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Abstract In this paper wefocuson the e cien t multilev el solution of linear systems
arising from a higher order discretization of a secondorder partial di eren tial equa-
tion using a partition of unity method. We presert a multilev el solver which employs
a tree-basedspatial multilev el sequencein conjunction with a domain decomposition
type smoothing scheme. The smoother is basedon an overlapping subspacesplitting,

where the subspacescontain all interacting local polynomials. The resulting local
subspaceproblems are solved exactly. This leadsto a computational complexity of
the order O(N p°?) per iteration. The results of our numerical experiments indicate
that the convergencerate of this multilev el solver is independent of the number of
points N and the approximation order p. Hence,the overall complexity of the solver
is of the order O(log(1= )N p%®) to reduce the initial error by a prescribed factor

1 Intro duction

The particle{partition of unity method (PUM) [7, 8,9, 10,11, 18] is a meshfree
Galerkin method for the numerical treatment of partial di erential equations
(PDE). In essenceijt is a generalized nite elemern method (GFEM) which
employs piecewiserational shape functions rather than piecewisepolynomial
functions. The shape functions ' ; " of a PUM are products of a partition
of unity (PU) f' ;g and local approximation functions ' which are usually
chosenas polynomials. In cortrast to other GFEM approaces[19, 2(], these
shape functions are linearly independert and make up a basis of the discrete
function space.This allows usto construct fast multilev el solversin a similar
fashionasin the nite elemen method (FEM) [12, 21].

In most meshfreediscretizations the two most time-consuming tasks are
the assenbly of the sti ness matrix and the load vector, i.e. numerical inte-
gration, and the solution of the resulting linear system. With respect to the
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asymptotic complexity of these stepsthe assenbly of the sti ness matrix is
usually directly proportional to the number of nonzerosnnz of the matrix.

The solution of the linear system, however, may only be achieved with similar
complexity if an optimal iterativ e solver is employed. For example, the com-
plexity of a direct solver such as LU- or Cholesky-decompsition is in general
much larger. In the caseof densematrices a direct solver requires O(dof®)
operations and O(dof?) storage. With more advanced sparsedirect solvers
these complexities can be reducedto some extent only. In the special case
of regular meshesin two dimensionsfor instance a nested dissection solver
requires O(dof*=?) operations and O(dofIn(dof)) storage [5] whereasthe op-
timal computational complexity is of the order O(dof) = O(nn2). Hence,this

optimal storageand operation complexity will be lost when a direct solver is
employed.

For a PUM discretization in d dimensions,the number of degreesof free-
dom is of the order dof = O(N p%) where N denotesthe number of points or
particles and p is the approximation order. Here, the number of nonzerosnnz
is of the order O(N p?9). Thus, the optimal complexity for the assenbly of
the sti ness matrix is O(N p?®). To allow for an e cien t and scalable mesh-
free simulation the employed linear solver should have a similar complexity.
Since there is no such optimal solver based on general algebraic methods,
non-optimal (sparse) direct solvers are often employed in meshfreemethods
or generalized nite elemen methods [20]. Our goal is the developmert of
an iterativ e solver with optimal complexity for the PUM; i.e., the number of
iterations required to solve the linear system should be independert of the
number of points N and the approximation order p, and the computational
cost assaiated with a single iteration should be closeto O(N p?9).

In this paper we presert a multilevel solver for partition of unity dis-
cretizations which employs a tree-basedspatial multilev el construction and a
domain decomposition type smoothing scheme.The respective subspacesplit-
ting is basedon overlapping subspacesvhich cortain all shapefunctions' ;
interacting on a given patch ! ; := supp(' ;). The computational complexity
of a singleiteration of this solver is O(N p3). Furthermore, the results of our
numerical experimernts indicate that the corvergencerate is independert of N
and p; i.e., the number of iterations required to solve the linear systemwithin
a givenrelative accuracy is independernt of N and p. Therefore, the overall
complexity of the solver is of the order O(log(1= )N p3?) for any polynomial
degreep which is optimal up to a factor of O(p?).

The remainder of this paper is organizedasfollows: In section2 we shortly
review the construction of PUM spacesand the Galerkin discretization of
a linear elliptic PDE using our PUM. In section 3 we shortly review our
tree-basedmultilev el cover construction and introduce a p-robust smoothing
schemebasedon domain decomposition ideas. Then, we presert the results of
our numerical experiments in section 4 which indicate that the corvergence
rate of our multilev el solver is independent of N and p. We consider scalar
Poisson-iype problemsin two and three spacedimensionsand the system of
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the Navier{Lam e equationsin two dimensionswith up to 393216degreesof
freedom. Finally, we concludewith someremarks in section5.

2 Partition of Unit y Metho d

In the following, we shortly review the construction of partition of unity spaces
and the meshfreeGalerkin discretization of an elliptic PDE, see[7, 8, 18] for
details.

