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Objectives

Fast simulation of localized material failure for macroscale material samples

through

efficient (Generalized) Finite Elements for global linear elasticity problem

and

the use of solution from a local particle simulation

as enrichment to construct discontinuous shape functions for the global

problem.

Peridynamics and GFEM

Peridynamics Simulation with Particles

Nonlocal equation of motion

ρü(x, t) =

∫
Ω(x)

f
(

(u(x̃, · )− u(x, · ))|(−∞,t] , x̃− x
)

dx̃ + b(x, t)

No gradients, discontinuities occur naturally

Discretization: fix xi, calculate uni ≈ u(xi, tn)

un+1
i =2uni − un−1

i +
(∆t)2

ρ∑
j∈Ni

f

((
m 7→ umj − umi

)∣∣∣
(−∞,n]

, xj − xi

)
Vi,j + b(xi, tn)


Explicitly track bonds and bond failure between particles

An+1
i,j =

1 f

((
m 7→ umj − umi

)∣∣∣
(−∞,n]

, xj − xi

)
6= 0

0 otherwise

Data xi, u
n+1
i ,An+1

i,j for (discontinuous) vector field

approximation ηn+1

Moving Least Squares

Scattered data xi, u
n+1
i approximation with

η
n+1(x) :=qn+1

x (0) qn+1
x := argmin

p∈P
Jn+1
x (p)

Jn+1
x (p) :=

∑
i

Wn+1
i (x)

(
un+1
i − p(xi − x)

)2

Wn+1
i are normal Moving Least Squares weights Wi (some kernels)

modified to take An+1
i,j into account

Take wi,j(xi) = 1,wi,j ≤ 1 locally supported

Wn+1
i (x) := Wi (x)

∏
{j :An+1

i,j
=0}

(1− wj,i (x))
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Use global solution u(·, tn) to to choose domain⋃⋃⋃
i∈In+1 supp(ϕi) 3 xi and initial and boundary con-

ditions (e.g. uni = u(xi, tn), . . .) for local Peridynamics

run(s)

Linear Elasticity with Generalized Finite Elements

Local equation of motion

ρü(x, t) = µ∆ u(x, t) + (λ + µ)∇ div u(x, t) + b(x, t)

= (Lt u(·, t)) (x) + b(x, t)

Partition of Unity 0 ≤ ϕi ≤ 1, i ∈ I ∈ N, suff. smooth, locally supported,∑
i∈I ϕi = 1.

Local approximation spaces Pi (polynomial(s)), En+1
i

!

⊇ ∅ (enrichments)

on supp(ϕi )

E n+1
i =

span
{
ηn+1

}
i ∈ In+1

∅ i /∈ In+1

Global shape functions for timestep tn+1⋃
i∈I

{ϕip : p ∈ Pi} ∪
⋃

i∈In+1

{(
ϕiη

n)}

Discretization: find coefficients
(
cn+1
i,·

)
i∈I

and
(
dn+1
i

)
i∈In+1

such that

u(x, tn+1) =
∑
i∈I

ϕi(x)

∑
p∈Pi

cn+1
i,p p(x)

 +
∑

i∈In+1

dn+1
i

(
ϕiη

n+1
)

(x)

!
=2u(x, tn)− u(x, tn−1) +

(∆t)2

ρ
((Ltnu(·, tn)) (x) + b(x, t))

(Discontinuous) enrichment ηn+1 for construction of

new shape functions ϕiη
n+1 for global elasticity prob-

lem


