists open neighbourhood U(pg) € V and C' maps c: U(p) — R, z: U(p) —
S such that Vp € U(po)

G" (c(p),z(p),p) =0

Proof. Differentiability of G follows from Lemma 2.1.5.

Ag),wo,po fulfills all requirements of Proposition 3.1.2 and together with construction

of X in Lemma 3.2.2 shows injectivity of Ag),azo,po' As x(()l) ¢ Ag)mm (X) it follows that
(DQIG)(CO, xo, po) s injective.

Construction of Y yields surjectivity of (DC,IQF ) (co, Zo, P0)-

An application of the implicit function theorem yields U, ¢,z as required, but with
x: U(p) — X instead of z: U(p) — B. We hence have to check fulfillment of the bound-
ary conditions for x(p). From Lemma 2.3.6 we get, with inf, sup taken componentwise

f roo(T) = liminf 7(€) € ([-1,¢" ()] U {1}) x ([=1,¢%(m)] U {1})

E—+oo

fit too(T) = ligrgigopi(i) e ({-13Ulg"(0),1]) x ({-1}U[¢%(7), 1))

for any solutions Z of our nonlinear equation 3.1 with parameters ¢, p = (o, 7) including
those not fulfilling the boundary conditions. xg fulfilling the boundary conditions gives
Us fi+ —oo(z0) = (—1,—1), pt 00(x0) = (1,1). Thus continuity of = yields Vp € U(pp):

e oola(p)) = 1 i —ool(p)) = —1

Since fi— 400 < fiy 400 and x € L™ it follows that the boundary conditions (3.2) are
fulfilled along x so z: U(pg) — S. O
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