2.1 Construction of Partition of Unit y Spaces

In a PUM, we de ne a global approximation uPV asa weighted sum of local
approximations uj,

X
Y (x) = iU (x): (2.1)
i=1
Theselocal approximations u; are completely independert of eac other, i.e.,
the local supports ! := supp(u;), the |9ca| basisf {'g and the order of
approximation p; for every singleu; :=  ,u " 2 V" can be chosenin-
dependerily of all other u;. Here, the functions ' ; form a partition of unity
(PU). They are usedto splice the local approximations u; together in sud
a way that the global approximation uPY bene ts from the local approxima-
tion ordersp; yet it still fullls global regularity conditions. Hence,the global
approximation spaceon is de ned as

X X
vPY = vP = ' spamif [gi = sparhf' | gi: (2.2)

i i
The starting point for any meshfreemethod is a collection of N independert

construct a partition of unity f' ;g onthe domain of interest to de ne an ap-
proximate solution (2.1) wherethe union of the supports supp(' ;) = 15 covers
the domain iN:l i andu; 2 VP (1) is somelocally de ned approxima-
tion of order p; to u on! ;. Thus, the rst (and most crucial) stepin a PUM
is the e cien t construction of an appropriate cover C := f!;g. Throughout
this paper we usea tree-basedconstruction algorithm for d-rectangular covers
C presered in [8, 18]. Here, the cover patches! ; are products of intervals
(x1 hlix!+ nly for | = 1;:::;d. With the help of weight functions Wy de-
ned on thesecover patches! ¢ we can easily generatea partition of unity by
Sheprd's methad, i.e., we de ne

Wi (x) )

"i(x) = e W)

(2.3)
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whereC; == fl; 2 C jlj\ ! & ;g is the set of all geometric neighbors
of a cover patch ! ;. Due to the use of d-rectangular patches! ;, the most
natural choicefor a weight function Sli is a product of one-dimensionalfunc-

tions, i.e., Wi (x) = ~ 0, W! () = &, W (X2 with supp(W) = [0;1]
such that supp(W;) = T7. It is sucient for this construction to choose a
one-dimensionalweight function W with the desiredregularity which is non-
negative. The partition of unity functions ' ; inherit the regularity of the
generating weight function W.

In general,a partition of unity f' ;g canonly recover the constart function
on the domain . Hence,we needto improve the approximation quality to
usethe method for the discretization of a PDE. To this end, we multiply the
partition of unity functions ' ; locally with polynomials . Sincewe used-
rectangular patches! ; only, a local tensor product spaceis the most natural
choice. Here, we use products of univariate Legendre polynomials as local
approximation spacesV,”, i.e., we choose

VP =sparhf ') = LMkhky= A pigi;
1=1 =1

where A is the multi-index of the polynomial degreesn, of the univariate

LegendrepolynomialsL™ : [x! hl;x!+h!]! R, andn isthe index ass@iated
with the product function "= ~& LM,
In summary, we can view the construction given above as follows
0 1 0
fxig flig o X
@w AL @ fwg A L8 VU= ey
foig VP = sparh ig 9

where the set of points P = fx;g, the generating weight function W and the
local approximation ordersp; are assumedto be given. For the approximation
of vector elds we emplay vector-valued shape functions; i.e., we changethe
de nition of our local approximation spacesV," = sparh i = sparh Ieji
where e; denotesan appropriate unit vector but leave the scalar partition of
unity functions ' ; unchanged. Throughout this paper we usea xed polyno-

2.2 Variational Form ulation and Galerkin Discretization

The imposition of essetial boundary conditions within meshfreemethods is
more involved than in the FEM for a number of reasonsand many di er-

ent approaces have been proposed [18]. We use Nitsche's method [14] to
enforce Dirichlet boundary conditions which leads to a non-standard weak
formulation. The main advantages of this approac are that it doesnot re-
quire a secondfunction (or multiplier) spaceand that it leadsto a positive
de nite linear system, see[11, 18] for a more detailed discussionof Nitsche's
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method in the PUM context. Here, we only state the resulting weak formula-
tion a(u;v) = I(v) of the Poissonproblem

u =f in Rd:
u=gpb on p @ ; (2.4)
Uh=0Ov On =@ n p;

and for the system of the Navier{Lam e equations
u (+ )@ uw=f in RY; d=2,3 (2.5)

with suitable boundary conditionsup = go on p @ and (u) n= gy
on Ny = @ n p.Theparameters and arethe so-calledLame parameters
of the material and are related to the Poissonratio and the Young modulus

§ - E - E
Evia = gm—g—7yand = g5
The bilinear form a(u;v) assaiated with (2.4) using Nitsche's method is
given by 7 Z
a(u;v) = rurv+ u( v Vvh) upv

D
and the respective right-hand side is given by
z Z z
I(v)=  fv+  go(Vv w)+ OnV:
D N
The subscript n denotesthe normal derivative and is the Nitsche regular-
ization parameter. For (2.5) we obtain the bilinear form
Z Z
au;v)= (u): M+ 2 uv+ gy(un)(vn) ( (u)n)v+u( (v)n)
D

where and 4, denotethe two Nitsche regularization parametersinvolved,
(W:= r ul+2 (u)isthe symmetric stresstensorand (u) := %(@Jj +
@u;) denotesthe strain tensor assaiated with the displacemen eld u = (u;),
i = 1;:::;d. The respective linear form I(v) on the right-hand sideis given by
Z Z Z
I(v)=f v+ On V+ 2 o v+t av(g n)(vn) oo ( (V) n)
N D
Note that Nitsche's method intro ducesregularization parameters which
depend on the employed discretization space.Hence, as we re ne the dis-
cretization space, the regularization parameters and therefore the bilinear
form a( ; ) and the linear form on the right-hand side I( ) change.Note also
that the regularization parameters can be computed automatically during a
simulation without much computational costfor a speci c discretization space,
see[11, 18] for details.
Finally, for the Galerkin discretization of (2.4) or (2.5) we have to compute
the sti ness matrix
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A= (Agnygm)) s With Agny.gmy = aCy ™00 )5

and the right-hand side vector
= (f(in)) s with fny =15 )

The stable approximation of the respective integrals is somewhat more in-
volved in the PUM than in the FEM. Due to the meshfreeconstruction given
above the shape functions ' ;| [ are piecewiserational functions only, sothat
the respective integrands have a number of jumps within the integration do-
main which needto be resolwed.

To estimate the computational cost assaiated with the Galerkin dis-
cretization, let us rst assumethat the shape functions are (piecewise)poly-
nomials like in the GFEM. Then ead integral assaiated with a particular
entry Ainy;:m) Of the stiness matrix can be computed as the sum of in-
tegrals over the elemerts within supp(’' i) \ supp(’ ;). Now, all integrands®
are polynomial functions aswell and the integrals can be evaluated exactly. If
the shape functions are polynomials of degreep the integrals are polynomials
of degree(p + 1) and can be evaluated with O(dp?) operations. Therefore,
we can assenble the sti ness matrix with O(N (dp? + p?®)) operations, if we
evaluate all polynomials simultaneously.

In the PUM, howewer, the analytical integration of the integrals is in gen-
eral not possible.Hence,we needto employ a numerical integration scheme.
The cost Gy assaiated with the numerical integration of a singleentry of the
sti ness matrix is given by

Gu = O(nic nin Gar)

where nic denotesthe number of integration cells, njy the number of inte-
gration nodesper cell, and G, the cost assaiated with the evaluation of the
integrand.* In our implemertation we use a subdivision sparsegrid integra-
tion scheme[8, 18] where n\c is essetially determined by the jumps of the
derivativesof ' ;; i.e., nc = O(3%(I + 1)%) is given by the order | of the em-
ployed spline weight function W. In the following we restrict ourselesto the
caseof | = 1. Within ead of theseintegration cellsthe integrands are smooth
functions and the integrals can be approximated e cien tly by a higher order
quadrature formula. To this end, we usea sparsegrid quadrature scheme [6]
based on univariate Gauss{Patterson [16] rules. The number of quadrature
points of such a sparsegrid formula is given njy = O(29¢¢ 1) where q de-
notes the re nement level of the employed univariate quadrature rule; i.e.,

3 In fact, only the integrals assaiated with the sti ness matrix and the massmatrix
are polynomials. The exact integration of the load vector is usually not possible.

4 Note that this bound on the computational complexity doesnot directly involve
the required quality of the numerical integration scheme. The parameters, how-
ever, must be chosensudh that the numerical integration is accurate enough.
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the number of quadrature points of the univariate rule is of the order O(29).
The polynomial exactnessof the Gauss{Patterson rule onlevelqis3 29 1 1.

Let us assumethat the integrands on the integration cells can be approxi-
mated accurately by a polynomial of degree(p+ 1)2.°> Hence,we can estimate
the cost Ga.ni assaiated with the assenbly of the stiness matrix in our
implementation by

Gan = O(Np(np)? Y(dp+ p + p*?)):

Hence,our implemertation is optimal up a factor of O(p(In p)¢ 1), under the
assumptionsstated above. The results of our numerical experiments indicate
that our numerical integration sdheme givesan accurate and stable approxi-
mation of the sti ness matrix.

3 Multilev el Solution of Resulting Linear System

In the following we focus on the solution of the large sparselinear system
At = f* where t denotesa coe cien t vector and f* denotesa momert vector.
This solution stepis a very time consumingpart of any numerical simulation.
The use of an inappropriate solver can drive up the compute time as well as
the storage demand dramatically.

Classical direct solvers for dense matrices like Gaussian elimination or
LU-decomposition have a storage requiremert of O(dof?) and the number of
operations even scaleswith O(dof®), where dof denotesthe number of degrees
of freedom. More advanced sparsedirect solvers can reduce these complexi-
ties to someextent only. In the special caseof regular meshesin two dimen-
sionsfor instance a nesteddissectionsolver requires O(dof>=?) operations and
O(dofIn(dof)) storage[5]. For our PUM spacewe have dof = O(N p?) where
N = card(C ) denotesthe number of patches! ; and p the order of approx-
imation. The number of nonzerosertries of a PUM sti ness matrix is of the
order O(N p?®). Hence,this optimal storageand operation complexity will be
lost when a direct solver is employed.

Alternativ ely, an iterativ e schemelik e the Jacobi- or Gauss{Seidelmethod
can be used. Here, we do not have a signi cant increasein the storage re-
quirements, but the number of operations necessaryto obtain the solution of

5 This assumption canbejusti ed by the structure of ' ; and our choiceof andW.

® In fact, we usean adaptiv e version of the quadrature schemewith a dynamic stop-
ping criterion to ensurethe quality of the numerical integration also for problems
with non-constant coe cien ts, see[8, 18]. Note that it is essetial to analyze the
interplay of the numerical integration error and the approximation error to be
able to develop an assenbly scheme for the stiness matrix with optimal com-
plexity and optimal approximation properties. Such an analysis would allow to
determine the required tolerance of the numerical quadrature automatically and
can help to minimize the computational costsassaiated with the assenbly of the
sti ness matrix.
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Figure 1. Hierarchical cover construction in two dimensions. The cell decomposition
induced by the initial point set (upper left) and its corresponding tree represena-
tion (upper right, white: INNER tree nodes, gray shaded: LEAF tree nodes). Here,
the leavesof the tree correspond to the giveninitial points x;. The nal cell decom-
position with all generated points x,. (lower left) and its tree represenation (lower
right) after the completion of the cover construction. Now, the leaves of the tree
correspond to the points x. 2 P;.

the linear systemup to a prescribed accuracydoesnot scalewith the optimal
complexity. A sophisticated class of iterative methods which not only show
an optimal scaling in the storage demand but also in the operation count
are so-calledmultilev el iterativ e solvers or multigrid methods [12, 21]. These
solvers, howewer, are not generalalgebraic methods but involve a substartial
amournt of information about the discretization and possibly the PDE. We
have dewveloped a rst multilev el solver for PUM discretizationsin [9, 18]. The
convergencerate of this solver is independert of the number of patches N,
but not of the approximation order p. Now we presen an extension of this
multilev el solver which givesa convergencerate that is alsoindependert of p.
To this end, let us shortly review the multilev el construction from [9, 18§].
The rst step toward the design of an e cien t multilevel solver is the
construction of an appropriate sequenceof function spaces.To this end, we
have developed a hierarchical multilev el cover construction algorithm [8, 9, 18]
which givesa sequenceof point setsPy = fx;x g and coversCk = f! ik 9. The
algorithm is basedon so-calledd-binary trees (quadtre%s,octrees) and ensures
the covering property on all levelsk = 0;:::;J, i.e,, & 20k Lk , see
Figures 1 and 2. We de ne the cover patches! .« = Gy via a scaling of the
cells G of the tree decomposition by a scalar factor 2 (1;2), seeFigure
3. The overlap parameter must be larger than 1 to obtain (at least) a C°
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Figure 2. Multilev el cover sequencein two dimensions. The cell decompositions
and its respective tree represertation (upper right, white: INNER tree nodes, gray
shaded: LEAF tree nodes) for the ne level point set P; = P4 (upper row), and
two coarser level point sets P3 (center row) and P, (lower row). The leaves of the
respective tree correspond to the points x. 2 Py.

PU (independen of the employed weight function W) and should be smaller
than 2 to ensurethe linear independenceof the resulting shape functions.

Note that the underlying tree data structure also allows for an e cien t
neighbor seard for general point sets P; and it reducesthe computational
e ort assaiated with numerical integration, see[8, 9, 18] for details. Further-
more, it can be used for the approximation of the domain , seeFigure 4.
Via the general PUM construction given in section 2 we then obtain the se-
quenceof PUM function spacesV,”Y assaiated with the sequenceof covers
Ck. Note that these spacesare nonnested,i.e., VY, 6 VU, and that the
shape functions ' ix [} are non-interpolatory. Thus, the natural injection
and a direct interpolation betweentwo successie PUM spacesv,”Y, and /!
are not available. Therefore, we needto construct appropriate prolongation
operators I £ ; : VPY 1 VPV and restriction operators 1 1 :VPY 1 VPY
to transfer information betweenthe PUM spaces.

To this end, we can use an L2-projection as prolongation between two
spacesV,™Y, and V,PY. Howewer, a global L2-projection is prohibitiv ely ex-
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Figure 3. Point setsPy (upper row) and covers C* (lower row) for k = 10;:::;8
for a graded initial point set.

pensiwe. Yet, within the PUM context we can construct a very cheap prolon-
gation operator using a localized L 2-projection approac. Basedon the error
estimatesfor the PUM [1, 2] and the geometric hierarchy of our tree construc-
tion, we have dewveloped this cheap but qualitativ ely good projection. Here,
we only give a short review over the construction principles, see[9, 18] for
details.

The localization of the L 2-projection within our PUM consistsof two steps.
At rst considerthe basic PUM error estimate

X
kv vPUkE oy C 0 kv Viklag o (3.6)
i

P P
wherevPY .= ' ul Mandv; = ul . From (3.6) we know that

|t issucient to cortrol the Iogal errorskv  v; kL A ) on Igach cover patch

Nowchoosev—ukpl= j Jkplu,k p= ik 1 mU% 1 % 1

and VPU = 1R = kUi = i g Ul i sothat (3.6) reads
X

kUEU]_ Ilk( 1UEU1kEQ( ) C kUEU:L ui;k kEZ (! itk \ ) (37)

i
Hence, we obsene that we can approximate the global coarsefunction ufY,

locally onthe ne cover patches! i« usingthe local basisfunctions |} , rather

than approximating uf”, by the global shape functions ' jx [} onthe ner
level k. Now in a secondstep we establish an upper bound for ead of the
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Figure 4. Tree-basedapproximation of a spherical domain (left), a smooth non-
convex domain (center), and a quarter of a spherical domain with a spherical hole
(right) on level k = 5 (upper row) and level k = 7 (lower row).

terms on the right-hand side of (3.7) utilizing the geometric hierarchy of our
tree. Due to our tree-basedcover construction we can nd exactly one coarse
patch !, , for every ne patch!x suchthat !ix !, ; holds.Hence,we
can intro duce the respective coarselocal function u., , asseiated with the
unigue coarsepatch ! 1, , into ead term kufY; Uik k2, \ ) of (3.7).
Finally, we obtain the estimate

PU PU
Ku™y Uickizon ) Kuty U gkezgo )t

3.8
Kipg 1 UikKezgyon ) 2

by the triangle inequality. This estimate allows usto approximate eat coarse
local function up., ,, independert of all other local componerts uj.x 1 of
ufY;, on the respective ne cover patch !, with ! 't 1 since the
rst term of (3.8) is small by de nition of ufY,. Hence, we can set up our
prolongation operators via the so-calledlocal-to-local L 2-projection. To this
end, we project ead local approximation u;, 1 onlevel k 1 independerily
to the ner level k using the hierarchical condition ! i Pk 1 instead of
the geometric neighbor relation ! i \ ! 1 6 ; only. The respective matrix
represenation of this prolongation is given by
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el =My g ) with
(If/l.f)(i;n);(i;m) =hik itz ) and

k — . : .
(Mk l)(i:n);(tm) =h ‘utnk 17 ir?k'LZ(! Vo)

|k —
k 17

The storagerequiremert of this local-to-local projection is minimal. We need
to store only a singleblock-entry (f15),;*(f1 X 1);.+ for eadh patch !y on level
k. Moreover, the respective integrals involve only the local basis functions

;‘;“k N and [} and can be computed very e cien tly. Overall, the local-to-
local projection operator canbe computedwith O(N p39) operationsin general
(and with O(N p%) if we use orthogonal polynomials locally). Furthermore, it
is exact for polynomials of degreep and therefore suitable alsofor higher order
approximations.

In summary, we now have a sequenceof sti ness matrices Ay coming from
the direct Galerkin approximation of the respective bilinear form ax(; ) on
ead level k and a sequenceof high-quality transfer operators 1 £ ;, '||<( 1
basedon localized L?-projections. As the nal ingredient for our multilev el
solver, seeAlgorithm 3.1, we now needto construct a sequenceof appropriate

smoothing operators Sy .

Algorithm 3.1 (Multilevel Algorithm Mt 2 (k; Xk ; bx)).
1. Ifk> 0

b) Setdk 1:= I (b Axx).
c) Seteq 1:=0.

2. Else:
a) Setxx = A, 'b.

Many iterativ e solvers sud as the classicalJacobi- and Gauss{Seidelit-
erations, the overlapping domain decomposition methods and even multigrid
methods can be interpreted in the framework of subspacecorrection methods
(SCM) [3, 4, 13, 15, 21, 22]. Hence,let us shortly review the abstract setting
of an SCM.

Tllw_e general idea is as follows: First, we write the discretization space
V= szl V; asthe sum’ of subspacesV; with mapsP; : V; ! V.8 Then,
we choosesymmetric positive de nite bilinear forms by (; ) on ead V; repre-
serted by operators B; sud that solutions to the systemsof linear equations
Bju; = f; onV; are easily computable, and B; ! can be consideredas an ap-
proximate inverseto the restriction of A to V;. Finally, we combine theselocal

" Note that we do not assumethat the sBIitting is a direct sum.
8 Actually, it is sucien t to require V = j P;V;, i.e., the condition V; V is not
necessary
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approximate inversesB; ! appropriately to de ne a global approximate inverse
to A onthe discretization spaceV. There are essetially two approacesto the
de nition of an approximate inverseof A by the B; ! the additive approact
and the multiplicativ e approach.

In the so-called parallel subspacecorrection (PSC) or additive Scwarz
method we set up an iterativ e solution processvia the operator

X X
Mpsc :=1 !PT, =1 ! P B 'R A (3.9
j=1 i=1

where! is a relaxation parameter and the involved operators are de ned by
a(u;v) = AUy viv;  b(uj;vp) = Bjug; iy, ;
Rju;vjiv = huPvyiv; B(Tjuvy) = a(u; Pyy;):

The iteration operator of the successie subspacecorrection (SSC) or multi-
plicative Schwarz method is given by

¥ Ay
Mssc = I PT = | PjB; 'RjA : (3.10)
j=1 j=1

Note that the PSC operator (3.9) can also be interpreted as a preconditioned
Richardson iteration where the preconditioner is given by

X
Gsc =  PB; 'R;: (3.11)
j=1

Let us now restrict ourselesto the caseof B; := Ajy, which meansthat
we consider exact subspacesolvers only. Then, we have essetially two de-
greesof freedomin the designof our smoothing stcheme: The splitting of the
discretization spaceand the type of the iteration, namely the additive scheme
(3.9) or the multiplicativ e stcheme (3.10). To de ne an appropriate splitting
of our PUM spaceVPY (we omit the level index k in the following), let us
considerthe speci ¢ structure of the PUM shape functions. The product struc-
ture of the shape functions' ; " implies two natural subspacede nitions. For
jpstance, we can de ne the subspacesV, := spanh ; i == fv 2 VPU jv =

i "ivi' 0. Thesesubspaceshowever, cortain functions with glokal support
on the domain , seeFigure 5 (left), and the dimension of eath subspaceis of
the order O(N). Therefore, a direct solution of Ajy, is not feasible.We would
needto resort to fast iterativ e solution techniques for these subspaceprob-
lems. Furthermore, we are interested in smoothing schemesSy for Algorithm
3.1 basedon our spatial multilev el construction. Hence,there is no additional
benet from the fact that the solutionsto Ajy, corntain global information and
the computational cost assaiated with the solution of the subspaceproblems
make this splitting unsuitable for our construction.
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Figure 5. Subdomains (light gray shaded) assaiated with the subspacesv, (left),
Vi (center), and ¥ (right) and the support of the a single shape function ' ; " (dark

gray shaded) basedon a cover with = 1:5.
A more appropriate subspgcede nltlon is given by V; = 'V =
span,fi i Mi:=fv2VPYjv=" ' ;vM Mg Thesespacescortain functions

with local supports only, seeFigure 5 (certer). Furthermore, the dimension of
the subspaceV; is given by the dimension O(p?) of the local approximation
spacesV,”. Hence, we can compute the inverse (Ajy,) * of ea of the sub-
spaceproblems with acceptablecomplexity of O(p3?); i.e., one iteration of a
PSC or SSCiteration basedon this splitting is of the order O(N p3¢).

Note that both sub'gpacedelgmons lead to a direct splitting of our PUM
function spaceVPY = . Vi = V,;i.e, ewery basisfunction ' ; | is con-
tained in exactly one subspace. In terms of the index pairs (i; n) we have
a disjoint decomposition of the index set f (i; n)g which induces a specic
partitioning of the PUM stiness matrix A = (A(in);j:m))- Using the sub-
spacesV; we obtain the so-calledpolynomial block-form. Here, a single block
Aij = (Ain)y::m)) correspondsto a local discretization of the PDE on the
domain!;\ !;\ . p

Note that aPSC iteration (3.9) basedon the direct splitting VPV =,
correspondsto the classicalblock-Jacobiiteration and the SSCiteration (3.10)
correspondsto the block-Gauss{Seideliteration (B GS) wherewe have only a
small overlap betweenthe supports of functions from di erent subspacessee
Figure 5 (center). Even though we considera direct splitting and employ an
exact solver (Ajy,) ! within a specic subspaceV; there are still couplings
betweenthe subspacedue to the overlap of the supports via the global prob-
lem A. The quality of the PSC and SSCiterations is obviously determined by
the strength of these couplings. The two parameterswithin our PUM which
can in uence the strength of the couplings betweentwo di erent subspaces
V; and V;, and hencethe quality of the iterations, are the overlap parameter

usedin our cover construction and the polynomial degreep. Since we are
interested in a smoothing sdhemethat is truly robust, i.e., that works with
the samequality at least for a large range of parameters and p, this direct
splitting approad cannot be pursued.
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Onegpproad to overcomethis problem is to considersubspacesplittings

VPYU = which are no longer direct splittings, i.e., a basisfunction ' ;
may now belongto seweral subspaces? . Considerthe subspacede nition
X
@ = Vi = spanin yizc, i i (3.12)
! i\ ! \5;

where C) := fij!;\ !, 6 ;g denotesthe neighborhood of the cover patch
Iy, seeFigure 5 (right). The subspace¥ contains all functions ' | " whose
support ! ; has a non-vanishing intersection with the patch ! ;. Hence,when
we solve the subspaceproblem Ajg we resolve all couplings involving the
basis functions ' | ,q Thus, for eadh patch ! | there is one subspaceproblem
Ajg‘ which resolesall couplingsinvolving the asseiated basisfunctions ' | ,q
independert of the overlap parameter and the polynomial degreep. Note
that this splitting is similar to the one employed in [17].

Since the subspacesplitting into the ¥ is not a direct splitting it does
not correspond to a simple partitioning scheme of the stiness matrix A.
Here, we rather have to assenble the (discrete) local subproblemsA, from
the global linear system via the so-called Galerkin products A := PlT AP,
where P, denotesthe discrete extension operator which embedsthe subspace
¥ in the global PUM spaceVFY. In our caseP, is just a mask matrix, i.e.,
a reducedidentit y matrix. With the matrices A and P, the application of the
SSCiteration operator (3.10) to a linear system At = f* can be realized by
Algorithm 3.2. In the following we refer to this iteration as a multiplicativ e
overlapping Schwarz (M OS) smaoother.

Algorithm 3.2 (Successivesubspacecarection methaod).

a) Computelocal residualf) := P (" Aw).
b) Solvesubspaceproblem(PlTA P)th = Ajth = f’}
c) Update globaliterate o= &+ Pty.

In Figure 6 we give the smoothing results obtained after oneiteration of the
B GS and the M OS smoother for p= 1 and p = 5. From these surface plots
we can clearly obsene that the M OS smoother givesmuch smoother iterates
than the BGS smoother. More notably, the quality of the BGS smoother
deteriorates for higher order approximations. The results for p = 5 are not as
smooth asfor p = 1. For the M OS smoother we nd a completely dierent
behavior. There is no deterioration in the quality for larger p. In fact it even
seemsthat the results for p = 5 are better than for p= 1.

Note that Algorithm 3.1 correspondsto an SSCiteration basedon a mul-
tilevel subspacesplitting. Similarly, we can de ne a PSC type multilev el iter-
ation and the asscaiated preconditioner (3.11). For instance if apply (3.9) not
only the sum of all local subspaceg3.12) on a particulq; quel k but rather
to the sum of all local subspaces?  onall levelsk, i.e., |, | ¥%., together
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Initial Value Block-Gauss-Seidel Smoother Muiltiplicative Overlapping Schwarz Smoother

Figure 6. Random valued initial guess(left) and smoothing results using a block-
Gauss{Seidel (center) and a multiplicativ e overlapping Schwarz smoother (right).
Depicted are the current iterates after a single application of the smoother. The
discretization was based on a uniform node arrangement on level 5 and employed
polynomials of degreep = 1 (upper row) and p = 5 (lower row).

with the mask matrices Py, the prolongationsl , and the restrictions I ; ko1

we obtain a multilevel PSC iteration. The applicatlon of the assaiated muI—
tilevel additive Schwarz (M AOS) preconditioner (3.11) can be realized with
Algorithm 3.3.

Algorithm 3.3 (Multilevel parallel subspacearection preconditioney.

1. Setinitial valuew; = 0.
2. For all levelsk = J;:::;
a) Setright- hand3|def’}< 1= 10 M
b) Setinitial valuewy 3 = O.
3. For all levelsk = 0O;:::;J:
a) For alll = 1;:::; Ng:
. Setlocal rlght-handsidef’\k;| = P ().
Solvesubspaceproblem(PlTkAkP| Ktk = (A bk = f"k;|.
. Update global iterate tic = ti + Py thk .
4., For aII levelsk = 1;:::;J:
a) Update global |terate th = by + Ik 1t 1.

In many caseshe corvergencebehavior of the PSC schemesand the respective
SSCsdemesare similar. Yet, the PSC methods have certain advantageswith
respect to parallelization.
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4 Numerical Results

In all our experimerts with our multilev el solver (seeAlgorithm 3.1) and the
multilev el preconditioner (seeAlgorithm 3.3) we solve a linear system of the
form

A= f'= 0O

We choosea vanishing right-hand sidevector f* = 0 and a random initial guess
ubY with kufYk. > 1. Here, we approximate the L2-norm of the function
ug” by

kufYk?, o Mt = kegk 2 = 1

where by denotesthe random valued coe cien t vector assaiated with the
function ugY and M := H; ™;'; i . is the massmatrix. The stopping
criterion for the iteration is ke, k2 < 10 3 (or r = 50 for Algorithm 3.1 and
r = 250for Algorithm 3.3) wherer denotesthe number of iterations. Hence,
the averagecorvergenceor error reduction rate of our multilev el iteration with

respect to the L2-norm® of the error is given by

1 1
M ke k2 7
by M to Ketok, 2

1
L2 = = ki K| -

Furthermore, we also compute the more common corvergencerates

ket ki © d o KAk 2
kak|z R kAU’ok|2

which are basedon the I2-norm of the current coe cien t vector & and the
respective residual vector At, . These corvergencerates are given for multi-
level iterations Mll;l, the so-calledV (1; 1)-cycle, based on the local-to-local
L 2-projection using the non-overlapping BGS smoother and the overlapping
M OS smoother. The quality of both these SSC smaothers is dependent on
the ordering of the respective subspacesj.e., of the cover patches.In all our
experiments we usea space lling curve ordering schemebasedon the Hilb ert
curve for the cover patches, see[9, 18] for details. Besidesthe corvergence
rates BCS and MOS we alsogive the nest discretization level J, the poly-
nomial degreep of the local approximation spacesV,”, the respective number
of degreesof freedomdof, and the number of nonzerosertries nnz of the sti -
nessmatrix Ay onthe nest level. In all experiments, we useda linear B-spline
as the generating weight function W, a uniform node arrangemen as initial
point set, and Legendre polynomials up to degree9 as local approximation
spacesin our PUM discretization.

® Note that even for uniform covers C we have no uniform correspondence (with
respect to the number of degreesof freedom) betweenthe L2-norm of a function
uPY and the 12-norm of its corresponding coe cien t vector u due to the use of
local polynomials, just like in the p-version of the nite elemert method.
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Figure 7. Convergencehistory for a preconditioned conjugate gradient solver with
the M AO S preconditioner (left), the V (1;1)-cycle using the B GS smoother (center)
and the M OS smoother (right), for the Poisson problem (4.13) in two dimensions.

In our rst experiment, we consideredthe Poissonproblem

u =f in =][01% RY

=g on@: (4.13)

in two and three dimensionswith f = 0 and Dirichlet boundary conditions
g = 0. The results of this experiment are summarizedin Figure 7 and in
Tables1 and 2. From the plots depictedin Figure 7 we clearly obsene that the
convergencebehavior of a conjugate gradient method preconditioned with the
M AOS scheme (Algorithm 3.3, Figure 7 (left)) is dependert on the number
of points N aswell asthe polynomial degreep. The multilev el iteration Mt
(Algorithm 3.1), i.e., the V (1;1)-cycle, corvergesindependert of the number
of points N for the BGS smoother (Figure 7 (center)) but not independert
of the polynomial degreep. Only the V(1;1)-cycle with the M OS smoother
(Figure 7 (right)) shows a corvergencebehavior that is independert of the
number of points N and the polynomial degreep. Hence,in corntrast to FEM
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Table 1. Convergencerates B¢ obtained for a V(1;1)-cycle using the BGS
smoother, and the rates M ©S using the overlapping M OS smoother for the Poisson
problem (4.13) in two dimensions.

dof nnz EZGS leGS EGS FZOS ll\gOS l'\?/l os

196608 5280804 | 0:261 0:256 0:220| 0:039 0:037 0:020
393216 21123216| 0:166 0:160 0:150 | 0:002 0:001 0:001
163840 14592400/ 0:324 0:337 0:322| 0:001 0:001 0:001
61440 8122500 | 0:580 0:607 0:581| 0:002 0:001 0:001
86016 15920100| 0:692 0:736 0:695| 0:001 0:001 0:001
28672 6927424 | 0:791 0:868 0:754| 0:002 0:004 0:001
36864 11451456| 0:811 0:892 0:781| 0:001 0:003 0:001
46080 17892900| 0:829 0:910 0:813| 0:002 0:002 0:001
14080 6400900 | 0:850 0:926 0:830| 0:001 0:002 0:001

O©oOoO~NOOTh,WNPRELT

Ao o ~N OO “

Table 2. Convergencerates B¢ obtained for a V(1;1)-cycle using the BGS
smoother, and the rates M ©S using the overlapping M OS smoother for the Poisson
problem (4.13) in three dimensions.

dof nnz EZGS |BZGS EGS LMZOS :\QOS g os

131072 13289344| 0:319 0:312 0:266| 0:034 0:032 0:020
40960 9733600 | 0:192 0:182 0:163| 0:002 0:002 0:001
10240 4259200 | 0:443 0:460 0:430| < 0:001 < 0:001 < 0:001
17920 13043800| 0:657 0:689 0:637 | < 0:001 < 0:001 < 0:001

Jp
51
42
33
34

the additive Scwarz or PSC preconditioner (Algorithm 3.3) doesnot yield a
similar corvergencebehavior as the multiplicativ e Schwarz or SSCiteration
(Algorithm 3.1).

The rates BCS, seeTables1 and 2, measuredfor the V(1; 1)-cycle with
the BGS smoother are clearly p-dependent and deteriorate with increasing
p. We measure PP = 0:261for p= 1and PF£S = 0:850for p = 9. The
rates M ©S obtained with the M OS smoother, however, are almost constart
for all polynomial degreesp. Furthermore, theserates are very small. We nd

M9 to be no worsethan 0:002for p  2; i.e., our solver corvergesup to
machine accuracyin lessthan 6 iterations. Note that dueto storagelimitations
not all experiments with increasing p could be carried out up to the same
discretization level J. Here, we were limited by the number of nonzerosnnz of
the sti ness matrix A; onthe nest level J. From the numbersgivenin Tables
1 and 2 we seethat nnzon the nest level J is similar for all experiments and
rangesfrom 5 million to 21 million ertries.

In our secondexperiment we consideredthe Navier{Lam e equations
u (+ )@ uw=f n = [0;1* R?
U= g on@: (4.14)

in two dimensionswith f = 0 and Dirichlet boundary conditions g = 0. The
measuredcorvergencerates for our multilev el solver with the B GS smoother



20 M. Griebel, P. Oswald, M. A. Schweitzer

Table 3. Convergencerates B©5 obtained for a V(1;1)-cycle using the BGS
smoother, and the rates M °S using the overlapping M OS smoother for the elas-
ticit y problem (4.14) in two dimensions.

p dof nnz BGS BGS BGS | MOS MOS  MOS
1 393216 21123216| 0:664 0:658 0:552| 0:128 0:124 0:074
2 196608 21013056| 0:347 0:336 0:277| 0:008 0:007 0:003
3 81920 14440000| 0:671 0:689 0:655| 0:010 0:011 0:009
30720 7952400 | 0:786 0:813 0:764| 0:002 0:001 < 0:001
5 43008 15586704 0:791 0:831 0:778| 0:002 0:002 < 0:001
6 14336 6635776 | 0:827 0:882 0:805| 0:002 0:003 0:001
7 18432 10969344 0:857 0:908 0:831| 0:002 0:002 0:001
8 5760 3920400 | 0:871 0:927 0:836| 0:001 0:001 < 0:001

WHhDMNOOUOUO N @O <
N

and the M OS smoother are givenin Table 3. Again we obsene that the rates

BGS for the B GS smoother deteriorate for larger p. The rates M ©S obtained
for the M OS smoother on the other hand are very small and stay constart
e.g. M°5 0:002for increasingp 2.

In summary, the results of our numerical experimerts indicate that only
the multilevel solver (Algorithm 3.1) with the overlapping M OS smoother
(Algorithm 3.2) corvergesindependert of N and p. Furthermore, the measured
corvergencerates M ©S are very small. It took no more than 6 iterations for
the solver to corvergeup to machine accuracyfor p 2.

Note, howewer, that the computational costsassaiated with the overlap-
ping smoothing schemeinvolve a rather large and d-dependert constart. Due
to the overlap of the subspacesplitting, the local problems are of dimen-
sion O(39p?) whereasthe dimension of the local problems without overlap
is O(pY), seeFigure 5 (certer) and (right). Since these local problems lead
to densematrices in both cases,the storage requiremert of the overlapping
M OS smoother is larger by a factor of 3% than the storage demand of the
non-overlapping B GS smoother. Similarly, the number of operations required
by the M OS smoother is larger by a factor of 3% dueto the direct solution of
the larger local problems. Hence, the overall compute time of the multilev el
solver with the non-optimal B GS smaoother may be signi cantly smallerin the
practical range of N and p. Furthermore, the multilev el solver with the BGS
smoother is applicable to larger problems due to its smaller storage demand.

5 Concluding Remarks

We preseried a multilevel solver for PUM discretizations which employs a
tree-basedspatial multilev el sequencean conjunction with an overlapping do-
main decomposition type smoothing scheme. The results of our numerical
experiments indicate that the corvergencerate of this multilevel solver is
independert of the number of points N and the approximation order p; i.e.,
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the solver is robust with respect to p. The overall computational complexity
of our solver is of the order O(N p3?) to reduce the initial error by a pre-
scribed factor which is optimal up to a factor of O(p?). Note, however, that
the constarts involved are rather large.

Theseresults hold alsofor irregular point distributions and di erent cycle
types.For instance, alsothe V (1; 0)-cycle with the M OS smoother basedon a
graded point set corvergesindependert of N and p. Furthermore, the rate of
the multilev el solver with the M OS smoother seemso robust alsofor general
domains, i.e., when the domain is not resolved on the coarsestlevel.
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